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Birkhäuser

Boston • Basel • Berlin



Andrzej S. Nowak
Wroc�law University of Technology
Institute of Mathematics
Wybrzeże Wypiańskiego 27
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Preface

Modern game theory has evolved enormously since its inception in the 1920s in the

works of Borel and von Neumann. The branch of game theory known as dynamic

games descended from the pioneering work on differential games by R. Isaacs,

L. S. Pontryagin and his school, and from seminal papers on extensive form games

by Kuhn and on stochastic games by Shapley. Since those early developmental

decades, dynamic game theory has had a significant impact on such diverse dis-

ciplines as applied mathematics, economics, systems theory, engineering, oper-

ations research, biology, ecology, and the environmental sciences. On the other

hand, a large variety of mathematical methods from differential equations to

stochastic processes has been applied to formulate and solve many different prob-

lems.

This new edited book focuses on various aspects of dynamic game theory, pro-

viding authoritative, state-of-the-art information and serving as a guide to the

vitality of the field and its applications. Most of the selected, peer-reviewed papers

are based on presentations at the 9th International Symposium on Dynamic Games

and Applications held in Adelaide, South Australia in December 2000. This con-

ference took place under the auspices of the International Society of Dynamic

Games (ISDG), established in 1990. The conference has been cosponsored by

Centre for Industrial and Applicable Mathematics (CIAM), University of South

Australia, IEEE Control Systems Society, Institute of Mathematics, Wrocław Uni-

versity of Technology (Poland), Faculty of Mathematics, Computer Science and

Econometrics, University of Zielona Góra (Poland), ISDG Organizing Society,

and the University of South Australia. Every paper that appears in this volume has

passed through a stringent reviewing process, as is the case with publications for

archival journals.

A variety of topics of current interest are presented. They are divided in to six

parts: the first (five papers) treat repeated games and stochastic games, and the sec-

ond (three papers) covers differential dynamic games. The third part of the volume

(nine papers) is devoted to the various extensions of stopping games, which are

also known as Dynkin’s games. In the fourth part there are seven papers on applica-

tions of dynamic games to economics, finance, and queuing theory. The final two

parts contain five papers which are devoted to algorithms and numerical solution

approaches for dynamic games, and the section on Parrondo’s games (five papers).

We wish to thank all the associate editors and the referees for their valuable

contributions that made this volume possible.

Wrocław and Zielona Góra Andrzej S. Nowak

Wrocław Krzysztof Szajowski
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Wybrzeże Wyspiańskiego 27, 50-370 Wrocław, Poland

Minoru Sakaguchi, 3-26-4 Midorigaoka, Toyonaka, Osaka 560-0002, Japan

Piercesare Secchi, Dipartimento di Matematica, Politecnico di Milano, Piazza

Leonardo da Vinci 32, I-20133 Milano, Italia

Martin Shubik, Cowles Foundation for Research in Economics, Yale University,

New Haven, CT 06520, USA

Eilon Solan, Department of Managerial Economics and Decision Sciences,

Kellogg School of Management, Northwestern University; and School of

Mathematical Sciences, Tel Aviv University, Tel Aviv 69978, Israel

Sylvain Sorin, Equipe Combinatoire et Optimisation, UFR 921, Université Pierre

et Marie Curie-Paris 6, 4 place fussieu, 75230 Paris, France; and Laboratoire

d’Econometrie, Ecole Polytechnique, 1 rue Descartes, 75005 Paris, France

Paolo Stefani, CASPUR, P. Aldo Moro 2, 00185 Roma, Italy

William D. Sudderth, School of Statistics, University of Minnesota, Church

Street SE 224, Minneapolis, MN 55455, USA

Krzysztof Szajowski, Institute of Mathematics, Wrocław University of
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Repeated and Stochastic Games





Information and the Existence of Stationary

Markovian Equilibrium

Ioannis Karatzas
Department of Mathematics and Statistics

Columbia University

New York, NY 10027
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Martin Shubik
Cowles Foundation for Research in Economics

Yale University
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William D. Sudderth
School of Statistics

University of Minnesota

Minneapolis, MN 55455

bill@stat.umn.edu

Abstract
We describe conditions for the existence of a stationary Markovian equi-

librium when total production or total endowment is a random variable. Apart

from regularity assumptions, there are two crucial conditions: (i) low informa-

tion—agents are ignorant of both total endowment and their own endowments

when they make decisions in a given period, and (ii) proportional endow-

ments—the endowment of each agent is in proportion, possibly random, to the

total endowment. When these conditions hold, there is a stationary equilibrium.

When they do not hold, such an equilibrium need not exist.

1 Introduction

This paper is part of an effort to investigate a mass-market economy with stochastic

elements, in which the optimization problems faced by each of a continuum of

agents are modeled as parallel dynamic programming problems. The model used is

a strategic market game at the highest level of aggregation, in order to concentrate

on the monetary aspects of a stochastic environment. Although there are several

previous papers which provide economic motivation and modeling details [2]–[4],
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we have attempted to make this paper as self-contained as possible. However, we

shall make use of several results established in these earlier works.

We consider an economy with a stochastic supply of goods, where: (i) the

endowment of each agent is in proportion (possibly random) to the total amount

of goods available; and (ii) the agents must bid for goods in each period without

knowing either the total supply of goods available, or the realization of their own

random endowments.

For such an economy, we shall show the existence of a stationary equilibrium,

where the optimal amount bid by an agent in each period depends only on the

agent’s current wealth. In equilibrium, there will be a stationary distribution of

wealth among agents, although prices and wealth-levels of individual agents will

fluctuate randomly with time. This will be true whether or not the opportunity

is available for agents to borrow from, or deposit in, an outside (government)

bank.

When either the individual endowments are not proportional to the total available

supply of goods, or the agents have additional information (in the form of advance

knowledge of the total supply of goods), there need not exist such an equilibrium.

This will be illustrated by two examples. One interpretation of these results is that

better short-term forecasting can be destabilizing. We plan further investigation

of these “high information” phenomena in a subsequent paper.

The next section has some preliminary discussion of our model. Sections 3 and

4 treat the model without lending, sections 5 and 6 are on the model with lending

and possible bankruptcy, whereas the final section 7 treats five simple examples

that illustrate the existence and non-existence of stationary equilibrium.

2 Preliminaries

For simplicity we omit production from consideration. Instead, we consider an

economy where all consumption goods are bought for cash (fiat money) in a com-

petitive market. Each individual agent begins with an initial endowment of money

and a claim to the proceeds from consumption goods that are sold in the market.

The goods enter the economy in each period as if they were “manna” from an

undescribed production process, and are owned by the individual agents. How-

ever, the agents are required to offer the goods in the market, and do not receive

the proceeds until the start of the subsequent period. The assumption that all goods

go through the market is probably a better approximation of the realities in a mod-

ern economy than the reverse, where each agent can consume everything directly,

without the interface of markets or prices.

Our model has a continuum of agents indexed by the unit interval I = [0, 1],

and distributed according to a non-atomic probability measure ϕ on the σ -algebra

B(I ) of Borel subsets of I . Time runs in discrete time-periods n = 0, 1, · · · . At the

beginning of each time-period n, every agent α ∈ I receives an endowment Y αn (ω)

in units of a nondurable commodity. The random variables {Y αn ;α ∈ I, n ∈ N},
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and all other random variables encountered in this paper, are defined on a given

probability space (�,F,P).

We shall consider the no-lending model of [3], and also the lending with pos-

sible bankruptcy model of [2]. Unlike these earlier papers, it will no longer be

assumed that total productionQ is constant from period to period, but instead that

production

Qn(ω) =
∫
Y αn (ω)ϕ(dα)

in period n is a random variable, for all n = 1, 2, · · · .
The following assumption will be in force throughout sections 2–6.

Assumption 2.1. (a) The total-production variables Q1,Q2, · · · are I.I.D.

(independent and identically distributed) with common distribution ζ . It will

also be assumed that theQn’s are strictly positive with finite mean.

(b) The individual endowment variables Y αn (ω) are proportional to theQn(ω), in

the sense that

Y αn (ω) = Zαn (ω)Qn(ω) for all α ∈ I, n ∈ N, ω ∈ �. (1)

Here the sequences {Zα1 , Zα2 , . . . } and {Q1,Q2, . . . } are independent; Zαn ≥
0, E(Zαn ) = 1; and Zα1 , Z

α
2 , · · · are I.I.D. with common distribution λα , for

each α ∈ I .

This is the simplest set of assumptions that permit both the total-production

random variables to fluctuate with time, and a stationary equilibrium to exist; their

negation precludes the existence of such an equilibrium, as Example 7.4 below

demonstrates. A consequence of these assumptions is that

E(Y αn ) = E(Zαn ) · E(Qn) = E(Qn). (2)

3 The Model without Lending

For α ∈ I and n ∈ N, let Sαn−1(ω) and Fαn−1 denote respectively the wealth and

information σ -algebra available to agent α at the beginning of period n. As in [3],

agent α bids an Fαn−1-measurable amount bαn (ω) ∈ [0, Sαn−1(ω)] of money for

the consumption good before knowing the value ofQn(ω) or Y αn (ω). We call this

the low-information condition. (In other words, the information σ -algebra Fαn−1

available to the agent at the beginning of period n, measures the values of past

quantities including Sα0 , S
α
k ,Qk, Z

α
k , b

α
k for k = 1, · · · , n−1, but not ofQn, Y

α
n .)

Once all agents have placed their bids, the total amount of fiat money bid for

the consumption good is given by

Bn(ω) =
∫
bαn (ω)ϕ(dα),
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and a new price is formed as

pn(ω) =
Bn(ω)

Qn(ω)

for period t = n. Each agent α receives an amount

xαn (ω) =
bαn (ω)

pn(ω)
= bαn (ω)

Bn(ω)
·Qn(ω)

of goods, equal to his bid’s worth in the price of the goods for period t = n, as

well as

pn(ω)Y
α
n (ω) =

Bn(ω)

Qn(ω)
· Zαn (ω)Qn(ω) = Bn(ω)Zαn (ω) (3)

in cash income, and then enters the next period with wealth in fiat money

Sαn (ω) = Sαn−1(ω)− bαn (ω)+ Bn(ω)Zαn (ω). (4)

Each agent α ∈ I is assumed to have a utility function uα : [0,∞)→ [0,∞) for

consumption of goods; this function is continuous and continuously differentiable,

strictly concave, strictly increasing, and satisfies uα(0) = 0, (uα)′+(0) ∈ (0,∞).
The utility earned by agent α in period n is uα(xαn (ω)), and the agent seeks to

maximize the expected value of his total discounted utility

∞∑

n=0

βnuα
(
xαn+1(ω)

)
.

A strategy πα for agent α specifies the sequence of bids {bαn }∞n=1. The strategy

πα is called stationary, if it specifies the bids in terms of a single function cα :

[0,∞)→ [0,∞) of wealth, in the form

bαn (ω) = cα(Sαn−1(ω)), n ≥ 1, (5)

where cα(s) ∈ [0, s],∀s ≥ 0. We call cα(·) the consumption function for the

strategy πα .

The wealth distribution in period n is the random measure νn(·, ω) given by

νn(A, ω) = ϕ
(
{α ∈ I : Sαn (ω) ∈ A}

)
, A ∈ B([0,∞)). (6)

We are now ready to define the type of equilibrium that we want to study in this

note.

Definition 3.1. A collection of stationary strategies {πα, α ∈ I } and a probability

distribution μ on B((0,∞)) form a stationary equilibrium, if

(a) given that ν0 = μ and that every agent α plays strategy πα , we have νn = μ
for all n ≥ 1, and

(b) given that ν0 = μ, the strategy πα is optimal for agent α, when every other

agent β plays πβ (β ∈ I, β 	= α), for each α ∈ I .
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Unlike [3], there is no mention of price in Definition 3.1. This is, in part, because

the sequence of prices {pn} will not be constant – even in stationary equilibrium –

for the model studied here. Indeed, if the consumption function for πα is the same

across all agents α ∈ I , and equal to cα(·) ≡ c(·), then

pn(ω) =
∫
bαn (ω)ϕ(dα)

Qn(ω)
=
∫
c(s)μ(ds)

Qn(ω)
,

where the sequence of total bids

Bn(ω) ≡ B :=
∫
c(s)μ(ds)

is constant in equilibrium; see Theorem 4.1 below. Thus, the prices {pn} form then

a sequence of I.I.D. random variables, because the {Qn} do so by assumption. The

constant B will play the same mathematical role that was played by the price p in

the earlier works [3] and [2], but of course the interpretation here will be different.

4 Existence of Stationary Equilibrium for the Model
without Lending

The methods of the paper [3] can be adapted, to construct a stationary equilibrium

for the present model. As in [3], we consider first the one-person game faced

by an agent α, assuming that the economy is in stationary equilibrium. For ease

of notation we suppress the superscript α while discussing the one-person game.

Furthermore, we also assume that the agents are homogeneous, in the sense that

they all have the same utility function u(·) and the same distribution λ for their

income variables. This assumption makes the existence proof more transparent,

but is not necessary; the proof in [3] works for many types of agents, and can be

adapted to the present context as well.

We introduce a new utility function defined by

ũ(b) := E [u(bQ(ω))] =
∫
u(bq)ζ(dq), b ≥ 0. (7)

Observe that the expected utility earned by an agent who bids b when faced by a

random price p(ω) = B/Q(ω), can be written

E

[
u

(
b

p(ω)

)]
= E

[
u

(
b

B
Q(ω)

)]
= ũ

(
b

B

)
. (8)

It is straightforward to verify that ũ(·) has all the properties, such as strict concavity,

that were assumed for u(·).
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Let V (·) be the value function for an agent playing in equilibrium. In essence,

the agent faces a discounted dynamic programming problem and, just as in [3],

the value function V (·) satisfies the Bellman equation

V (s) = sup
0≤b≤s

[
ũ

(
b

B

)
+ β · E[V (s − b + BZ)]

]
. (9)

This dynamic programming problem is of the type studied in [3], and Theorem

4.1 of that paper has information about it. In particular, there is a unique optimal

stationary plan π = π(B) corresponding to a consumption function c : [0,∞)→
[0,∞). We sometimes write this function as c(s) = c(s;B), to make explicit its

dependence on the quantity B.

Consider now the Markov chain {Sn} of successive fortunes for an agent who

plays the optimal strategy π given by c(·). Then we have

Sn+1 = Sn − c(Sn;B)+ BZn+1, n ∈ N0 (10)

where Z1, Z2, . . . are I.I.D. with common distribution λ. By Theorem 5.1 of

[3], this chain has a unique stationary distribution μ(·) = μ(· ;B) defined on

B([0,∞)). Now assume that Z has a finite second moment: E(Z2) < ∞. Then,

by Theorem 5.7 of [3], the stationary distribution μ has a finite mean, namely∫
(0,∞) s μ(ds) <∞. The following lemma expresses the fact that the total amount

bid by all agents is equal to B, when the wealth distribution is μ(· ;B).

Lemma 4.1.
∫
c(s;B)μ(ds;B) = B.

Proof. Assume that S0 has the stationary distribution μ. Then take expectations

in (10) to obtain

E(Sn+1) = E(Sn)−
∫
c(s;B)μ(ds;B)+ B · E(Z), n ∈ N0

and the desired formula follows, since E(Sn+1) = E(Sn) by stationarity and

E(Z) = 1 by assumption of our model. �

Theorem 4.1. For each B > 0, there is a stationary equilibrium for the no-

lending model, with wealth distributionμ(·) = μ(·;B), and with stationary strate-

gies πα ≡ π(B) for all agents α ∈ I .

Proof. Construct the variablesZαn (ω) = Zn(α, ω) using the technique of Feldman

and Gilles [1], so that

Z1(α, ·), Z2(α, ·), . . . are I.I.D. with distribution λ, for every α ∈ I , and

Z1(·, ω), Z2(·, ω), . . . are I.I.D. with distribution λ, for every ω ∈ �.

Then the chain {Sn(α, ω)} has the same dynamics for each fixed ω ∈ � as it does

for each fixed α ∈ I . The distribution μ is stationary for the chain when α is
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fixed, and will therefore be a stationary wealth distribution for the many-person

game if the total bids B1(ω), B2(ω), . . . remain equal to B. Now, if S0(·, ω) has

distribution μ, then

B1(ω) =
∫
c(S0(α, ω))ϕ(dα) =

∫
c(s)μ(ds) = B,

by Lemma 4.1. By induction, Bn(ω) = B for all n ≥ 1 and ω ∈ �. Hence, the

wealth-distributions νn are all equal to μ.

The optimality of πα = π(B) follows from its optimality in the one-person

game together with the fact that a single player cannot affect the value of the total

bid. �

5 The Model with Lending and Possible Bankruptcy

We now assume that there is a Central Bank which gives loans and accepts deposits.

The bank sets two interest rates in each time-period n, namely r1n(ω) = 1+ρ1n(ω)

to be paid by borrowers and r2n(ω) = 1+ ρ2n(ω) to be paid to depositors. These

rates are assumed to satisfy

1 ≤ r2n(ω) ≤ r1n(ω), r2n(ω) ≤ 1/β, (11)

for all n ∈ N, ω ∈ �.

Agents are required to pay their debts back at the beginning of the next period,

when they have sufficient funds to do so. However, it can happen that they are

unable to pay back their debts in full, and are thus forced to pay a bankruptcy

penalty in units of utility, before they are allowed to continue in the game. For

this reason, we assume now that each agent α has a utility function uα : R → R

defined on the entire real line, and satisfies all the other assumptions made above.

For x < 0, the quantity uα(x) is negative and measures the “disutility” for agent

α of going bankrupt by an amount x; for x > 0, the quantity uα(x) is positive and

measures the utility derived by α from consuming x units of the commodity, just

as before.

Suppose that an agent α ∈ I begins in period n with wealth Sαn−1(ω). If

Sαn−1(ω) < 0, then agent α has an unpaid debt from the previous period and is

assessed a penalty of u(Sαn−1(ω)/pn−1(ω)). The debt is then forgiven, and the

agent continues play from wealth-position 0. If Sαn−1(ω) ≥ 0, then agent α is not

in debt and plays from position Sαn−1(ω). In both cases, an agent α, possibly after

being punished, plays from the wealth-position (Sαn−1(ω))
+ = max{Sαn−1(ω), 0}.

Based on knowledge of past quantities Sα0 , S
α
k , Z

α
k ,Qk, r1k, r2k for k =

1, · · · , n− 1, agent α chooses a bid

bαn (ω) ∈ [0, (Sαn−1(ω))
+ + kα],
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where kα ≥ 0 is an upper bound on loans to agent α. As before, agent α must

bid in ignorance of both the total endowmentQn(ω) and his personal endowment

Y αn (ω) for period n.

The total bid Bn, the price pn, and agent α’s quantities of goods xαn and fiat

money pnY
α
n = BnZαn are formed exactly as in the no-lending model of Section

3. Formula (4) for the dynamics now takes the form

Sαn =
{
−r1n(bαn − (Sαn−1)

+)+ BnZαn , if (Sαn−1)
+ ≤ bαn ,

r2n((S
α
n−1)

+ − bαn )+ BnZαn , if (Sαn−1)
+ > bαn .

(12)

The wealth-distribution νn on day n is defined by formula (6) as before, but with

the understanding that the set A now ranges over Borel subsets of the whole real

line, since some agents may have negative wealth. An agent α’s utility in period n

is now given by

ξαn (ω) =
{
uα(xαn (ω)), if Sαn−1(ω) ≥ 0,

uα(xαn (ω))+ uα(Sαn−1(ω)/pn−1(ω)), if Sαn−1(ω) < 0.

As before, agent α seeks to maximize the expected value of his total discounted

utility

∞∑

n=0

βnξαn (ω).

We extend now the definition of stationary equilibrium to the model with lending.

Definition 5.1. A stationary equilibrium for the model with lending, consists of

a wealth distribution μ (i.e. a probability distribution) on the Borel subsets of the

real line, of interest rates r1, r2 with 1 ≤ r2 ≤ r1, r2 ≤ 1/β, and of a collection of

stationary strategies {πα, α ∈ I } such that, if the bank sets interest rates r1 and r2
in every period, and if the initial wealth distribution is ν0 = μ, then

(a) νn = μ for all n ≥ 1 when every agent α plays strategy πα , and

(b) the strategy πα is optimal for agent α when every other agent β plays

πβ(β ∈ I, β 	= α), for each α ∈ I .

Suppose that the model is in stationary equilibrium, and that each stationary

strategy πα specifies its bids bαn by the same consumption function cα ≡ c(·)with

0 ≤ cα(s) ≤ s + k for all s ≥ 0, and the same upper-bound kα ≡ k on loans, for

all α ∈ I . Then the total bid,

B = Bn(ω) =
∫
c(s+)μ(ds),

remains constant from period to period, while the prices {pn} form an I.I.D.

sequence, just as in the no-lending model of Section 3.
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6 Existence of Stationary Equilibrium for the Model
with Lending and Possible Bankruptcy

The methods and results of [2] can be used here, as those of [3] were used in

Section 4. We consider the one-person game faced by an agent when the economy

is in stationary equilibrium. We suppress the superscript α and assume that agents

are homogeneous, with common utility function u(·), income distribution λ, and

loan limit k. We define the utility function ũ(·) as in (7) and observe that (8) remains

valid. Formula (12) for the dynamics can be written in the simpler form

Sn = g
(
(Sn−1)

+ − bn
)
+ BZn, n ∈ N (13)

where

g(x) =
{
r1x, x < 0,

r2x, x ≥ 0.

The Bellman equation becomes

V (s) =
{

sup0≤b≤s+k [ũ(b/B)+ β · E[V (g(s − b)+ BZ]], s ≥ 0

ũ(s/B)+ V (0), s < 0.
(14)

This equation is of the type studied in [2], and all the major results of that paper

have counterparts here. For example, Theorem 4.2 of [2] applies, to tell us that there

is a unique stationary optimal strategy π = π(B) corresponding to a consumption

function c(·) = c(· ;B). The Markov chain {Sn} for the fortunes of an agent who

plays π(B) evolves according to the dynamics

Sn+1 = g((Sn)+ − c((Sn)+;B))+ BZn+1, n ∈ N0 . (15)

Conditions for this chain to have a stationary distribution μ with finite mean are

available in Theorem 4.3 of [2]. For μ to be the wealth-distribution of a stationary

equilibrium, we must also assume that the bank balances its books under μ.

Assumption 6.1. (i) The Markov chain {Sn} of (15) has an invariant distribu-

tion μ with finite mean.

(ii) Under the wealth-distribution μ, the total amount of money paid back to

the bank by borrowers in a given period, is equal to the sum of the total

amount borrowed, plus the amount of interest paid by the bank to lenders.

This condition can be written as
∫ ∫

[Bz ∧ r1d(s+)]μ(ds)λ(dz) =
∫
d(s+) μ(ds)+ ρ2

∫
ℓ(s+) μ(ds),

where d(s) = (c(s)− s)+ and ℓ(s) = (s − c(s))+ are the amounts borrowed

and deposited, respectively, under the stationary strategy c(·), by an agent

with wealth s ≥ 0.
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Theorem 6.1. If Assumption 6.1 holds, then there is a stationary equilibrium

with wealth distribution μ, and interest rates r1, r2 in which every agent plays the

plan π .

The proof of this result is the same as that of Theorem 4.1, once the following

lemma is established. Its proof is similar to that of Lemma 5.1 in [2].

Lemma 6.1.
∫
c(s+, B)μ(ds) = B.

Theorem 6.1 is intuitively appealing, and useful for verifying examples of sta-

tionary equilibria. However, it is inadequate as an existence result, because condi-

tion (ii) of Assumption 2.1 is delicate and difficult to check. There are two exis-

tence results in [2], Theorems 7.1 and 7.2, that do not rely on such an assumption.

Here we present the analogue of the second of them.

Theorem 6.2. Suppose that the variables {Zαn } are uniformly bounded, and that

the derivative of the utility function u(·) is bounded away from zero. Then a sta-

tionary equilibrium exists.

The proof is similar to that of Theorem 7.2 in [2], with the constant B again

playing the mathematical role played by the price p in [2]. The utility function

ũ(·) replaces u(·) in the argument, and the hypothesis that inf u′(·) > 0 implies

that the same is true for ũ(·).

7 Examples

Here we present five examples. The first two illustrate the existence Theorem 4.1

for the model without lending.

Example 7.1. Suppose that the utility function is linear, namely u(x) = x. The

endowment variables {Y αn } satisfy the proportionality assumption (1) but are oth-

erwise arbitrary. The function ũ(·) of (7) is also linear, since

ũ(b) =
∫
bq ζ(dq) = b · E(Q).

We shall show that the optimal policy π of Theorem 4.1 is given by the “spend

all” consumption function c(s) = s. To see this, let I (·) be the return function for

π . Then I (·) satisfies

I (s) = ũ(s/B)+ β · E[I (s − s + BZ)] = s

B
E(Q)+ I ∗, (16)

where I ∗ := β · E[I (BZ)]. To prove optimality, we have to check that I (·) also

satisfies the Bellman equation

I (s) = max
0≤b≤s

[
ũ(b/B)+ β · E[I (s − b + BZ)]

]
.
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Now

E[I (s − b + BZ)] = E
[
s − b + BZ

B
· E(Q)+ I ∗

]
= s − b + B

B
· EQ+ I ∗

so that the function

b �→ ũ(b/B)+ β · E[I (s − b + BZ)] = b(1− β)E(Q)
B

+ β
[( s
B
+ 1

)
E(Q)+ I ∗

]

attains its maximum ((s/B) + β)E(Q) + β I ∗ on [0, s] at b = c(s) = s. In

order for this maximum to agree with the expression of (16), we need I ∗ =
[β/(1− β)]E(Q) ; this, in turn, yields I (s) = [(s/B)+ (β/(1− β)] E(Q), in

agreement with I ∗ = I (0). Hence, the Bellman equation holds and π is optimal.

Notice that under π , we have

Sn+1 = Sn − Sn + BZn+1 = BZn+1, n ∈ N0,

and the stationary distribution μ is that of BZ1.

Example 7.2. Assume that the utility function is

u(b) =
{
b, 0 ≤ b ≤ 1,

1, b > 1,

that the distribution ζ of the I.I.D. endowment variables {Qn} is the two-point

distribution

ζ({1/2}) = ζ({1}) = 1/2,

and that the distribution λ of the I.I.D. proportions {Zn} of the total endowment is

the two-point distribution

λ({0}) = 3/4, λ({4}) = 1/4.

Suppose also that the total bid B is 1. Then the price p = B/Q fluctuates between

p1 = 1 (whenQ = 1) and p2 = 2 (whenQ = 1/2). The modified utility function

of (7) is given by

ũ(b) = 1
2
u(b)+ 1

2
u(b/2) =

⎧
⎪⎪⎨
⎪⎪⎩

(3b)/4, 0 ≤ b ≤ 1,

(2+ b)/4, 1 ≤ b ≤ 2,

1, b ≥ 2.

(17)
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Clearly, an agent with this utility function should never bid more than 2. However,

for small values of β, it is optimal to bid all up to a maximum of 2. In fact we shall

show that, for 0 < β < 3/7, the policy π with consumption function of the form

c(s) =
{
s, 0 ≤ s ≤ 2,

2, s ≥ 2.

is optimal. To establish the optimality of this π , it suffices to show that the return

function I (·) satisfies the Bellman equation (9). First observe that I (·) satisfies the

functional equation

I (s) =

⎧
⎪⎪⎨
⎪⎪⎩

((3s)/4)+ β · EI (Z), 0 ≤ s ≤ 1,

((2+ s)/4)+ β · EI (Z), 1 ≤ s ≤ 2,

1+ (β/4)I (s + 2)+ (3β/4)I (s − 2), s ≥ 2.

(18)

In particular,

I ′(s) =

⎧
⎪⎨
⎪⎩

3/4, 0 < s < 1,

1/4, 1 < s < 2,

(β/4) I ′(s + 2)+ (3β/4) I ′(s − 2), for non-integers s > 2.

(19)

As a step toward the verification of the Bellman equation, we shall see that the

function I (·) satisfies the concavity condition:

1 ≥ βI ′+(4)+ 3βI ′+(0). (20)

Note that, if we can compute I (0) = β · EI (Z), then, by (18), we know the

function I (·) on the interval [0, 2].

Now write ak := I (2k), k = 0, 1, . . . and, by (18), we have the recursion

ak = 1+ β
4
ak+1 +

3β

4
ak−1, k ≥ 1. (21)

A particular solution of (21) is ak ≡ 1/(1− β), so the general bounded solution

is given by

I (2k) = ak = [1/(1− β)]+ Aθk, k = 1, 2, . . . (22)

for a suitable real constant A. Here θ = (2−
√

4− 3β2)/β is the root of the

equation

f (ξ) := ξ2 − (4/β)ξ + 3 = 0

in the interval (0, 1), and we have θ < β.
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Using (18) and (22), we see that I (2) = 1+I (0) and hence I (0) = β/(1− β)+
Aθ . Also I (0) = (β/4)I (4)+(3β/4)I (0). Thus (1− (3β/4)) I (0) = (β/4)I (4),
or

(
1− 3β

4

)(
β

1− β + Aθ
)
= β

4

(
Aθ2 + 1

1− β

)
.

Hence, A = −1/(1− θ), I (0) = [β/(1− β)] − [θ/(1− θ)] > 0, and I (1) =
(3/4)+ I (0) = [1/(1− β)]− [θ/(1− θ)]− (1/4).

More generally, with dk := I (2k + 1), k = 0, 1, . . . , we have the recursion

dk = 1+ (β/4)dk+1 + (3β/4)dk−1, k = 1, 2, . . .

with general solution

dk = [1/(1− β)]+Dθk, k = 1, 2, . . . .

Plugging this last expression into the equality I (3) = 1+(β/4)I (5)+(3β/4)I (1),
and substituting the value of I (1) from above, we obtain D = −[θ/(1− θ)] −
(1/4).

With these computations in place, we are now in a position to check the con-

cavity condition (20). Indeed,I ′+(4) = I (5) − I (4) = d2 − a2 = (D − A)θ2 =
[A(θ − 1)− (1/4)] θ2 = (3/4)θ2 = (3/4) ((4/β)θ − 3) = (3θ/β)−(9/4).Thus

βI ′+(4)+ 3βI ′+(0) = 3θ − (9/4)β + 3β · (3/4)3θ < 1

amounts to f (1/3) < 0, or (1/9) − (4/3β) + 3 < 0, and this last condition is

equivalent to our assumption that β < 3/7.

We are now prepared to complete the proof that π is optimal by showing that

its return function I (·) satisfies the Bellman equation (9). Equivalently, we have

to check that the function

ψs(b) := ũ(b)+ βEI (s − b + Z) = ũ(b)+ β
4
I (s − b + 4)+ 3β

4
I (s − b)

attains its maximum over b ∈ [0, s] at b∗ = c(s). We consider three cases.

Case I: 0 ≤ s ≤ 1. In this case, for 0 < b < s:

ψs(b) = (3/4)b + (β/4)I (s − b + 4)+ (3β/4)I (s − b)

and

ψ ′s(b) = (3/4)−
[
(β/4)I ′+(4)+ (3β/4)I ′+(0)

]
> 0.

Thus ψ ′s(s−) > 0, and b∗ = s ≡ c(s) is the location of the maximum.
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Case II: 1 < s ≤ 2. Here we use (16) and (18) to obtain

ψ ′s(b) =

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

3
4
−
[
β
4
I ′+(5)+

3β
4
I ′+(1)

]
, 0 < b < s − 1,

3
4
−
[
β
4
I ′+(4)+

3β
4
I ′+(0)

]
, s − 1 < b < 1,

1
4
−
[
β
4
I ′+(4)+

3β
4
I ′+(0)

]
, 1 < b < s.

In particular, ψ ′s(·) > 0 on [0, s], thus b∗ = s ≡ c(s), as follows from Lemma 7.1

below.

Case III: s > 2. In this case, we have

ψ ′s(b) =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

3
4
−
[
β
4
I ′+(s + 3)+ 3β

4
I ′+(s − 1)

]
, 0 < b < 1,

1
4
−
[
β
4
I ′+(s + 2)+ 3β

4
I ′+(s − 2)

]
, 1 < b < 2,

−β
4
I ′+(⌊s − b⌋ + 4)− 3β

4
I ′+(⌊s − b⌋), b > 2.

The function ψ(·) now attains its maximum at b∗ = 2 ≡ c(s), since ψ ′(·) > 0 on

(0, 2) and ψ ′(·) < 0 on (2, s) as follows from Lemma 7.1 below.

Lemma 7.1. The function I (·) satisfies:

I ′+(0) > I
′
+(1) > I

′
+(2) > · · · > 0.

Proof. The first three of these inequalities amount to

3/4 > 1/4 > (β/4)I ′+(4)+ (3β/4)I ′+(0) = I ′+(0),

and have been established already. So we have to prove

I ′+(2k) > I
′
+(2k + 1) > I ′+(2(k + 1)) > 0, for k ≥ 2. (23)

Now

I ′+(2k) = I (2k + 1)− I (2k) = dk − ak = (D − A)θk,

and

I ′+(2k + 1) = I (2(k + 1))− I (2k + 1) = ak+1 − dk = (Aθ −D)θk.

So the inequalities of (23) amount to

D − A > Aθ −D > θ(D − A) > 0.

But D − A = A(θ − 1) − 1/4 = 3/4, Aθ − D = 1/4, and these inequalities

reduce to 0 < θ < 1/3, which has already been proved. �
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The optimality of the strategy π for an agent playing in equilibrium with B = 1

has now been established. The stationary distribution μ for the corresponding

Markov chain as in (10) is supported by the set of even integers {0, 2, · · · } and is

given by

μ({0}) = 1/2, μ({2}) = 1/6, μ({2k}) = (2/3)(1/3)k−1 for k ≥ 2.

(The calculation of μ is explained in some detail in Example 2.5 of [3].) Note that,

with this distribution, the total amount bid in equilibrium is B ≡
∫∞

0 s μ(ds) =
1 , as postulated. The family of stationary strategies πα ≡ π and the wealth

distribution μ form a stationary equilibrium as in Theorem 4.1 for 0 < β < 3/7.

There will also exist equilibria for other values of β, but we shall not calculate

them here.

The next example provides a simple illustration of Theorem 6.1.

Example 7.3. Let the utility function be

u(b) =
{
b, b ≥ 0,

2b, b < 0.

Suppose that the common distribution ζ of the random variables {Qn} is ζ({1}) =
ζ({3}) = 1/2, and that the distribution λ of the variables {Zn} is λ({0}) = λ({2}) =
1/2. The modified utility function ũ(·) is then

ũ(b) = 1

2
u(b)+ 1

2
u(3b) =

{
2b, b ≥ 0,

4b, b < 0.

Take the interest rates to be r1 = r2 = 2 and the bound on lending to be k = 1.

Finally assume that the total bid B is 1.

Although the penalty for default is heavy, as reflected by the larger value of

u′(b) for b < 0, it is to be expected that an agent will choose to make large

bids for β sufficiently small. Indeed, we shall show that the optimal strategy π for

0 < β < 1/3 is to borrow up to the limit and spend everything, corresponding to

c(s) = s + 1 for all s ≥ 0, as he is then not very concerned about the penalty for

default. (Recall that an agent with wealth s < 0 is punished in amount u(s) and

then plays from position 0. Thus, a strategy need only specify bids for nonnegative

values of s.)

Let I (·) be the return function for π . Then this function must satisfy

I (s) = ũ(s + 1)+ β E[I (2(s − (s + 1))+ Z)]
= 2s + 2+ (β/2) [I (−2)+ I (0)]

for s ≥ 0, and

I (s) = ũ(s)+ I (0) = 4s + I (0)
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for s < 0. Thus

I ′(s) =
{

2, s > 0,

4, s < 0.

To verify that I (·) satisfies the Bellman equation (14), consider the function

ψs(b) =ũ(b)+ β E[I (2(s − b)+ Z)]
=2b + (β/2) [I (2(s − b))+ I (2(s − b + 1))]

=
{

2b − 4βb + c1, 0 ≤ b < s,
2b − 6βb + c2, s < b < s + 1,

where c1 = c1(s) and c2 = c2(s) are constants. Thus

ψ ′s(b) =
{

1− 2β, 0 < b < s,

1− 3β, s < b < s + 1,

and we see that ψs(·) attains its maximum on [0, s + 1] at s + 1, thanks to our

assumption that 0 < β < 1/3. It follows that I (·) satisfies the Bellman equation,

and that π is optimal. The Markov chain {Sn} of (15) becomes

Sn+1 = 2[(Sn)
+ − ((Sn)+ + 1)]+ Z = Z − 2.

The stationary wealth-distribution, namely, the distribution ofZ−2, assigns mass

μ({−2}) = 1/2 at −2 and mass μ({0}) = 1/2 at 0. Obviously, clause (i) of

Assumption 6.1 is satisfied. Clause (ii) is also satisfied, because every agent bor-

rows one unit of money and spends it; one-half of the agents receive no income

and pay back back nothing, whereas the other half receive an income of 2 units

of money, all of which they pay back to the bank since the interest rate is r1 = 2.

As there are no lenders, the books balance. Theorem 6.1 now says that we have a

stationary equilibrium, in which half of the agents are in debt for 2 units of money,

and the other half hold no money at the beginning of each period. All the money

is held by the bank.

Suppose now that the discount factor is larger, so that agents will be more

concerned about the penalties for default. In particular, assume that 1/3 < β <

1/2. Then an argument similar to that above shows that an optimal strategy is for

an agent to borrow nothing and spend what he has; that is, the optimal strategy π

corresponds to c(s) = s for every s ≥ 0. This induces the Markov chain,

Sn+1 = 2[(Sn)
+ − (Sn)+]+ Z = Z,

with stationary distribution equal to the distribution λ of Z, which assigns mass

λ({0}) = λ({2}) = 1/2 each to 0 and 2. This time the books obviously balance,

since no one borrows and no one pays back. In fact, the bank has no role to play.
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For the next example we drop the assumption that individual endowments are

proportional to total production (Assumption 2.1, part (b)) and show that a station-

ary equilibrium need not exist.

Example 7.4. For simplicity, we return to the no-lending model of Section 3

for this example. Assume that the utility function is u(b) = b, and let the distri-

bution ζ of the variables {Qn} be the two-point distribution ζ({1}) = ζ({3}) =
1/2. Suppose that when Qn = 1, the variables {Zαn , α ∈ I } are equal to 0 or

2 with probability 1/2 each, but that when Qn = 3, each of the Zαn is equal

to 1. Thus the {Qn} and the {Zαn } are not independent, as we had postulated

in Assumption 2.1. We claim that no stationary equilibrium can exist in this

case.

Now suppose, by way of contradiction, that a stationary equilibrium exists, with

wealth distributionμ and optimal stationary strategies {πα, α ∈ I } corresponding

to consumption functions cα(·), α ∈ I . The total bid in each period is then B =∫
cα(s) μ(ds) and the prices pn = B/Qn are independent, and equal to B and

B/3 with probability 1/2 each.

Consider next the spend-all strategy π ′ with consumption function c(s) = s.
We will sketch the proof that π ′ is the unique optimal strategy. First we calculate

the return function I (·) for π ′: this function satisfies

I (s) = E [(s/B) ·Q+ β · I (BZ)] = (2s/B)+ β · E[I (BZ)].

It is easy to check that I (·) also satisfies the Bellman equation

I (s) = sup
0≤b≤s

E [(b/B) ·Q+ β · I (s − b + BZ)] ,

and that the supremum above is uniquely attained at b = s. It follows that π ′ is the

unique optimal strategy. Thus, we must have πα = π ′ for all α ∈ I , which means

that every agent α spends his entire wealth at every time-period n and enters the

next period with wealth

Sαn+1(ω) = BZαn+1(ω).

But the distribution of Zαn+1 depends on the value ofQn. Thus, the distribution of

wealth varies with the value ofQn and cannot be identically equal to the equilibrium

distribution μ, as we had assumed.

In our final example, we assume that agents know the value of the production

variable for each time-period, before placing their bids. It is not surprising then,

that agents playing optimally will take advantage of this additional information,

and therefore that a stationary equilibrium need not exist. What sort of equilibrium

is appropriate for this “high information” model is a question that we plan to

investigate in future work.
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Example 7.5. As in the previous example, we consider a no-lending model with

the linear utility u(x) = x and with the distribution ζ of the variables {Qn}
given by ζ({1}) = ζ({3}) = 1/2. We assume that the individual endowments are

proportional (so that, as in Assumption 2.1, the variables {Zαn } are independent of

the {Qn}’s), and that agents know the value of the ‘production variable’ Qn for

the time-period t = n, before making their bids for that period. Again, we claim

that no stationary equilibrium can exist in this case.

Suppose, by way of contradiction, that a stationary equilibrium does exist, with

wealth distributionμ and optimal stationary strategies {πα, α ∈ I } corresponding

to consumption functions {cα(·), α ∈ I }. Let B =
∫
cα(s) μ(ds) be the total bid

in each period, so that the price pn = B/Qn in period n is B/3 if Qn = 3 and

is B if Qn = 1. It is not difficult to show that, in a period when the price is low

(i.e., when Qn = 3), the optimal bid for an agent is c(s) = s. Thus, we must

have cα(s) = s for all α and s. However, in a period when the price is high (i.e.

whenQn = 1), an agent who spends one unit of money receives in utility (1/B),

whereas an agent who saves the money and spends it in the next period expects to

receive β [(1/2B)+ (3/2B)] = (2β/B). Thus, for β ∈ ((1/2), 1), it is optimal

for an agent to spend nothing in a period when the price is high. But then cα(s) = 0

for all α ∈ I and s ≥ 0, a contradiction.
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Abstract
Zero-sum stochastic games with the expected average cost criterion and

unbounded stage cost are studied. It is assumed that the transition probabilities

of the Markov chains induced by stationary strategies satisfy a certain geo-

metric drift condition. Under additional assumptions concerning especially the

existence of ε-optimal strategies in corresponding one-stage games it is shown

that the average optimality equation has a solution and that both players have

ε-optimal stationary strategies.

Key words. Markov games, Borel state space, average cost criterion, geo-

metric drift condition, unbounded costs.

1 Introduction

In this paper two-person stochastic games with standard Borel state space, standard

Borel action spaces, and the expected average cost criterion are considered. Such

a zero-sum stochastic game can be described in the following way: The state xn
of a dynamic system is periodically observed at times n = 1, 2, . . . . After an

observation at time n the first player chooses an action an from the action set A(xn)

and afterwards the second player chooses an action bn from the action set B(xn)

dependent on the complete history of the system at this time. The first player must

pay cost k(xn, an, bn) to the second player, and the system moves to a new state

xn+1 from the state space X according to the transition probability p(·|xn, an, bn).
Stochastic games with Borel state space and average cost criterion are considered

by several authors. Related results are given by Maitra and Sudderth [10], [11], [12],

Nowak [14], Rieder [16] and Küenle [8] in the case of bounded costs (payoffs).

The case of unbounded payoffs is treated by Nowak [15], Jaśkiewicz and Nowak

[4], Hernández-Lerma and Lasserre [3], Küenle [6] and Küenle and Schurath [9].

The assumptions in these papers are compared in [9]. The assumptions in our paper

concerning the transition probabilities are related to Nowak’s assumptions in [15],

[4]: Nowak assumes that there is a Borel setC ∈ X and for every stationary strategy

pair (π∞, ρ∞) a measure μ such that C is μ-small with respect to the Markov
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chain induced by this strategy pair. We assume that C is only a μ-petite set with

respect to a resolvent of this Markov chain; on the other hand, we demand that

μ is independent of the corresponding strategy pair. (For the definition of “small

sets” and “petite sets” see [13], for example.) Since in our paper the assumptions

concern the resolvents of the corresponding Markov chains instead of the one-step

transition probabilities as in the above mentioned papers, it is possible that the

Markov chains are periodic, for instance. Furthermore, in [15] and [3] the existence

of a density of the transition probability is assumed while in [4], [9] and in this

paper such a density is not used.

The paper is organized as follows: in Section 2 the mathematical model of

Markov games with arbitrary state and action spaces is presented. Section 3 con-

tains the assumptions on the transition probabilities and the stage costs and also

some preliminary results. In Section 4 we study the expected average cost of a

fixed stationary strategy pair. We show that the so-called Poisson equation has a

solution. Under additional assumptions (which are satisfied if the action spaces

are finite or if certain semi-continuity and compactness conditions are fulfilled,

for instance) we prove in Section 5 that the average cost optimality equation has a

solution and both players have ε-optimal stationary strategies for every ε > 0.

2 The Mathematical Model

Stochastic games considered in this paper are defined by nine objects:

Definition 2.1. M = ((X, σX), (A, σA),A, (B, σB),B, p, k,E,F) is called a

Markov game if the elements of this tuple have the following meaning:

— (X, σX) is a standard Borel space, called the state space.

— (A, σA) is a standard Borel space and A : X → σA is a set-valued map which

has a σX - σA-measurable selector. A is called the action space of the first

player and A(x) is called the admissible action set of the first player at state

x ∈ X. We assume {(x, a) : x ∈ X, a ∈ A(x)} ⊆ σX×A.

— (B, σB) is a standard Borel space and B : X × A → σB is a set-valued

map which has a σX - σB-measurable selector. B is called the action space of

the second player and B(x) is called the admissible action set of the second

player at state x ∈ X. We assume {(x, b) : x ∈ X, a ∈ B(x)} ⊆ σX×B.

— p is a transition probability from σX×A×B to σX, the transition law.

— k is a σX×A×B-measurable function, called stage cost function of the first

player.

— Assume that (Y, σY) is a standard Borel space. Then we denote by σY the σ -

algebra of the σY-universally measurable sets. Let Hn = (X×A×B)n ×X

for n ≥ 1, H0 = X. h ∈ Hn is called the history at time n.

A transition probability πn from σHn to σA with

πn(A(xn)|x0, a0, b0, . . . , xn) = 1
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for all (x0, a0, b0, . . . , xn) ∈ Hn is called a decision rule of the first player

at time n.

A transition probability ρn from σHn×A to σB with

ρn(B(xn)|x0, a0, b0, . . . , xn, an) = 1

for all (x0, a0, b0, . . . , xn, an) ∈ Hn × A is called a decision rule of the

second player at time n.

A decision rule of the first [second] player is called Markov iff a transition

probability π̃n from σHn to σA [ρ̃n from σHn×A to σB] exists with

πn(·|x0, a0, b0, . . . , xn) = π̃n(·|xn)
[ρn(·|x0, a0, b0, . . . , xn, an) = ρ̃n(·|xn, an)]

for all (x0, a0, b0, . . . , xn, an) ∈ Hn × A. (Notation: We identify πn as π̃n
and ρn as ρ̃n.)

E and F denote nonempty sets of Markov decision rules.

A decision rule of the first [second] player is called deterministic if a function

en : Hn→ A [fn : Hn × A → B] exists with πn(en(hn)|hn) = 1 for all hn ∈ Hn
[ρn(fn(hn, an)|hn, an) = 1 for all (hn, an) ∈ Hn × A].

A sequence� = (πn) or P = (ρn) of decision rules of the first or second player

is called a strategy of that player.

Strategies are called deterministic, or Markov iff all their decision rules have

the corresponding property.

A Markov strategy � = (πn) or P = (ρn) is called stationary iff π0 = π1 =
π2 = . . . or ρ0 = ρ1 = ρ2 = . . . . (Notation: � = π∞ or P = ρ∞.) We assume

in this paper that the sets of all admissible strategies are E∞ and F∞. Hence, only

Markov strategies are allowed. But by means of dynamic programming methods

it is possible to get corresponding results also for Markov games with larger sets

of admissible strategies. If E and F are the sets of all Markov decision rules (in the

above sense) then we have a Markov game with perfect (or complete) information.

In this case the action set of the second player may depend also on the present

action of the first player. If E is the set of all Markov decision rules but F is the

set of all Markov decision rules which do not depend on the present action of the

first player, then we have a usual Markov game with independent action choice.

Let � := X×A× B×X×A× B× . . . and KN (ω) :=
∑N
j=0 k(xj , aj , bj ) for

ω = (x0, a0, b0, x1, . . . ) ∈ �,N ∈ N. By means of a modification of the Ionescu–

Tulcea Theorem (see [17]), it follows that there exists a suitable σ -algebra F in�

and for every initial state x ∈ X and strategy pair (�, P ),� = (πn), P = (ρn), a

unique probability measure Px,�,P on F according to the transition probabilities

πn, ρn and p. Furthermore, KN is F-measurable for all N ∈ N. We set

V N�P (x) =
∫

�

KN (ω)Px,�,P (dω) (1)
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and

��P (x) = lim inf
N→∞

1

N + 1
V N�P (x) (2)

if the corresponding integrals exist.

Definition 2.2. Let ε ≥ 0. A strategy pair (�∗, P ∗) is called ε-optimal iff

��∗P − ε ≤ ��∗P ∗ ≤ ��P ∗ + ε

for all strategy pairs (�, P ).

A 0-optimal strategy pair is called optimal.

3 Assumptions and Preliminary Results

In this paper we use the same notation for a sub-stochastic kernel and for the

“expectation operator” with respect to this kernel, that means:

If (Y, σY) and (Z, σZ) are standard Borel spaces, v : Y × Z → R a σY×Z-

measurable function, and q a sub-stochastic kernel from (Y, σY) to (Z, σZ), then

we put

qv(y) :=
∫

Z
q(dz|y)v(y, z),

for all y ∈ Y, if this integral is well-defined.

We assume in the following that u and v are universally measurable functions

for which the corresponding integrals are well-defined. If v : X×A×B×X → R,

then we have for example

pv(x, a, b) =
∫

X
p(dξ |x, a, b)v(x, a, b, ξ),

for all (x, a, b) ∈ X× A× B. If u : X → R then pu means

pu(x, a, b) =
∫

X
p(dξ |x, a, b)u(ξ),

for all (x, a, b) ∈ X× A× B. For π ∈ E, ρ ∈ F we get

πρpv(x) =
∫

A
π(da|x)

∫

B
ρ(db|x, a)

∫

X
p(dξ |x, a, b)v(x, a, b, ξ),

for all x ∈ X. Furthermore, we define the operator T by

T u = k + pu, (3)
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for u : X → R, that means

T u(x, a, b) = k(x, a, b)+
∫

X
p(dξ |x, a, b)u(ξ),

for all x ∈ X, a ∈ A, b ∈ B. πρT is then the operator with

πρT u(x) = πρk(x)+ πρpu(x)

=
∫

A
π(da|x)

∫

B
ρ(db|x, a)

(
k(x, a, b)+

∫

X
p(dξ |x, a, b)u(ξ)

)
,

for all x ∈ X. This operator is well-known in stochastic dynamic programming

and Markov games. It is often denoted by Tπρ .

Let � = (πn) ∈ E∞, P = (ρn) ∈ F∞. If V N�P exists then we get

V N�P = π0ρ0k +
N∑

j=1

π0ρ0p · · ·πj−1ρj−1pπjρjk.

For π ∈ E, ρ ∈ F we put (πρp)n := πρp(πρp)n−1 where (πρp)0 denotes the

identity. Let ϑ ∈ (0, 1). We set for every π ∈ E, ρ ∈ F, x ∈ X, and Y ∈ σX

Qϑ,π,ρ(Y |x) := (1− ϑ)
∞∑

n=0

ϑn(πρp)nIY (x),

where IY is the characteristic function of the set Y .

We remark that for a stationary strategy pair (π∞, ρ∞) the transition probability

Qϑ,π,ρ is a resolvent of the corresponding Markov chain.

Assumption 3.1. There are a nontrivial measure μ on σX, a set C ∈ σX, a σX-

measurable functionW ≥ 1, and constants ϑ ∈ (0, 1), α ∈ (0, 1), and β ∈ R with

the following properties:

(a) Qϑ,π,ρ ≥ IC · μ,

for all π ∈ E and ρ ∈ F,

(b) pW ≤ αW + ICβ,

(c) sup
x∈X,a∈A(x),b∈B(x,a)

|k(x, a, b)|
W(x)

<∞.

Assumption 3.1 (a) means that C is a “petite set”, (b) is called “geometric

drift towards C” (see Meyn and Tweedie [13]). We assume in this paper that

Assumption 3.1 is satisfied.

For a measurable function u : X → R we denote by μu the integral μu :=∫
X μ(dξ)u(ξ) (if it exists).
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Lemma 3.1. There are a σX-measurable function V with 1 ≤ W ≤ V ≤ W +
const and a constant λ ∈ (0, 1) with

Qϑ,π,ρV ≤ λV + IC · μV (4)

and

ϑpV ≤ λV. (5)

Proof. Without loss of generality we assume β > 0.

Let β ′ := [ϑ/(1− ϑ)]β,W ′ := W + β ′, and α′ := (β ′ + α)/(β ′ + 1). Then it

holds α′ ∈ (α, 1) and

pW ′ = pW + β ′

≤ αW + β ′ + βIC

≤ α′W − (α′ − α)W + α′β ′ + (1− α′)β ′ + βIC

≤ α′W ′ − (α′ − α)+ (1− α′)β ′ + βIC

= α′W ′ + β ′ + α − α′(β ′ + 1)+ βIC

= α′W ′ + βIC . (6)

Let nowW ′′ := W ′ − β ′IC = W + β ′(1− IC). Then we get from (6)

p(W ′′ + β ′IC) = pW ′

≤ α′W ′ + βIC

= α′W ′′ + α′β ′IC + βIC

= α′W ′′ + α′β ′IC +
1− ϑ
ϑ

β ′IC

= α′W ′′ + α
′ϑ + 1− ϑ

ϑ
β ′IC

≤ α′W ′′ + β
′

ϑ
IC . (7)

We put α′′ := (1− ϑ)/(1− α′ϑ). Then it holds α′ = (α′′ + ϑ − 1)/(α′′ϑ). For

β ′′ := α′′β ′ it follows

pW ′′ ≤ α
′′ + ϑ − 1

α′′ϑ
W ′′ − β

′′

α′′
pIC +

β ′′

α′′ϑ
IC .

Hence,

α′′ϑpW ′′ ≤ (α′′ + ϑ − 1)W ′′ − ϑβ ′′pIC + β ′′IC .
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Then

(1− ϑ)W ′′ ≤ α′′W ′′ + β ′′IC − ϑp(α′′W ′′ + β ′′IC).

This implies

(1− ϑ)W ′′ ≤ α′′W ′′ + β ′′IC − ϑπρp(α′′W ′′ + β ′′IC),

for every π ∈ E, ρ ∈ F. Hence,

Qϑ,π,ρW
′′ =

∞∑

n=0

(1− ϑ)ϑn(πρp)nW ′′

≤
∞∑

n=0

ϑn(πρp)n(α′′W ′′ + β ′′IC)−
∞∑

n=1

ϑn(πρp)n(α′′W ′′ + β ′′IC)

= α′′W ′′ + β ′′IC . (8)

We choose ϑ ′ ∈ (ϑ, 1) and set

η := max

{
β ′′

μ(X)
,
β ′

ϑ ′ − ϑ

}
, λ′ := α

′′ + η
1+ η , λ := max{λ′, ϑ ′}.

It follows α′′ < λ′ ≤ λ < 1 and λ′ − α′′ = (1− λ′)η. Hence,

(λ− α′′)W ′′ ≥ λ′ − α′′ ≥ (1− λ′)η ≥ (1− λ)η. (9)

We put V := W ′′ + η. Obviously, V ≥ W ′′ ≥ 1 and V ≥ η. Then it follows

Qϑ,π,ρV = Qϑ,π,ρW ′′ + η
≤ α′′W ′′ + IC · β ′′ + η
≤ α′′W ′′ + IC · ημ(X)+ η
≤ α′′W ′′ + IC · μV + η
≤ α′′W ′′ + IC · μV + (λ− α′′)W ′′ + λη (see (9))

= λ(W ′′ + η)+ IC · μV
= λV + IC · μV.

Hence, (4) is proven.

From η ≥ β ′/(ϑ ′ − ϑ) it follows

ϑ ′η ≥ ϑη + β ′. (10)

Then

ϑpV = ϑpW ′′ + ϑη
≤ α′ϑW ′′ + β ′ + ϑη (see (7))
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≤ α′ϑW ′′ + ϑ ′η (see (10))

≤ ϑ ′(W ′′ + η)
= ϑ ′V
≤ λV.

Hence, (5) is also proven. �

4 Properties of Stationary Strategy Pairs

For a functionu : X → R we put‖u‖V := supx∈X(|u(x)|/V (x)). Furthermore, we

denote by V the set of all σX-universally measurable functions uwith ‖u‖V <∞.

In the following we will assume that on V the metric is given which is induced by

the weighted supremum norm ‖·‖V . Then V is complete.

Lemma 4.1. Let � = (πn), P = (ρn). Then
∥∥∥∥∥ sup
n∈N,�∈E∞,P∈F∞

π0ρ0p · · ·πnρnpV
∥∥∥∥∥
V

<∞.

Proof. From Assumption 3.1(b) it follows

π0ρ0p · · ·πnρnpW ≤ αn+1W + 1

1− αβ.

By Lemma 3.1 there is a constant d with

π0ρ0p · · ·πnρnpV ≤ π0ρ0p · · ·πnρnpW + d

≤ αn+1W + d + 1

1− αβ ≤ α
n+1V + d + 1

1− αβ

for all n ∈ N. This implies the statement. �

Let Tw be the operator given by

Twu(x, a, b) := (1− ϑ)(ϑk(x, a, b)+ w(x))+ ϑpu(x, a, b)

for all u ∈ V, x ∈ X, a ∈ A, b ∈ B. We note that Tw has essentially the same

structure as the cost operator T used in stochastic dynamic programming and

stochastic game theory (see (3)). This implies that some of our proofs are very

similar to known proofs. Therefore, we restrict ourselves to only a few remarks

in these cases. (A very good exposition of basic ideas and recent developments in

stochastic dynamic programming can be found in the books of Hernández-Lerma

and Lasserre [1], [2].)

Obviously,

Twu = (1− ϑ)ϑT
(

u

1− ϑ

)
+ (1− ϑ)w. (11)
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Lemma 4.2. Let w ∈ V arbitrary, π ∈ E, ρ ∈ F. Then the functional equation

u = πρTwu (12)

has a unique solution uw ∈ V and it holds for uw := Sπρw,

Sπρw = lim
n→∞

(πρTw)
nu = (1− ϑ)

∞∑

n=0

ϑn(πρp)n(ϑπρk + w), (13)

for every u ∈ V.

Proof. We note that πρTwV ⊆ V. From (5) it follows that πρTw is contracting on

V with modulus λ. The rest of the proof follows by Banach’s Fixed Point Theorem.

�

We can consider Sπρ as an operator Sπρ : V → V. Let Sγ,π,ρ be the operator

defined by

Sγ,π,ρw := −(1− IC)γ + Sπρw − ICμw (14)

for π ∈ E, ρ ∈ F, w ∈ V. The following lemma gives some properties of this

operator.

Lemma 4.3.

(a) Sγ,π,ρV ⊆ V.

(b) Sγ,π,ρ is isotonic.

(c) Sγ,π,ρ is contracting.

Proof.

(a) is obvious.

(b) Using (13) we get

Sγ,π,ρw = −(1− IC)γ + (1− ϑ)
∞∑

n=0

ϑn(πρp)n(ϑπρk + w)− ICμw

= −(1− IC)γ + (1− ϑ)
∞∑

n=0

ϑn+1(πρp)nπρk + (Qϑ,π,ρ − ICμ)w.

(15)

From Assumption 3.1 (a) it follows the statement.

(c) By Lemma 3.1 and (15) we get for u, v ∈ V

|Sγ,π,ρu− Sγ,π,ρv| = |(Qϑ,π,ρ − ICμ)(u− v)|
≤ (Qϑ,π,ρ − ICμ)V ‖u− v‖V
≤ λV ‖u− v‖V . (16)

�
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Lemma 4.4. The operator Sγ,π,ρ has in V a unique fixed point uγ,π,ρ . μuγ,π,ρ
is continuous and non-increasing in γ .

Proof. The existence and uniqueness of the fixed point follows from Lemma 4.3

by Banach’s Fixed Point Theorem.

From Sγ,π,ρv ≥ Sγ ′,π,ρv for γ ≤ γ ′, and the isotonicity of Sγ,π,ρ it follows

uγ,π,ρ ≥ uγ ′,π,ρ . Hence, μuγ,π,ρ ≥ μuγ ′,π,ρ .

Furthermore, for arbitrary γ , γ ′

|uγ,π,ρ − uγ ′,π,ρ | = |(1− IC)(γ
′ − γ )+ (Qϑ,π,ρ − ICμ)(uγ,π,ρ − uγ ′,π,ρ)|

≤ |γ − γ ′|V + λ‖uγ,π,ρ − uγ ′,π,ρ‖V V.

Hence,

‖uγ,π,ρ − uγ ′,π,ρ‖V ≤ |γ − γ ′| + λ‖uγ,π,ρ − uγ ′,π,ρ‖V

and

|μuγ,π,ρ − μuγ ′,π,ρ | ≤ ‖uγ,π,ρ − uγ ′,π,ρ‖VμV ≤
|γ − γ ′|

1− λ μV.

�

Theorem 4.1. There are g = const and v ∈ V with

g + v = πρT v. (17)

It holds

g = �π∞ρ∞ .

Proof. From Lemma 4.4 it follows that there is a γ ∗ with γ ∗ = μuγ ∗,π,ρ . Hence,

uγ ∗,π,ρ = Sγ ∗,π,ρuγ ∗,π,ρ
= −(1− IC)γ

∗ + Sπρuγ ∗,π,ρ − ICμuγ ∗,π,ρ

= Sπρuγ ∗,π,ρ − γ ∗. (18)

Let w∗ := uγ ∗,π,ρ . If we put w = w∗ in (12) then we get

Sπρw
∗ = (1− ϑ)(ϑπρk + w∗)+ ϑπρpSπρw∗.

It follows by (18)

w∗ + γ ∗ = (1− ϑ)(ϑπρk + w∗)+ ϑπρp(w∗ + γ ∗).

Therefore,

ϑw∗ + (1− ϑ)γ ∗ = (1− ϑ)ϑπρk + ϑπρpw∗.
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For g = γ ∗

ϑ
, v = w∗

1−ϑ we get (17). From (17) it follows

Ng =
N−1∑

n=0

(πρp)nπρk + (πρp)Nv − v.

If we consider Lemma 4.1 we get

g = lim
N→∞

1

N

N−1∑

n=0

(πρp)nπρk = �π∞ρ∞ .
�

5 The Optimality Equation

In this section we use a further operator. Let w : X × A × B → R a σX×A×B-

measurable function, such that πρw exists for all π ∈ E, ρ ∈ F. Then we set

Lw(x) := inf
π∈E

sup
ρ∈F

πρw(x)

for all x ∈ X.

Assumption 5.1. Let K ⊆ V a complete subspace of the metric space V with

the following properties:

(a) LTK ⊆ K.

(b) ν1u1 + ν2u2 ∈ K for u1, u2 ∈ K, ν1, ν2 ∈ [0,∞).
(c) νIC ∈ K and ν ∈ K for all ν ∈ R.

(d) For every u ∈ K, ε > 0 there are decision rules πε ∈ E, ρε ∈ F with

περT u− ε ≤ περεT u ≤ πρεT u+ ε

for all π ∈ E, ρ ∈ F.

Assumption 5.1 is satisfied if M is a Markov game with perfect information

and A and B are denumerable, or if M is a Markov game with independent action

choice and A and B are finite. We give a further assumption which implies Assump-

tion 5.1. The proof of this implication is similarly to corresponding proofs in [5]

or [16].

Assumption 5.2.

(a) M is a Markov game with independent action choice or perfect information.

(b) A and B are compact-valued, and B has a Castaing representation (that means,

there is a sequence (gn) of σX-σB-measurable maps such that {g1, g2, . . . } is

dense in B for every x ∈ X).

(c) k(x, ·) is lower semi-continuous for every x ∈ X.

(d) pu(x, ·) is lower semi-continuous for every x ∈ X and every Borel measur-

able u ∈ V.
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In these cases K is the set of all Borel measurable functions from V. Further

conditions under which Assumption 5.1 is satisfied can be derived from the results

in [7], for example.

We assume in this section that Assumption 5.1 is fulfilled. Then we get

inf
π∈E

sup
ρ∈F

πρT u− ε ≤ sup
ρ∈F

περT u− ε

≤ περεT u
≤ inf
π∈E

πρεT u+ ε

≤ sup
ρ∈F

inf
π∈E

πρT u

≤ inf
π∈E

sup
ρ∈F

πρT u.

It follows for ε→∞

sup
ρ∈F

inf
π∈E

πρT u = inf
π∈E

sup
ρ∈F

πρT u = LT u. (19)

Hence,

|περεT u− LT u| ≤ ε.

It follows

περT u− 2ε ≤ LT u ≤ πρεT u+ 2ε. (20)

Lemma 5.1. The functional equation

u = inf
π∈E

sup
ρ∈F

{(1− ϑ)(ϑπρk + w)+ ϑπρpu}

= LTwu = (1− ϑ)ϑLT
(

u

1− ϑ

)
+ (1− ϑ)w (21)

has for every w ∈ K in K a unique solution u∗ =: Sw.

Proof. Let w ∈ K. Then it follows from Assumption 5.1 LTwK ⊆ K. Because

πρTw is contracting on V, it holds for u, v ∈ K

πρTwu ≤ πρTwv + λ‖u− v‖V V.

Since L is isotonic, it follows

LTwu ≤ LTwv + λ‖u− v‖V V.

Because u and v can be interchanged, we get that LTw is also contracting. By

Banach’s Fixed Point Theorem it follows the statement. �
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We consider S as an operator S : K→ K according to Lemma 5.1.

Lemma 5.2. For every w ∈ K and ε > 0 there are πε ∈ E, ρε ∈ F with

Sπε,ρw − εV ≤ Sw ≤ Sπ,ρεw + εV (22)

for all π ∈ E, ρ ∈ F. Furthermore, it holds

Sw = inf
π∈E

sup
ρ∈F

Sπρw. (23)

Proof. Let ε′ := (1−λ)ε. It follows from Assumption 5.1(d) that there areπε ∈ E,

ρε ∈ F with

περT

(
uw

1− ϑ

)
− ε′

ϑ(1− ϑ)V ≤ LT
(
uw

1− ϑ

)

≤ πρεT
(
uw

1− ϑ

)
+ ε′

ϑ(1− ϑ)V, (24)

where uw = Sw (see (20). Hence,

περTwuw − ε′V ≤ LTwuw = uw ≤ πρεTwuw + ε′V, (25)

for all π ∈ E, ρ ∈ F. Assume that

(περTw)
nuw −

ε′

1− λV ≤ uw ≤ (πρεTw)
nuw +

ε′

1− λV (26)

for n ∈ N. Then it follows from (25)

uw ≤ πρεTw
(
(πρεTw)

nuw +
ε′

1− λV
)
+ ε′V

≤ (πρεTw)n+1uw +
λε′

1− λV + ε
′V

= (πρεTw)n+1uw +
ε′

1− λV. (27)

Analogously,

uw ≥ (περTw)n+1uw −
ε′

1− λV. (28)

From (27) and (28) it follows by mathematical induction that (26) holds for all

n ∈ N. For n→∞ we get (22), and (23) follows analogously to (19). �

We define a new operator Sγ by

Sγw := −(1− IC)γ + Sw − ICμw

for w ∈ K, γ ∈ R. The following lemma gives some properties of this operator.
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Lemma 5.3.

(a) SγK ⊆ K.

(b) Sγ is isotonic.

(c) Sγ is contracting with modulus λ.

(d) Sγ has in K a unique fixed point vγ . It holds limn→∞(Sγ )nu = vγ for every

u ∈ K. vγ is isotonic and continuous in γ .

Proof.

(a) is obvious.

(b) From (14) and (23) it follows

Sγw = inf
π∈E

sup
ρ∈F

Sγ,π,ρw.

By Lemma 4.3 we get the statement.

(c) Let w′, w′′ ∈ K. By Lemma 5.2 it follows that for every ε > 0 there are

π ′′ε ∈ E, ρ′ε ∈ F, with

Sw′ ≤ Sπ,ρ′εw
′ + εV

Sw′′ ≥ Sπ ′′ε ,ρw
′′ − εV

for all π ∈ E, ρ ∈ F. Hence,

Sγw
′ − Sγw′′ = −(1− IC)γ + Sw′ − ICμw

′

− (−(1− IC)γ + Sw′′ − ICμw
′′)

≤ −(1− IC)γ + Sπ ′′ε ,ρ′εw
′ − ICμw

′

− (−(1− IC)γ + Sπ ′′ε ,ρ′εw
′′ − ICμw

′′)+ 2εV

= Sγ,π ′′ε ,ρ′εw
′ − Sγ,π ′′ε ,ρ′εw

′′ + 2εV

≤ λV ‖w′ − w′′‖V + 2εV,

since Sγ,π ′′ε ,ρ′ε is contracting (see Lemma 4.3). For ε→ 0 we get

Sγw
′ − Sγw′′ ≤ λV ‖w′ − w′′‖V . (29)

Because w′ and w′′ can be interchanged, we get the statement.

(d) The existence of a unique fixed point vγ ∈ K and limn→∞(Sγ )nu = vγ for

every u ∈ K follows from Banach’s Fixed Point Theorem. For γ ′ ≤ γ it holds

Sγw ≤ Sγ ′w = Sγw + (1− IC)(γ − γ ′) ≤ Sγw + (γ − γ ′)V .

Assume that for n > 1

Sn−1
γ vγ ′ ≤ vγ ′ ≤ Sn−1

γ vγ ′ +
γ − γ ′
1− λ V.
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Then it follows

Snγ vγ ′ ≤ Sγ ′Sn−1
γ vγ ′ ≤ Sγ ′vγ ′ = vγ ′ ≤ Sγ ′

(
Sn−1
γ vγ ′ +

γ − γ ′
1− λ V

)

≤ Sγ
(
Sn−1
γ vγ ′ +

γ − γ ′
1− λ V

)
+ (γ − γ ′)V

≤ Snγ vγ ′ +
λ(γ − γ ′)

1− λ V + (γ − γ ′)V (see (29))

= Snγ vγ ′ +
γ − γ ′
1− λ V.

Hence, by mathematical induction we get that this inequality holds for all

n ∈ N. For n→∞ it follows

vγ ≤ vγ ′ ≤ vγ +
γ − γ ′
1− λ V.

This implies the rest of the statement. �

Theorem 5.1.

(a) The optimality equation

g + v = LT v (30)

has a solution (g∗, v∗) with g∗ = const and v∗ ∈ K.

(b) Let (g̃, ṽ) be a solution of (30) with g̃ = const and ṽ ∈ K. Then it holds

g̃ = g∗ = inf
�∈E∞

sup
P∈F∞

��P

and

ṽ = v∗ + const.

(c) For every ε > 0 there is an ε-optimal stationary strategy pair.

Proof. From Lemma 5.3 it follows that μvγ is non-increasing in γ . Therefore,

there is a unique γ ∗ with γ ∗ = μvγ ∗ .

vγ ∗ = Sγ ∗vγ ∗
= −(1− IC)γ

∗ + Svγ ∗ − ICμvγ ∗

= Svγ ∗ − γ ∗. (31)

Let w∗ := vγ ∗ . If we put w = w∗ in (21) then we get

Sw∗ = L((1− ϑ)(ϑk + w∗)+ ϑpSw∗).
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It follows by (31)

w∗ + γ ∗ = L((1− ϑ)(ϑk + w∗)+ ϑp(w∗ + γ ∗)).

Therefore,

ϑw∗ + (1− ϑ)γ ∗ = L((1− ϑ)ϑk + ϑpw∗).

For g∗ = γ ∗

ϑ
, v∗ = w∗

1−ϑ we get (a).

Let (g̃, ṽ) be a solution of (30) with g̃ = const and ṽ ∈ K. From Assumption 5.1

it follows that for every ε > 0 there are πε ∈ E, ρε ∈ F, with

περnT ṽ − ε − g̃ ≤ ṽ ≤ πnρεT ṽ + ε − g̃,

for all � = (πn) ∈ E∞, P = (ρn) ∈ F∞. It follows

περ0T περ1T · · ·περNT ṽ − (N + 1)(g̃ + ε) ≤ ṽ
≤ π0ρεT π1ρεT · · ·πNρεT ṽ + (N + 1)(−g̃ + ε).

Using Lemma 4.1, for N →∞, we get in a usual way

��ρ∞ε − ε ≤ g̃ ≤ �π∞ε P + ε,

for all � ∈ E∞, P ∈ F∞. This implies

g∗ = g̃ = inf
�∈E∞

sup
P∈F∞

��P ,

and the ε-optimality of (π∞ε , ρ
∞
ε ). Hence, (c) and the first part of (b) are proven.

Let w̃ := (1− ϑ)ṽ + c with c := (1/μ(X))(ϑg∗ − (1− ϑ)μṽ). Then it holds

μw̃ = (1− ϑ)ṽ + μ(X) = ϑg∗ = γ ∗.

Furthermore, by (30) we get

γ ∗

ϑ
+ w̃

1− ϑ = LT
(

w̃

1− ϑ

)
.

It follows

(1− ϑ)γ ∗ + ϑw̃ = L(ϑ(1− ϑ)k + ϑpw̃).

For u := γ ∗ + w̃ we get

u = (1− ϑ)ϑLT
(

u

1− ϑ

)
+ (1− ϑ)w̃.
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Since Sw̃ is the unique solution of this functional equation (see Lemma 5.1), it

follows

w̃ = Sw̃ − γ ∗ = Sγ ∗w̃.

The solution of this functional equation is also unique (see Lemma 5.3). Hence,

w̃ = vγ ∗ and

ṽ = v∗ + c

1− ϑ . �
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[7] Küenle, H.-U.: Equilibrium strategies in stochastic games with additive cost

and transition structure. Internat. Game Theory Rev., 1, 131–147, (1999)
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Abstract
Two players hold money and bid each day for a nondurable consumer

good whose worth to each player is measured by a concave utility function.

The money recirculates to the players according to a rule that treats them

symmetrically. When the total reward is discounted and the discount factor is

small, there is a Nash equilibrium in which the players make large bids. For a

discount factor close to one and also for a game with long run average reward,

there is a Nash equilibrium with small bids.

1 Introduction

Each player holds an integral amount of money with the total amount of money

equal to a fixed quantity M . Every day, one unit of a nondurable commodity is

brought to a market and each player bids some integral part of his or her money

for the good. Portions of the good are awarded to the players based on their bids

and they consume their portion on the same day.

A player’s bid may or may not be accepted in payment for a portion of the good.

If the bid is accepted, the player pays the bid and the sum of these payments on a

given day is the value or the price of the good on that day. The value is returned

to the players at the end of the day with each player receiving a random share

having the same distribution. One interpretation is that the players own shares of

the market that are stochastically equivalent; another is that they own stochastically

equivalent shares of the good which they bring to the market.

The utility of the good to the players is measured by a concave utility function

u : [0, 1] → ℜ such that u(0) = 0. If a player receives yn units of the good on
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day n for n = 1, 2, . . . , then the player’s total discounted reward is

∞∑

n=1

βn−1u(yn),

where 0 < β < 1 is a discount factor, and the player’s long run average reward is

lim sup
n→∞

1

n

n∑

k=1

u(yk).

We will consider below both discounted and average reward games.

We also consider two schemes for apportioning the good to the players based on

their bids. In the first version, called “winner-takes-all”, the player who makes the

larger bid receives the entire good or if their bids are the same positive number, they

each receive an equal share. The second version is called “proportional rewards”

because in it each player receives a fraction of the good in proportion to his or her

bid.

The strategic dilemma of a player of these games was aptly described by Shubik

and Whitt [10], namely, whether “to spend more now to get more real goods now

or to spend less now to get more real goods in the future.” It is natural to expect

that a wise player would save less when future values are discounted by a small

β and save more when β is near 1 or when the long run average reward payoff

is used. We will construct pure strategy Nash equilibria that seem to justify this

intuition. We focus here on two person games, but several, and perhaps all, of our

results generalize to n person games.

Our work stems from that of Shubik and Whitt [10], who, with the aim of pro-

viding satisfactory connections between theories in macroeconomics and microe-

conomics, introduced a non-stochastic proportional reward game in which each

player receives every day a fixed, nonrandom, fraction of the current value of

the good. More recently Karatzas, Shubik and Sudderth [4,5] and Geanakoplos,

Karatzas, Shubik and Sudderth [3] have studied proportional reward games with

a continuum of players and with borrowing and lending. Constant sum versions

of the games studied here were considered in two earlier papers [8,9]. In [8], we

introduced a constant sum, winner-takes-all game with discounted rewards where

money is a finite but continuous quantity; we proved the existence of the value

for the game and found good strategies for the players when the discount factor

is less than or equal to 2/3. In [9], we assumed money to be finite and discrete,

and we focused on constant sum versions of the winner-takes-all game and the

proportional rewards game both with discounted and long run average rewards;

we found the value of our games and optimal strategies for small values of the

discount parameter β as well as for β near 1 and long run average reward.

In the next section, the games to be studied are defined and notation and termi-

nology are introduced. In Section 3 we show that “bold” strategies for each player

form a Nash equilibrium when β is small, and in Section 4 we show that “timid”
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strategies are Nash for β near 1. In Section 5 we introduce a slight change in the

rules for apportioning the good – namely, each player receives half of the good

when both bid nothing. This leads to asymmetric equilibria when β is near 1. In

the final section we study the average reward game.

2 Formulation

Let M be a positive integer corresponding to the total amount of money held by

the two players who are denoted I and II. The state space is S = {0, 1, . . . ,M}
and a state x ∈ S will represent the cash held by player I at some stage of the game

whereasM−x corresponds to that held by player II. Actions represent bids and, for

each x ∈ S, the action sets for players I and II, respectively, areAx = {0, 1, . . . , x}
and Bx = {0, 1, . . . ,M − x}.

Let Z = {(x, a, b) : x ∈ S, a ∈ Ax, b ∈ Bx}. To complete the definition of

the stochastic game, we must specify a daily reward function r : Z → ℜ, a law

of motion q that assigns to each triple (x, a, b) ∈ Z a probability distribution

defined on S, and a discount factor β ∈ (0, 1) if the game is discounted. We

will consider two versions called winner-takes-all and proportional rewards. In

both versions, the players have the same utility function u : [0, 1] → [0,∞) for

the good. The function u is assumed to be concave, and strictly increasing with

u(0) = 0.

In the winner-takes-all game, the daily reward function for player I is

r(x, a, b) =

⎧
⎪⎨
⎪⎩

u(1) if a > b,

u(1/2) if a = b > 0,

0 if a < b or a = b = 0,

(1)

whereas the daily reward function for player II is defined symmetrically as

r̃(x, a, b) = r(M − x, b, a),

for every (x, a, b) ∈ Z. Thus, if a > b, player I receives all the good which has

price p = a; if a < b, player II receives all the good at price p = b; and, if

a = b > 0, each player receives half the good and the price is p = a + b.

In the proportional-rewards game, the reward function for player I is

r(x, a, b) =
{
u(a/(a + b)) if a + b > 0,

0 if a = b = 0,
(2)

and the reward function for player II is defined symmetrically as before. The price

of the good in this game is the total bid p = a + b.

The law of motion can be viewed as a means of redistributing the money spent

for the good, that is, the price p, to the players. Suppose that, for each possible
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p = 0, 1, . . . ,M , there is a probability distribution πp on {0, 1, . . . , p} for the

amount that will go to each of the players. Let Y (p) be a random variable with

distribution πp. If Y (p) represents the amount for player I, then p−Y (p) represents

that for player II. We assume that Y (p) and p − Y (p) have the same distribution.

For example, Y (p) could be the uniform distribution on {0, 1, . . . , p}, or binomial

(p, 1/2), or equal top or 0 with probability 1/2 each. We will also assume that Y (p)

is stochastically increasing in p. That is, Y (p) is stochastically smaller than Y (p+1)

for p = 0, 1, . . . ,M−1. This assumption, which holds for the three special cases

above, implies that larger bids are riskier.

Consider first the law of motion for the winner-takes-all game. Let X1 be a

random variable with distribution q(x, a, b) and we can specify q by setting

X1 =

⎧
⎪⎨
⎪⎩

x − a + Y (a) if a > b,

x + Y (b) if a < b,

x − a + Y (a+b) if a = b.
(3)

Thus player I’s new fortune equals his old fortune, less what he spends, plus his

share of the proceeds from selling the good.

The rule takes a simpler form in the proportional-rewards game where we let

X1 = x − a + Y (a+b), (4)

for a random variable with distribution q(x, a, b).

In either game play begins at a state X0 = x and proceeds in stages that

we often call “days”. If on day n ≥ 1, the state of the game is Xn−1 = xn−1

and player I chooses action an ∈ Axn−1
while simultaneously player II chooses

bn ∈ Bxn−1
, then I receives the daily reward rn = r(xn−1, an, bn) and II receives

r̃n = r̃(xn−1, an, bn). The game then moves to the new state Xn with probability

distribution q(xn−1, an, bn).

A strategy μ for player I (respectively, ν for player II) specifies the distribu-

tion of each action an+1 (respectively, bn+1) as a function of the partial history

(x, a1, b1, . . . , an, bn, xn). Strategies for the two players together with the law of

motion determine the distributionPx,μ,ν of the stochastic process x, a1, b1, X1, a2,

b2, . . . and the expected discounted rewards

vβ(x, μ, ν) = Ex,μ,ν

( ∞∑

n=1

βn−1rn

)
, (5)

ṽβ(x, μ, ν) = Ex,μ,ν

( ∞∑

n=1

βn−1r̃n

)
,

for players I and II respectively. Likewise the expected average rewards are deter-

mined. (For an introduction to stochastic games, see [2] or [6]. A more advanced

treatment is in [7].)
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Let σ and τ be functions defined on S such that, for every x ∈ S, σ(x) is a

probability distribution on Ax and τ(x) is a probability distribution on Bx . The

functions σ and τ are called selectors for players I and II respectively. The selectors

σ and τ determine stationary strategiesσ∞(x) and τ∞(x) at each x; namelyσ∞(x)
(respectively τ∞(x)) uses the mixed action σ(y) (respectively, τ(y)) whenever y

is the current state.

Associated with each stationary strategy σ∞(x) for player I is a symmetric

stationary strategy σ̃∞(x) for player II where σ̃ (x) = σ(M − x). (Recall that

when the state is x, player I has x units of money and player II has M − x.) It

is well-known that there exists a Nash equilibrium in stationary strategies for a

discounted stochastic game with finite state space, finite action sets, and finitely

many players. For our games the strategies can be taken to be symmetric.

Theorem 2.1. For either a discounted winner-takes-all game or a discounted

proportional rewards game, there exists a selector σ for player I such that, for

every x ∈ S, (σ∞(x), σ̃∞(x)) is a Nash equilibrium.

Proof. The proof follows that of Theorem 1 in [11] where the Brower fixed point

theorem is applied to a certain mapping φ : � → � where � is the compact,

convex set of all pairs of selectors {(σ (·), τ (·))} considered as vectors in a Euclidean

space. It is easy to see that the subset of all symmetric pairs {(σ (·), σ̃ (·))} is also

compact, convex and is mapped into itself by φ. The rest of the proof is the same

as in [11]. �

Most of the particular strategies we consider will be pure stationary strategies

a∞(x) where a(x) ∈ Ax for all x ∈ S. We write ã∞(x) for the symmetric pure

stationary strategy where ã(x) = a(M − x).
Nash equilibria need not exist for average reward games. However, there is a

deep result of Vieille [12,13] showing the existence of equilibrium payoff vectors

in a strong sense for two person games. We will give simple direct arguments in

Section 6 to identify Nash equilibria for the games studied here.

3 Bold Play for Small Beta

If the discount factor is small, then there is an urgency for the players to spend

now rather than save for the future. Consider first the winner-takes-all game and

call a player “rich” if his or her fortune exceeds M/2 and “poor” otherwise. On

any given day, a rich player can obtain the entire good by bidding one more unit

of money than the poor player has available. Now the larger the bid of the rich

player, the more money he or she risks losing to the poor player. This suggests that

the poor player should bid as much as possible in order to maximize the monetary

losses of the rich player.
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Define the bold selector b by

b(x) =
{
M − x + 1 if x > M/2,

x if x ≤ M/2,

and call the pure stationary strategy b∞(x) the bold strategy for player I at x. The

symmetric strategy b̃∞(x) is the bold strategy for player II at x.

Theorem 3.1. For

β ≤ u(1)− u(1/2)
2u(1)− u(1/2) (6)

and every x ∈ S, the bold strategies (b∞(x), b̃∞(x)) form a Nash equilibrium in

the winner-takes-all game.

It suffices to show that b∞(x) is an optimal strategy for I when II plays b̃∞(x).
(The optimality of b̃∞(x) against b∞(x)will then follow by symmetry.) So assume

that player II plays the action b̃(x) at each x. Thus player I faces a discounted

dynamic programming problem with state space S, action sets Ax, x ∈ S, daily

reward function r(x, ·, b̃(x)) and law of motion q(x, ·, b̃(x)). For x ∈ S and

a ∈ Ax , let X(x, a) be a random variable with distribution q(x, a, b̃(x)): that is

X(x, a) is distributed like X1 in (3) with b = b̃(x). For functions Q : S → ℜ,

define the operator L by

(LQ)(x) = sup
a∈Ax

[r(x, a, b̃(x))+ βEQ(X(x, a))].

Let V be the optimal reward function for the dynamic programming problem.

Then, for x ∈ S, V satisfies the Bellman equation

V (x) = (LV )(x) = sup
a∈Ax

[r(x, a, b̃(x))+ βEV (X(x, a))],

and a strategy is optimal if and only if it uses actions that achieve the supremum

in this equation. In particular, b∞(x) is optimal for all x if and only if

V (x) = r(x, b(x), b̃(x))+ βEV (X(x, b(x))) (7)

for all x ∈ S. Equality (7) will be established with the help of a lemma.

Lemma 3.1. Let Q : S → [0,∞) be non-decreasing and bounded above by

u(1)/(1− β). Then

(i) (LQ)(x) = r(x, b(x), b̃(x))+ βEQ(X(x, b(x))), for x ∈ S,

(ii) LQ is non-decreasing and bounded above by u(1)/(1− β).
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Proof. To prove (i), define

ψ(x, a) = r(x, a, b̃(x))+ βEQ(X(x, a))

=

⎧
⎪⎪⎨
⎪⎪⎩

u(1)+ βEQ(x − a + Y (a)) if a > b̃(x),

u(1/2)+ βEQ(x − b̃(x)+ Y (2b̃(x))) if a = b̃(x),
u(0)+ βEQ(x + Y (b̃(x))) if a < b̃(x),

(8)

for x ∈ S, a ∈ Ax . With this notation, (i) can be written as (LQ)(x) = ψ(x, b(x)).
We consider four cases.

Case 1: x = M .

For a = 1, 2, . . . ,M ,

ψ(M, a) = u(1)+ βEQ(M − a + Y (a)) = u(1)+ βEQ(M − Y (a))

because Y (a) and a − Y (a) have, by assumption, the same distribution. Also Y (1)

is stochastically smaller than each Y (a), a ≥ 2, andQ is non-decreasing. Hence,

ψ(M, 1) = ψ(M, b(M)) = sup
a≥1

ψ(M, a).

Also

ψ(M, 0) = u(0)+ βQ(M) ≤ 0+ β

1− β u(1) ≤ u(1) ≤ ψ(M, 1),

where the second inequality holds because

β ≤ u(1)− u(1/2)
2u(1)− u(1/2) ≤

1

2
.

Thus (LQ)(M) = ψ(M, 1) = ψ(M, b(M)).
Case 2:M/2 < x < M .

First we rewrite (8) as

ψ(x, a) =

⎧
⎪⎪⎨
⎪⎪⎩

u(1)+ βEQ(x − a + Y (a)) if a ≥ M − x + 1,

u(1/2)+ βEQ(x − a + Y (2(M−x))) if a = M − x,
u(0)+ βEQ(x + Y (M−x)) if a < M − x.

Because Y (M−x+1) is stochastically smaller than Y (a) for a > M−x+1, we have,

as in Case 1,

ψ(x,M − x + 1) = sup
a≥M−x+1

ψ(x, a).
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Moreover

ψ(x,M − x) ≤ u
(

1

2

)
+ β

1− β u(1) ≤ u(1) ≤ ψ(x,M − x + 1),

where the second inequality is equivalent to our assumption (6). Finally, for a <

M − x,

ψ(x, a) ≤ u(0)+ β

1− β u(1) ≤ u(1) ≤ ψ(x,M − x + 1),

where the second inequality has already been established above in Case 1. So again

we have (LQ)(x) = ψ(x,M − x + 1) = ψ(x, b(x)).
Case 3: x = M/2.

Here (8) becomes

ψ

(
M

2
, a

)
=
{
u(1/2)+ βEQ(Y (M)) if a = M/2,
u(0)+ βEQ(M/2+ Y (a)) if a < M/2.

For a < M/2,

ψ

(
M

2
, a

)
≤ u(0)+ β

1− β u(1) ≤ u
(

1

2

)
≤ ψ

(
M

2
,
M

2

)

where the second inequality holds because

β ≤ u(1)− u(1/2)
2u(1)− u(1/2) =

u(1)− u(1/2)
u(1)+ (u(1)− u(1/2)) ≤

u(1/2)− u(0)
u(1)+ (u(1/2)− u(0))

and u(1)− u(1/2) ≤ u(1/2)− u(0) by the concavity of u. Thus

(LQ)

(
M

2

)
= ψ

(
M

2
,
M

2

)
= ψ

(
M

2
, b

(
M

2

))
.

Case 4: 0 ≤ x < M/2.

In this case

ψ(x, a) = u(0)+ βQ(x + Y (M−x+1))

is the same for all a ∈ Ax . So trivially, (LQ)(x) = ψ(x, b(x)).
This completes the proof of part (i).

To see that LQ is non-decreasing we look at four cases again.
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Case 1a : x + 1 < M/2.

By part (i),

(LQ)(x + 1) = r(x + 1, b(x + 1), b̃(x + 1))+ βEQ(X(x + 1, b(x + 1)))

= u(0)+ βEQ(x + 1+ Y (b̃(x+1)))

= u(0)+ βEQ(x + 1+ Y (x+2))

≥ u(0)+ βEQ(x + Y (x+1))

= (LQ)(x).

The inequality holds because x + Y (x+1) is stochastically smaller than x + 1 +
Y (x+2).

Case 2a : x + 1 = M/2.

In this case,

(LQ)(x + 1) = (LQ)(M/2) = u(1/2)+ βEQ(Y (M))
≥ u(1/2)

≥ u(0)+ β

1− β u(1)

≥ u(0)+ βEQ(x + Y (x+1))

= (LQ)(x).

The second inequality was established in Case 3 above.

Case 3a : x = M/2.

Here

(LQ)

(
M

2
+ 1

)
= u(1)+ βEQ(1+ Y (M/2))

≥ u(1)

≥ u
(

1

2

)
+ β

1− β u(1)

≥ u(1/2)+ βEQ(Y (M))
= (LQ)(M/2).

Case 4a :M > x > M/2.

By definition of the operator L,

(LQ)(x + 1) ≥ r(x + 1, b(x), b̃(x + 1))+ βEQ(X(x + 1, b(x)))

= u(1)+ βEQ(x + 1− b(x)+ Y (b(x)))
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≥ u(1)+ βEQ(x − b(x)+ Y (b(x)))
= (LQ)(x),

where r(x+1, b(x), b̃(x+1)) = u(1) since b(x) = M−x+1 = b(x+1)+1 >

b̃(x + 1).

This completes the proof that LQ is non-decreasing.

To see that LQ is bounded above by u(1)/(1− β), note that

(LQ)(x) = r(x, b(x), b̃(x))+ βEQ(X(x, b(x)))

≤ u(1)+ β

1− β u(1) =
u(1)

1− β .

�

Proof. (of Theorem 3.1). Apply Lemma 3.1 first withQ ≡ 0 and then use induc-

tion to conclude that Ln0 satisfies (i) and (ii) for all n ≥ 1. But Ln0 is the

optimal n-day reward for the dynamic programming problem and converges point-

wise to V . Hence, V satisfies the hypothesis of Lemma 3.1 because Ln0 does

for all n. Equality (7) now follows from part (i) of the lemma and the Bellman

equation. �

Consider next the proportional-rewards game. Because larger bids result in larger

portions of the good, a player can guarantee the largest portion only by making

the largest possible bid – except when he or she has all the money. This suggests

a new form of bold play based on the selector

b1(x) =
{
x if x < M,

1 if x = M,

for player I.

Theorem 3.2. If

β ≤
u
(
M−1
M

)
− u

(
M−2
M−1

)

u(1)+ u
(
M−1
M

)
− u

(
M−2
M−1

) ,

then, for every x ∈ S, (b∞1 (x), b̃
∞
1 (x)) is a Nash equilibrium in the proportional

rewards game.

Proof. Suppose Q : S → [0,∞) is non-decreasing and bounded above by

u(1)/(1− β), and

(L1Q)(x) = sup
a∈Ax

[r(x, a, b̃1(x))+ βEQ(X(x, a))]

where r is given by (2) andX(x, a) is theX1 of (4) with b = b̃1(x). We can prove

the analogues of Lemma 3.1 (i) and (ii) by similar, but easier arguments. The rest

of the proof is the same as that of Theorem 3.1. �
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It is clear from the proofs that Theorems 3.1 and 3.2 can be extended to the

situation where players I and II have different utility functions u1, u2 and discount

factors β1, β2. For example, the conclusion of Theorem 3.1 is still true if

βi ≤
ui(1)− ui(1/2)

2ui(1)− ui(1/2)

for i = 1, 2.

It would be interesting to know whether the Nash equilibria in Theorems 3.1

and 3.2 are unique.

4 Timid Play for Beta Near 1

If the discount factor is large, then consumption tomorrow is worth almost as much

as consumption today. This suggests a conservative strategy based on small bids.

Since a bid of zero brings a player no part of the good, the most conservative

strategy of interest, which we call timid, is for a player to bid 1 whenever he or

she has at least one unit of money. The corresponding selector for player I is

t (x) =
{

1 if x ≥ 1,

0 if x = 0.
(9)

Indeed the symmetric stationary strategies (t∞(x), t̃∞(x)) form a Nash equilib-

rium in both versions of our game for β close to 1, if we rule out one extreme

possibility.

Recall that when the total price of the good is 2, as in the case when both players

bid 1, the cash income to each player is a random variable Y (2) with possible values

{0, 1, 2} and satisfying the symmetry condition thatY (2) and 2−Y (2) have the same

distribution. Let π2 = (π2,0, π2,1, π2,2) = (π2,0, π2,1, π2,0) be the distribution of

Y (2). For the rest of this section, we assume that Y (2) is not concentrated at 1 or,

equivalently, π2,0 > 0.

Theorem 4.1. There exists a β∗ ∈ (0, 1) such that, for all β ∈ [β∗, 1) and all

x ∈ S, the timid strategies (t∞(x), t̃∞(x)) form a Nash equilibrium in the winner-

takes-all game and in the proportional-rewards game.

The proofs for the two games are similar and the proof for the proportional-

rewards game is slightly more difficult. So we will give the details only for that

case.

Let T (x) = Tβ(x) be the expected discounted reward to player I in the

proportional-rewards game with initial state x when I plays t∞(x) and II plays

t̃∞(x). The key to the proof is an estimate on the increments of T given in the

following lemma.
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Lemma 4.1. Let 0 < α < 1. There exists β∗ = β∗(α) in (0, 1) such that, for all

β ∈ [β∗, 1) and all x ∈ {1, . . . ,M},

2α [u(1)− u (1/2)]
β

≤ Tβ(x)− Tβ(x − 1) ≤ 2u(1/2)

β
.

Proof. Suppose players I and II play timidly starting from x and that, in another

realization of the same game, players I′ and II′ play timidly starting from x − 1.

Assume that the games are coupled so that the position of player I is always one

unit larger than that of player I′ until the day after the first time, t1, that either

player I reaches M or I′ reaches 0. Players I and I′ each receive 1/2 unit of the

good on every day up to and including day t1. On the next day after t1, player

I receives 1/2 unit more of the good than does I′. Indeed, when I reaches M , I

receives in utility u(1) − u(1/2) more than I′, and when I′ reaches 0, I receives

u(1/2)(≥ u(1) − u(1/2)) more than I′. Furthermore, the games can be coupled

so that on the day after t1 the probability is 1/2 that players I and I′ have the same

fortune and the probability is also 1/2 that I remains one unit ahead. (For example,

if I is at M and I′ at M − 1, the motion in both games can be modeled by an urn

with π2,0 white balls, π2,1/2 pink balls, π2,1/2 red balls, and π2,0 black balls. The

draw of a white ball moves I′ toM − 2 and I toM − 1; a pink leaves I′ atM − 1

and moves I to M − 1; a red leaves I′ at M − 1 and I at M; and a black moves

I′ to M and leaves I at M .) If I remains one unit ahead of I′, then, just as before,

they each receive 1/2 of the good each day until the next time, t2, that one of the

players reaches the boundary. And so on.

Thus, if tn is the n-th time that one of the players reaches the boundary, then

Tβ(x)− Tβ(x − 1) ≤ u
(

1

2

)
E

[
β t1 + 1

2

[
β t2 + 1

2

[
β t3 + . . .

]]]

≤ u
(

1

2

) ∞∑

n=0

(
β

2

)n

= 2u (1/2)

2− β

≤ 2u (1/2)

β
,

which establishes the right hand inequality. To obtain the other inequality, first

choose a positive integer n such that 1− 2−n > α. Then calculate

Tβ(x)− Tβ(x − 1) ≥
[
u(1)− u

(
1

2

)]
E

[
β t1 + 1

2

[
β t2 + 1

2

[
β t3 + . . .

]]]

≥
[
u(1)− u

(
1

2

)]
E

[
β t1 + 1

2
β t2 + . . .+ 1

2n−1
β tn

]
.
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As β grows to 1, the last quantity converges to

[
u(1)− u

(
1

2

)]
(2(1− 2−n)) >

[
u(1)− u

(
1

2

)]
(2α).

Hence there is a β∗ = β∗(α) such that the left hand inequality holds for all

β ∈ [β∗, 1). �

Proof. (of Theorem 4.1 for the proportional rewards game). First choose

α = u (M/(M + 1))− u (1/2)
u(1)− u (1/2)

and let β∗ = β∗(α) be as in the statement of Lemma 4.1. Then fix the discount

factor β ∈ [β∗, 1).
To prove that (t∞(x), t̃∞(x)) is a Nash equilibrium, it suffices to show that

t∞(x) is optimal for player I when player II plays t̃∞(x). So fix the strategy of

II to be t̃∞(x) at every x ∈ S and consider the discounted dynamic programming

problem faced by player I. The function T (x) = Tβ(x) is the reward function

for player I from the strategy t∞(x). A necessary and sufficient condition for

the optimality of t∞(x) at every x is that T satisfy the Bellman equation; that

is

T (x) = sup
a∈Ax

[r(x, a, t̃(x))+ βET (X(x, a))] (10)

where r is the reward function of (2) and X(x, a) is distributed like the X1 of (4)

when b = t̃ (x). In other words we need to show that the supremum on the right

side of (10) is attained when a = t (x) for each x ∈ S.

To simplify notation, let

ψ(x, a) = r(x, a, t̃(x))+ βET (X(x, a))

=

⎧
⎪⎪⎨
⎪⎪⎩

u(a/(a + 1))+ βET (x − a + Y (a+1)) if x < M,

u(1)+ βET (M − a + Y (a)) if x = M and a > 0,

u(0)+ βT (M) if x = M and a = 0.

We consider four cases.

Case 1: x = M .

For a ≥ 1, the random variable −a + Y (a) has the same distribution as −Y (a)
and is stochastically smaller that −Y (1). Also the function T is increasing by

Lemma 4.1. Hence,

sup
a∈{1,... ,x}

ψ(M, a) = ψ(M, 1).
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Also,

ψ(M, 0) = βT (M) < T (M) = ψ(M, 1).

Case 2: x = 0.

This case is trivial since only the timid action t (0) = 0 is available at 0.

Case 3: 2 ≤ x ≤ M − 1.

We have

ψ(x, a) =
{
u(a/(a + 1))+ βET (x − a + Y (a+1)) if 1 ≤ a ≤ x,
βET (x + Y (1)) if a = 0.

We will first show that

sup
a∈{1,2,... ,x}

ψ(x, a) = ψ(x, 1). (11)

Observe that, for a = 2, . . . , x,

ET (x − 1+ Y (2))− ET (x − a + Y (a+1))

= ET (x + 1− Y (2))− ET (x + 1− Y (a+1))

≥ ET (x + 1− Y (2))− ET (x + 1− Y (3))

because−a+ Y (a) has the same distribution as−Y (a) and−Y (a) is stochastically

decreasing in a. Also

u

(
a

a + 1

)
− u

(
1

2

)
≤ u

(
M

M + 1

)
− u

(
1

2

)

because u is increasing. Therefore, for a = 2, . . . , x,

u

(
a

a + 1

)
+ βET (x − a + Y (a+1)) ≤ u

(
1

2

)
+ βET (x − 1+ Y (2))

if

1

β

[
u

(
M

M + 1

)
− u

(
1

2

)]
≤ ET (x + 1− Y (2))− ET (x + 1− Y (3)). (12)

So (11) will be established once we have proved (12).

For the proof of (12), let π2 = (π2,0, π2,1, π2,2) = (π2,0, π2,1, π2,0) be the

distribution of Y (2), and let π3 = (π3,0, π3,1, π3,2, π3,3) = (π3,0, π3,1, π3,1, π3,0)

be the distribution of Y (3). Notice that

π2,1 = 1− 2π2,0 and π3,1 = (1/2)− π3,0
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and, because Y (2) is stochastically smaller than Y (3), we also have the condition

π3,0 ≤ π2,0. Now the right-hand-side of (12) is a linear function of (π2,0, π3,0)

so that it suffices to check the inequality on the extreme points of the set

� =
{
(π2,0, π3,0) : 0 ≤ π3,0 ≤ π2,0 ≤ (1/2)

}
.

We will check each of the three extreme points.

For (π2,0, π3,0) = (0, 0), we have π2,1 = 1, π3,1 = 1/2, and the right side of

(12) equals

T (x)− 1
2

[T (x − 1)+ T (x)] = 1
2

[T (x)− T (x − 1)]

≥ α [u(1)− u (1/2)]
β

= 1

β

[
u

(
M

M + 1

)
− u

(
1

2

)]

where the inequality holds by Lemma 4.1. For (π2,0, π3,0) = (1/2, 0), we have

π2,1 = 0, π3,1 = 1/2, and the right side of (12) is

1
2

[T (x + 1)+ T (x − 1)]− 1
2

[T (x)+ T (x − 1)] = 1
2

[T (x + 1)− T (x)],

which is greater than or equal to the left side of (12) just as before. Finally for

(π2,0, π3,0) = (1/2, 1/2), we have π2,1 = π3,1 = 0 and the right side of (12) is

1
2

[T (x + 1)+ T (x − 1)]− 1
2

[T (x + 1)+ T (x − 2)]

= 1
2

[T (x − 1)− T (x − 2)]

which is greater than or equal to the right side of (12) as above.

The proof of (11) is now complete. To finish Case 3, we need to show that

ψ(x, 0) ≤ ψ(x, 1); that is, we must show

βET (x + Y (1)) ≤ u (1/2)+ βET (x − 1+ Y (2))

or

ET (x + Y (1))− ET (x − 1+ Y (2)) ≤ u (1/2)
β

. (13)

By our symmetry assumption Y (1) must equal 0 and 1 with probability 1/2 each;

we use π2 = (π2,0, π2,1, π2,0) for the distribution of Y (2) as before. The left-hand-

side of (13) is linear in π2,0. So we need only check the extreme points π2,0 = 0

and π2,0 = 1/2. For π2,0 = 0, the left side of (13) equals

1

2
[T (x)+ T (x + 1)]− T (x) = 1

2
[T (x + 1)− T (x)] ≤ u (1/2)

β
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by Lemma 4.1. For π2,0 = 1/2, we have

1

2
[T (x)+ T (x + 1)]− 1

2
[T (x − 1)+ T (x + 1)]

= 1

2
[T (x)− T (x − 1)] ≤ u (1/2)

β
.

Case 4: x = 1.

We need to show ψ(x, 0) ≤ ψ(x, 1), which is equivalent to (13) above. The

proof is the same as that already given for (13) in Case 3.

This completes the proof of Theorem 4.1 for the proportional-rewards

game. �

As with Theorems 3.1 and 3.2 it is easy to extend Theorem 4.1 to a situation

where the players have different utility functions and discount factors. Also we sus-

pect that timid play provides the unique Nash equilibrium for sufficiently large β.

Remark 4.1. When π2,0 = 0 and both players use the timid strategy, their initial

fortunes donot change during the course of the game except when one player has

all the money and the other has none. Therefore, for 1 ≤ x ≤ M − 1, Tβ(x) =
u(1/2)/(1−β), a constant, and it is easy to see that, forβ near 1, Tβ need not satisfy

the Bellman equation (10) at every x; for instance, for M ≥ 3 and x = M − 1.

Thus the timid strategies need not form a Nash equilibrium in this case.

5 A More Generous Rule for Distribution of the Good

In this section we consider a change in the rule for distributing the good to the

players. In previous sections, the rule has been that a player who bids zero for the

good always receives a zero portion. In particular, r(x, 0, 0) = u(0) = 0. Now

we assume instead that when both players bid zero, they each receive half of the

good. That is,

r(x, 0, 0) = r̃(x, 0, 0) = u (1/2)

for all x ∈ S. We call this the generous rule and make no other changes in our

games.

The change to the generous rule has relatively little effect when the discount

factor is small. Recall from Section 3 that large bets are good for small β. Indeed

Theorems 3.1 and 3.2 on the symmetric bold strategies remain true and the proofs

are essentially the same.

It is amusing, however, that a form of the Prisoner’s Dilemma is now embedded

in our game. To see that this is so, we introduce the zero selector

z(x) = 0, for x ∈ S,
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and observe that, because u is concave, the total of the discounted rewards to the

two players is maximized by the zero stationary strategies (z∞(x), z∞(x)) at every

x. Under these strategies the return to each player is u(1/2)/(1 − β) and, if u is

strictly concave, the sum of the returns will be smaller under strategies for which

the players do not have equal portions of the good every day. Nevertheless the zero

strategies need not form a Nash equilibrium.

Example 5.1. SupposeM = 2,u is strictly concave, andβ is small. As explained

above, the strategies (z∞(1), z∞(1)) yield u(1/2)/(1− β). A switch to bold play

by one of the players gives him an immediate return of u(1)which clearly exceeds

u(1/2)/(1 − β) for sufficiently small β. By the theorems of Section 3, the bold

strategies (b∞(1), b̃∞(1)) form a Nash equilibrium, but have a smaller return for

both players than the zero strategies.

For β near 1, a new strategy is of interest based on the selector

m(x) =
{

1 if x = 1, 2, . . . ,M − 1,

0 if x = 0 and x = M.

We callm the meek selector and the corresponding stationary strategies are called

the meek strategies. Notice that a meek strategy m∞(x) differs from the timid

strategy t∞(x) only at stateM where the meek bid is zero and the timid bid is one.

When both players play meekly, they each receive half of the good every day

and a total discounted return of u(1/2)/(1− β), the same as when both play zero

strategies. However, for β near 1, meek play is not optimal for one player when

the other plays meekly. In fact, timid play is optimal against meek play and meek

against timid; the result is a surprising asymmetric equilibrium.

We continue to assume in this section that π2,0 > 0 where π2 =
(π2,0, π2,1, π2,0) is the distribution of Y (2).

Theorem 5.1. Assume that the utility function u is strictly concave. Then for the

winner-takes-all game and the proportional rewards game with the generous rule

for distribution, there exists a β∗ ∈ (0, 1) such that, for all β ∈ [β∗, 1) and all

x ∈ S, the meek-timid strategies (m∞(x), t̃∞(x)) and the timid-meek strategies

(t∞(x), m̃∞(x)) form Nash equilibria.

The equilibria in Sections 3 and 4, unlike the meek-timid equilibria of Theo-

rem 5.1, used symmetric strategies for the two players. Also, by Theorem 2.1 we

know that a symmetric equilibrium exists. However, there may not exist a sym-

metric equilibrium based on pure stationary strategies as the following example

illustrates.

Example 5.2. SupposeM = 1 and u is strictly concave. There are only two pure

stationary strategies available to each player. Player I has the meek strategym∞(·),
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which is now the same as the zero strategy, and the bold strategy b∞(·), which is

the same as timid. Player II has the symmetric strategies m̃∞(·) and b̃∞(·). Let

β∗ = 2 [u(1)− u (1/2)]
u(1)

It can be shown by a straightforward argument that, for 0 < β ≤ β∗, the bold

strategies (b∞(x), b̃∞(x)) form a Nash equilibrium, but for β∗ < β < 1, neither

(b∞(x), b̃∞(x)) ≡ (t∞(x), t̃∞(x)) nor (m∞(x), m̃∞(x)) ≡ (z∞(x), z∞(x)) is a

Nash equilibrium. Indeed, for β∗ < β < 1, there are three stationary Nash equilib-

ria: namely, the meek–timid (m∞(x), t̃∞(x)) and the timid–meek (t∞(x), m̃∞(x))
and a symmetric equilibrium (s∞(x), s̃∞(x)) where s(0) = 0 and s(1) is the ran-

domized action that equals 0 with probability

γ = 2u (1/2)− 2u(1)+ βu(1)
β [2u (1/2)− u(1)]

and equals 1 with probability 1− γ .

Here we prove Theorem 5.1 for the winner-takes-all game; with slight modifi-

cations, along the lines of the proof of Theorem 4.1, it is not difficult to prove the

proportional rewards case.

Proof. (of Theorem 5.1 for the winner-takes-all game). Suppose player I uses the

meek strategy and player II uses the timid strategy. For a given initial state x, let

X0 = x,X1, X2, . . . be the Markov chain of successive states corresponding to

the fortunes of player I. The chain {Xn} is absorbed at stateM because both players

bid zero there.

Assume x ≥ 1 and let {Yn} be another Markov chain starting from Y0 = x − 1

and having the same transition probabilities as {Xn}. Assume that the two chains

are coupled so that Yn stays one unit behind Xn until either Xn reaches M or

Yn reaches 0. If Xn reaches M first, then Yn continues until it too is absorbed at

M . If Yn reaches 0 first, then the processes are coupled so that on the next day

Xn+1 = Yn+1 with probability 1/2, Yn+1 = 0 and Xn+1 = 1 with probability

π2,1/2, and Yn+1 = 1 and Xn+1 = 2 with probability π2,0. (This motion can be

modeled by a simple urn as in the proof of Lemma 4.1.) OnceXn and Yn coincide,

they remain equal.

This coupling will be used to obtain information about the functions

v(x) = vβ(x) = vβ(x,m∞(x), t̃∞(x)), (14)

w(x) = wβ(x) = ṽβ(x,m∞(x), t̃∞(x)),

corresponding to the expected discounted rewards ( as in (5)) to player I and II,

respectively, when I plays meekly and II plays timidly. Notice that each player

receives u(1/2) on every day when the state x is not zero. If x = 0, then I bids
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m(0) = 0 and II bids t̃ (0) = t (M) = 1 so that I receives u(0) = 0 and II receives

u(1). So, to compare the functions v and w at adjacent states x and x − 1, we

introduce the random variable

N = number of visits Yn makes to 0 prior to the random time ξ,

where

ξ = inf{n : Xn = Yn}.

It turns out that the expected value ofN does not depend on the initial stateX0 = x.

For the rest of the proof of Theorem 5.1, we writeEx and Px forEx,m∞(x),t̃∞(x)
and Px,m∞(x),t̃∞(x) respectively.

Lemma 5.1. For all x = 1, 2, . . . ,M , ExN = 2.

Proof. As a preliminary step, we consider the random variable N1 that equals the

number of visits paid to state 0 by the process {Yn} before it is absorbed atM . Let

γ be the expected value of N1 when Y0 = 0. Then

γ = 1+ 1
2
γ + 1

2
E[N1|Y0 = 1]

and

E[N1|Y0 = 1] = pE[N1|Y0 = 0] = pγ,

where,

p = P [{Yn} reaches 0 before M|Y0 = 1] = (M − 1)/M,

is a familiar gambler’s ruin probability. Thus

γ = 1+ 1

2
γ + 1

2

M − 1

M
γ

and so γ = 2M .

Now let ρx = ExN , x = 1, 2, . . . ,M . Then

ρM = E[N1|Y0 = M − 1] = 1

M
E[N1|Y0 = 0] = 1

M
γ = 2.

Next consider ρ1 = E1N . Recall how the process behaves when X0 = 1 and

Y0 = 0 and also that, starting from state 2, the process {Xn} will reach 1 beforeM

with probability (M − 2)/(M − 1). Hence,

ρ1 = 1+ 1

2
· 0+ π2,1

2
ρ1 + π2,0

[
M − 2

M − 1
ρ1 +

1

M − 1
ρM

]
.

Substitute ρM = 2 and π2,1 = 1− 2π2,0, and it easily follows that ρ1 = 2.

For x = 2, 3, . . . ,M − 1, we also have

ρx =
M − x
M − 1

ρ1 +
x − 1

M − 1
ρM = 2. �
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Define

t0 = inf{n ≥ 0 : Yn = 0},

and, for n ≥ 1,

tn = inf{n > tn−1 : Yn = 0}

so that tn is the time of the n-th visit (if there is one) by the process {Yn} to 0. Then

the random variable N can be written as

N =
∞∑

n=0

I[tn<ξ ]

where I[tn<ξ ] equals 1 on the event [tn < ξ ] and equals 0 on the complement.

Lemma 5.2. Given ǫ > 0, there exists β1 = β1(ǫ) ∈ (0, 1) such that, for all

β ∈ [β1, 1) and all x = 1, 2, . . . ,M ,

(i) 1
β

[
2u
(

1
2

)
− ǫ

]
≤ v(x)− v(x − 1) ≤ 2

β
u
(

1
2

)
,

(ii) 1
β

[
2
(
u(1)− u

(
1
2

))
− ǫ

]
≤ w(x)− w(x − 1) ≤ 2

β

[
u(1)− u

(
1
2

)]
.

Proof. It follows from the discussion after the definition of v and w in (14) that

v(x)− v(x − 1) = u
(

1

2

)
Ex

[ ∞∑

n=0

β tnI[tn<ξ ]

]
, (15)

w(x)− w(x − 1) =
[
u(1)− u

(
1

2

)]
Ex

[ ∞∑

n=0

β tnI[tn<ξ ]

]
.

By the first equality, we have for all β ∈ (0, 1),

v(x)− v(x − 1) ≤ u
(

1

2

)
Ex

[ ∞∑

n=0

I[tn<ξ ]

]

= u
(

1

2

)
ExN = 2u

(
1

2

)
<

2

β
u

(
1

2

)
,

which proves the second inequality of (i). To see that the first inequality of (i) holds

for β sufficiently close to 1, first apply the monotone convergence theorem to get

lim
β↑1
Ex

[ ∞∑

n=0

β tnI[tn<ξ ]

]
= ExN = 2,



A Simple Two-Person Stochastic Game with Money 59

and then observe that

lim
β↑1

1

β

[
2u

(
1

2

)
− ǫ

]
= 2u

(
1

2

)
− ǫ.

The proof of (ii) is similar. �

We will now argue that the meek strategy is optimal for player I when player

II uses the timid strategy and β is sufficiently close to 1. We assume that II plays

t̃∞(x) at each state x so that I faces a discounted dynamic programming problem.

As in the proof of Theorem 4.1, it sufficies to show that player I’s return function

v from the meek strategy satisfies the Bellman equation

v(x) = sup
a∈Ax

[r(x, a, t̃(x))+ βEv(X(x, a))], (16)

for x ∈ S, where

r(x, a, b) =

⎧
⎪⎨
⎪⎩

u(1) if a > b,

u(1/2) if a = b,
0 if a < b,

and

X(x, a) =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

x − a + Y (a) if a > t̃(x),

x − 1+ Y (2) if a = t̃ (x) = 1,

x if a = t̃ (x) = 0,

x + Y (1) if a = 0 < t̃(x).

Recall that Y (2) has distribution π2 = (π2,0, π2,1, π2,0) and, because Y (1) is dis-

tributed as 1− Y (1), Y (1) equals 0 and 1 with probability 1/2 each.

Let

ψ(x, a) = r(x, a, t̃(x))+ βEv(X(x, a))

so that (16) can be written as

ψ(x,m(x)) = sup
a∈Ax

ψ(x, a) (17)

for x ∈ S. To prove (17), we consider three cases.

Case 1: x = 0.

This case is trivial because A0 = {0}.
Case 2: x = M .

Since m(M) = 0, we have to show

ψ(M, 0) ≥ ψ(M, a),
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for a = 1, 2, . . . ,M , where

ψ(M, 0) = u(1/2)+ βv(M)

and

ψ(M, a) = u(1)+ βEv(M − a + Y (a))

for a ≥ 1. By Lemma 5.2, v is increasing for β sufficiently near 1; also−a+Y (a)
is distributed the same as −Y (a) and Y (a) is stochastically larger than Y (1) for

a ≥ 1. Hence, for a ≥ 1, ψ(M, a) ≤ ψ(M, 1) and we need only show that

ψ(M, 1) ≤ ψ(M, 0). That is, it suffices to show

u(1/2)+ βv(M) ≥ u(1)+ βEv(M − 1+ Y (1))
= u(1)+ (β/2)[v(M − 1)+ v(M)]

or, equivalently

v(M)− v(M − 1) ≥ (2/β)[u(1)− u(1/2)].

By the strict concavity of u,

2[u(1)− u(1/2)] < 2u(1/2)− ǫ

for a sufficiently small ǫ > 0. Now use Lemma 5.2 again.

Case 3: 1 ≤ x ≤ M − 1.

For these x, m(x) = t̃ (x) = 1 and

ψ(x, a) =

⎧
⎪⎨
⎪⎩

u(1)+ βEv(x − a + Y (a)) if x ≥ 2 and a ≥ 2,

u(1/2)+ βEv(x − 1+ Y (2)) if x ≥ 1 and a = 1,

βEv(x + Y (1)) if x ≥ 1 and a = 0.

Since v is increasing and −a + Y (a) is stochastically smaller than −2 + Y (2) for

a > 2, we have ψ(x, 2) = sup2≤a≤x ψ(x, a) for x ≥ 2. It remains to check that

ψ(x, 2) ≤ ψ(x, 1) and ψ(x, 0) ≤ ψ(x, 1). Rewrite the first inequality as

u(1/2)+ βEv(x − 1+ Y (2)) ≥ u(1)+ βEv(x − 2+ Y (2))

or

E[v(x − 1+ Y (2))− v(x − 2+ Y (2))] ≥ (1/β)[u(1)− u(1/2)].

This holds for β near 1 since, by Lemma 5.2,

v(y)− v(y − 1) ≥ 1/β[2u(1/2)− ǫ] ≥ 2/β[u(1)− u(1/2)]
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for ǫ sufficiently small and y = 1, 2, . . . ,M . The remaining inequality is

u(1/2)+ βEv(x − 1+ Y (2)) ≥ βEv(x + Y (1))

or

(1/β)u(1/2) ≥ Ev(x + Y (1))− Ev(x − 1+ Y (2))
= 1

2
[v(x)+ v(x + 1)]−[π2,0v(x − 1)+ π2,1v(x)+ π2,0v(x + 1)]

= π2,0[v(x)+ v(x + 1)]+ (π2,1/2)[v(x)+ v(x + 1)]

− π2,0[v(x − 1)+ v(x + 1)]− π2,1v(x)

= π2,0[v(x)− v(x − 1)]+ (π2,1/2)[v(x + 1)− v(x)].

By Lemma 5.2, the increments v(x)− v(x− 1) and v(x+ 1)− v(x) are each less

than or equal to (2/β)u(1/2) and π2,0 + π2,1/2 = 1/2.

The proof that meek is optimal against timid is now complete. The proof that

timid is optimal against meek is quite similar and we omit it. �

Once again, as with the theorems of Sections 3 and 4, one may extend Theo-

rem 5.1 to a situation where players have different utilities and discount factors.

6 Long Run Average Reward

Consider one of our games beginning at state x ∈ S. Suppose player I uses strategy

μ and player II uses strategy ν. Their respective long run average rewards are

defined to be

v(x, μ, ν) = Ex,μ,ν

[
lim sup
n→∞

1

n

n∑

k=1

rk

]
,

ṽ(x, μ, ν) = Ex,μ,ν

[
lim sup
n→∞

1

n

n∑

k=1

r̃k

]
,

where rn and r̃n are their rewards on day n for each n.

As is well-known, the long run average rewards from stationary strategies can

be calculated as the limit of their discounted rewards as β increases to 1.

Lemma 6.1. Let x ∈ S and let σ∞(x) and τ∞(x) be stationary strategies for

players I and II, respectively. Then

v(x, σ∞(x), τ∞(x)) = lim
β↑1
(1− β)vβ(x, σ∞(x), τ∞(x)),

ṽ(x, σ∞(x), τ∞(x)) = lim
β↑1
(1− β)ṽβ(x, σ∞(x), τ∞(x)),

where the discounted rewards vβ , ṽβ are defined in (5).
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Proof. The process of states {Xn} is a Markov chain under P = Px,σ∞(x),τ∞(x).
So, by the ergodic theorem for Markov chains, the sum

1

n

n∑

k=1

rk =
1

n

n−1∑

k=0

r(Xk, σ (Xk), τ (Xk))

converges almost surely to a limit variable, say L, for n going to infinity. By a

result of Hardy and Littlewood (cf. Appendix H in [2]), the sum

(1− β)
∞∑

n=1

βn−1rn

converges almost surely to the same variable L. The first equality now follows

from the dominated convergence theorem; the second follows by symmetry from

the first. �

We can use the lemma together with our theorems for discounted games to find

equilibria for the corresponding average reward games.

Theorem 6.1. For each x ∈ S, the timid strategies (t∞(x), t̃∞(x)) form a Nash

equilibrium in the proportional-rewards and winner-takes-all games with long run

average reward.

Proof. Let β∗ be as in Theorem 4.1. Then, for x ∈ S and β ∈ [β∗, 1), the timid

strategy is optimal against t̃ (x) in the β-discounted game. So, for any strategy μ

for player I,

vβ(x, μ, t̃
∞(x)) ≤ vβ(x, t∞(x), t̃∞(x)).

If μ is stationary, then, by Lemma 6.1,

v(x, μ, t̃∞(x)) ≤ v(x, t∞(x), t̃∞(x)).

This sufficies to show t∞(x) is optimal against t̃∞(x) in the average reward game,

because there exists an optimal stationary strategy for player I against t̃∞(x) by a

result of Blackwell [1]. By symmetry t̃∞(x) is optimal against t∞(x). �

We suspect that the timid strategies are the unique stationary equilibria for the

games of Theorem 6.1.

Theorem 6.2. Assume that the utility function u is strictly concave. For the

winner-takes-all game and the proportional rewards game with the generous rule

for distribution and long run average rewards, both the meek-timid strategies

((m∞(x), t̃∞(x))) and the timid-meek strategies (t∞(x), m̃∞(x)) form Nash equi-

libria.
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Proof. Use Theorem 5.1 and then the same proof as for Theorem 6.1. �

The meek–timid and timid–meek equilibria are not unique in Theorem 6.2.

Another stationary equilibrium is formed by the zero strategies (z∞(x), z∞(x)).
All three of these equilibria have the property that, with probability 1, a state is

eventually reached where both players bid zero. Indeed, this property is shared

by all stationary equilibria for the game of Theorem 6.2 when we rule out the

possibility for the law of motion to be concentrated at a point, except when both

players bid zero. In fact, we assume for the next theorem that, for 1 ≤ k ≤ M/2,

the random variable Y (2k), which controls the distribution of money among the

players when they make the same bid k, is not concentrated at k.

Theorem 6.3. Assume that the utility function u is strictly concave. Let x ∈ S
and (σ∞(x), τ∞(x)) form a stationary Nash equilibrium for a winner-takes-all

game or a proportional reward game with the generous rule for distribution, long

run average reward and initial state x. Then

Px,σ∞(x),τ∞(x)[σ(Xn) = τ(Xn) = 0 eventually] = 1.

Before proving the theorem, we show that both players receive a long run average

reward of u(1/2) from any Nash equilibrium with stationary strategies. The proof

of this lemma is based on the argument that the zero strategy guarantees to a

player a long run average reward of u(1/2) regardless of the opponent’s strategy;

incidentally, this fact implies that the zero strategies (z∞(x), z∞(x)) form a Nash

equilibrium.

Lemma 6.2. Let (σ∞(x), τ∞(x)) form a Nash equilibrium with stationary

strategies for the games of Theorem 6.3 with initial state x ∈ S. Then

v(x, σ∞(x), τ∞(x)) = ṽ(x, σ∞(x), τ∞(x)) = u(1/2).

Proof. By Lemma 6.1

v(x, σ∞(x), τ∞(x)) = lim
β↑1
(1− β)vβ(x, σ∞(x), τ∞(x)),

ṽ(x, σ∞(x), τ∞(x)) = lim
β↑1
(1− β)ṽβ(x, σ∞(x), τ∞(x)).

Since u is concave, for β < 1,

vβ(x, σ
∞(x), τ∞(x))+ ṽβ(x, σ∞(x), τ∞(x)) ≤

2u(1/2)

1− β

and thus

v(x, σ∞(x), τ∞(x))+ ṽ(x, σ∞(x), τ∞(x)) ≤ 2u(1/2).
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Suppose that ṽ(x, σ∞(x), τ∞(x)) > u(1/2). Then v(x, σ∞(x), τ∞(x)) <
u(1/2). However, if player I uses the zero strategy z∞(x) against τ∞(x), the

process of states {Xn} becomes a sub-martingale under Px,z∞(x),τ∞(x) and thus

converges almost surely to a random variableXwith values inS. SinceS is discrete,

this amounts to say that

Px,z∞(x),τ∞(x)[Xn = X eventually] = 1.

Therefore player II’s bid is eventually equal to 0 with probability one; thus the

daily reward to player I is eventually equal to u(1/2) and

v(x, z∞(x), τ∞(x)) = u(1/2) > v(x, σ∞(x), τ∞(x)).

The last inequality shows that z∞(x) is a better reply for player I to τ∞(x) than

σ∞(x) and contradicts the assumption that (σ∞(x), τ∞(x)) form a Nash equilib-

rium; hence

ṽ(x, σ∞(x), τ∞(x)) ≤ u(1/2).

However it cannot be that ṽ(x, σ∞(x), τ∞(x)) < u(1/2) because the zero strategy

is available also to player II and, inverting the role of the players in the argument

above, it’s easy to see that z∞(x) would be a better reply against σ∞(x) than

τ∞(x) by guaranteeing to player II a long run average reward of u(1/2). Hence

ṽ(x, σ∞(x), τ∞(x)) = u(1/2). Analogously, v(x, σ∞(x), τ∞(x)) = u(1/2).

�

Proof. (of Theorem 6.3). The process {Xn} is a Markov chain under

Px,σ∞(x),τ∞(x). Since the state space of {Xn} is finite, the chain will eventually be

absorbed in a class of positive recurrent states; without loss of generality we may

assume that the initial state x of the game belongs to a classC of positive recurrent

states. The theorem will then be proved if we show that σ(x) = τ(x) = 0.

Let λ denote the stationary distribution of {Xn} over C and let X be a random

variable with values inC and distributionλ. The ergodic theorem for Markov chains

implies that the long run average rewards of player I and player II, respectively,

can be represented as

v(x, σ∞, τ∞(x)) = E[r(X, σ (X), τ (X))],

ṽ(x, σ∞, τ∞(x)) = E[r̃(X, σ (X), τ (X))]

where r is defined in (1) or (2), depending on whether the game is a winner-takes-

all or a proportional reward one, and r̃ is defined by symmetry. Therefore, by

Lemma 6.2,

2u(1/2) = E[r(X, σ (X), τ (X))+ r̃(X, σ (X), τ (X))]. (18)
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Whenever player I acquires the right for a fraction f of good, player II gets

1 − f ; this fact depends on the generous rule to the effect that the entire good is

always divided among the players regardless of their bids. Hence, for all y ∈ S,

r(y, σ (y), τ (y)) = u(f ) if and only if r̃(y, σ (y), τ (y)) = u(1 − f ); moreover,

strict concavity of the utility u implies that

r(y, σ (y), τ (y))+ r̃(y, σ (y), τ (y)) < 2u(1/2)

unless r(y, σ (y), τ (y)) = u(1/2). Finally note that the random variables

r(X, σ (X), τ (X)) and r̃(X, σ (X), τ (X)) are discrete. These facts and (18) imply

that

P [r(X, σ (X), τ (X)) = u(1/2)] = 1. (19)

We now show that the class C of recurrent states must be a singleton. Let x∗ be

the smallest element ofC. It follows from (19) thatσ(x∗) = τ(x∗) = k(say), where

k ≤ M/2. If k > 0, then the chain moves from x∗ to a random state distributed like

the random variable x∗− k+Y (2k), which is less than x∗ with positive probability

because of the assumption that Y (2k) is not concentrated at k. But this contradicts

the minimality of x∗ in C. Hence, k = 0, and x∗ is an absorbing state for the

Markov chain. Therefore, C = {x∗}.
To finish the proof of the theorem, it is enough to observe that under the assump-

tion that Y (2k) is not concentrated at k, for 1 ≤ k ≤ M/2, the process {Xn} stays

at x forever, if and only if σ(x) = τ(x) = 0. �
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1 Preliminaries

In repeated games where the payoff is accumulated along the play, the players face

a problem since they have to take into account the impact of their choices both on

the current payoff and on the future of the game.

When considering long games this leads to two alternative cases. Whenever

the previous problem can be solved in a “robust” way the game possesses a uni-

form value. In the other situation optimal strategies are very sensitive to the exact

specification of the duration of the process. The asymptotic approach consists in

studying the values of games with finite expected length along a sequence with

length going to infinity and the questions are then the existence of a limit and its

dependence w.r.t. the sequence.

A typical example is the famous Big Match (Blackwell and Ferguson, 1968)

described by the following matrix:

α β

a 1∗ 0∗

b 0 1

This corresponds to a stochastic game where, as soon as Player 1 plays a, the game

reaches an absorbing state with a constant payoff corresponding to the entry played

at that stage. Both the n-stage value vn and the λ-discounted value vλ are equal to

1/2 and are also independent of the additional information transmitted along the

play to the players. Moreover, under standard signaling (meaning that the past play

is public knowledge), or with only known past payoffs, the uniform value exists.

∗Prepared for a plenary lecture at the International Symposium on Dynamic Games and

Applications, Adelaide, Australia, December 18-21, 2000.
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This is no longer the case with general signals: for example, when Player 1 has no

information on Player 2’s moves the max min is 0 (Kohlberg, 1974). It follows that

the existence of a uniform value for stochastic games depends on the signalling

structure on moves (Mertens and Neyman, 1981; Coulomb, 1992, 1999, 2001).

On the other hand, the asymptotic behavior does not (Shapley, 1953).

We now describe more precisely the model of two-person zero-sum repeated

game Ŵ that we consider. We are given a parameter spaceM and a function g from

I×J×M to R: for eachm∈M this defines a two-person zero-sum game with action

spaces I and J for players 1 and 2 respectively and payoff function g. To simplify

the presentation we will first consider the case where all sets are finite, avoiding

measurability issues. The initial parameterm1 is chosen at random and the players

receive some initial information about it, say a1 (resp. b1) for Player 1 (resp.

Player 2). This choice is performed according to some probability π onM×A×B,

where A and B are the signal sets of each player. In addition, after each stage the

players obtain some further information about the previous choice of actions and

both the previous and the current values of the parameter. This is represented by a

mapQ fromM×I×J to probabilities onM×A×B. At stage t given the state mt
and the moves (it , jt ), a triple (mt+1, at+1, bt+1) is chosen at random according

to the distribution Q(mt , it , jt ). The new parameter is mt+1, and the signal at+1

(resp. bt+1) is transmitted to Player 1 (resp. Player 2). A play of the game is thus a

sequence m1, a1, b1, i1, j1,m2, a2, b2, i2, j2, . . . while the information of Player

1 before his play at stage t is a private history of the form (a1, i1, a2, i2, . . ., at ) and

similarly for Player 2. The corresponding sequence of payoffs is g1, g2, . . . with

gt = g(it , jt ,mt ). (Note that it is not known to the players except if included in the

signals.)

A strategy σ for Player 1 is a map from private histories to �(I), the space of

probabilities on the set I of actions and τ is defined similarly for Player 2. Such

a couple (σ, τ ) induces, together with the components of the game, π and Q, a

distribution on plays, hence on the sequence of payoffs.

There are basically two ways of handling the game repeated a large number of

times that are described as follows (see Aumann and Maschler, 1995, Mertens,

Sorin and Zamir, 1994):

1) The first one corresponds to the “compact case”. One considers a sequence

of evaluations of the stream of payoffs converging to the “uniform distribution on

the set of integers, N”. For each specific evaluation, under natural assumptions on

the action spaces and on the reward and transition mappings, the strategy spaces

will be compact for a topology for which the payoff function will be continuous,

hence the value will exist.

Two typical examples correspond to:

1.1) the finite n-stage game Ŵn with payoff given by the average of the first n

rewards:

γn(σ, τ ) = Eσ,τ
(

1

n

∑n

t=1
gt

)
.
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In the finite case (all sets considered being finite), this reduces to a game with

finitely many pure strategies.

1.2) the λ-discounted game Ŵλ with payoff equal to the discounted sum of the

rewards:

γλ(σ, τ ) = Eσ,τ
(∑∞

t=1
λ(1− λ)t−1gt

)
.

The values of these games are denoted by vn and vλ respectively. The study of their

asymptotic behavior, as n goes to∞ or λ goes to 0 is the study of the asymptotic

game.

Extensions consider games with random duration or random duration process

(Neyman, 2003, Neyman and Sorin, 2001).

2) An alternative analysis considers the whole family of “long games”. It does

not specify payoffs in some infinite game like lim inf 1
n

∑n
t=1gt or a measurable

function defined on plays (see Maitra and Sudderth, 1998), but requires uniformity

properties of the strategies.

Explicitly, v is the maxmin if the two following conditions are satisfied:

- Player 1 can guarantee v: for any ε > 0, there exists a strategy σ of Player

1 and an integer N such that for any n ≥ N and any strategy τ of Player 2:

γn(σ, τ ) ≥ v − ε.

(It follows from the uniformity in τ that if Player 1 can guarantee f both

lim infn→∞ vn and lim infλ→0 vλ will be greater than f .)

- Player 2 can defend v: for any ε > 0 and any strategy σ of Player 1, there

exist an integer N and a strategy τ of Player 2 such that for all n≥N :

γn(σ, τ ) ≤ v + ε.

(Note that to satisfy this requirement is stronger than to contradict the previous

condition; hence the existence of v is an issue.)

A dual definition holds for the minmax v. Whenever v = v, the game has

a uniform value, denoted by v∞. Remark that the existence of v∞ implies:

v∞ = lim
n→∞

vn = lim
λ→0

vλ.

We will be concerned here mainly with the asymptotic approach that relies more

on the recursive structure and the related value operator and less on the construction

of strategies. We will describe several recent ideas and results: the extension and

the study of the Shapley operator, the variational approach to the asymptotic game,

the use of the dual game, the limit game and the relation with differential games

of fixed duration.
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2 The Operator Approach

In this section the games are analyzed through the recursive relations that basically

extend the dynamic programming principle.

2.1 Operators and Games

2.1.1 Stochastic Games and Shapley Operator

Consider a stochastic game with parameter space �, action spaces I and J and

real bounded payoff function g from �×I×J . This corresponds to the model of

Section 1 withM = � and where the initial probability π is the law of a parameter

ω1 announced to both. In addition at each stage t + 1, the transitionQ(·|ωt , it , jt )
determines the new parameter ωt+1 and the signal for each player at+1 or bt+1

contains at least the information ωt+1. It follows that � will be the natural state

space on which vn and vλ are defined.

Explicitly, let X = �(I) and Y = �(J ) and extend by bilinearity g and Q to

X×Y . The Shapley (1953) operator� acts on the set F of real bounded measurable

functions f on � as follows:

�(f )(ω) = valX×Y

{
g(ω, x, y)+

∫

�

f (ω′)Q(dω′|ω, x, y)
}

(1)

where valX×Y stands for the value operator:

valX×Y = max
X

min
Y
= min

Y
max
X
.

A basic property is that� is non-expansive on F endowed with the uniform norm:

‖�(f )−�(g)‖ ≤ ‖f − g‖ = sup
ω∈�

|f (ω)− g(ω)|.

� determines the family of values through:

nvn = �n(0),
vλ

λ
= �

(
(1− λ)vλ

λ

)
. (2)

The same relations hold for general state and action spaces when dealing with a

complete subspace of F on which � is well defined and which is stable under �.

2.1.2 Non-expansive Mappings

The asymptotic approach of the game is thus related to the following problems:

given T a non-expansive mapping on a linear normed space Z, study the iterates

T n(0)/n = vn as n goes to∞ and the behavior of λzλ = vλ, where zλ is the fixed

point of the mapping z �→T ((1− λ)z), as λ goes to 0.
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Kohlberg and Neyman (1981) proved the existence of a linear functional, f , of

norm 1 on Z such that:

lim
n→∞

f (vn) = lim
n→∞

‖vn‖ = lim
λ→0

f (vλ) = lim
λ→0

‖vλ‖ = inf
z∈Z
‖T (z)− z‖ (3)

Then they deduce that if Z is reflexive and strictly convex, there is weak conver-

gence to one point, and if the dual space Z∗ has a Frechet differentiable norm, the

convergence is strong.

In our framework the norm is the uniform norm on a space of real bounded

functions and is not strictly convex, see however section 5.3.

Neyman (2003) proved that if vλ is of bounded variation in the sense that for

any sequence λi decreasing to 0,

∑

i

‖vλi+1
− vλi‖ <∞, (4)

then limn→∞ vn = limλ→0 vλ.

2.1.3 ε-Weighted and Projective Operators

Back to the framework of Section 2.1.1, it is also natural to introduce the ε-weighted

operator:

�(ε, f )(ω) = valX×Y

{
εg(ω, x, y)+ (1− ε)

∫

�

f (ω′)Q(dω′|ω, x, y)
}
,

(5)

related to the initial Shapley operator by:

�(ε, f ) = ε�
(
(1− ε)f
ε

)
. (6)

Then one has:

vn = �((1/n), vn−1) , vλ = �(λ, vλ) (7)

which are the basic recursive equations for the values. The asymptotic study relies

thus on the behavior of �(ε, ·), as ε goes to 0. Obviously, if vn or vλ converges

uniformly, the limit w will satisfy:

w = �(0, w) (8)

hence �(ε, ·) also appears as a perturbation of the “projective” operator P which

gives the evaluation today of the payoff f tomorrow:

P(f )(ω) = �(0, f )(ω) = valX×Y

∫

�

f (ω′)Q(dω′|ω, x, y). (9)
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Explicitly, one has

�(ε, f )(ω) = valX×Y

{∫

�

f (ω′)Q(dω′|ω, x, y)+ εh(ω, x, y)
}
, (10)

with h(ω, x, y) = g(ω, x, y)−
∫
�
f (ω′)Q(dω′|ω, x, y).

One can also consider �(0, f ) as a function of � defined by:

�(0, f )(ω) = lim
ε→0

ε�

(
(1− ε)
ε

f

)
(ω) = lim

ε→0
ε�

(
f

ε

)
(ω) (11)

thus �(0, .) is the recession operator associated to �. Note that this operator is

independent of g and relates to the stochastic game only through the transitionQ.

2.1.4 Games with Incomplete Information

A similar representation is available in the framework of repeated games with

incomplete information, Aumann and Maschler (1995).

We will describe here the simple case of independent information and standard

signaling. In the setup of Section 1, the parameter space M is a product K×L
endowed with a product probability π = p ⊗ q ∈�(K)×�(L) and the initial

signals are a1 = k1, b1 = ℓ1. Hence the players have partial private information

on the parameter (k1, ℓ1). This one is fixed for the duration of the play ((kt , ℓt ) =
(k1, ℓ1)) and the signals to the players reveal the previous moves at+1 = bt+1 =
(it , jt ). A one-stage strategy of Player 1 is an element x in X = �(I)K (resp. y in

Y = �(J )L for Player 2).

We represent now this game as a stochastic game. The basic state space is

χ = �(K)×�(L) and corresponds to the beliefs of the players on the param-

eter along the play. The transition is given by a map � from χ×X×Y to prob-

abilities on χ with �((p(i), q(j))|(p, q), x, y) = x(i)y(j), where p(i) is the

conditional probability on K given the move i and x(i) the probability of this

move (and similarly for the other variable). Explicitly: x(i) =
∑
kp
kxki and

pk(i) = (pkxki )/(x(i)). � is now an operator on the set of real bounded saddle

(concave/convex) functions on χ , Rosenberg and Sorin (2001):

�(f )(p, q) = valX×Y

{
g(p, q, x, y)+

∫

χ

f (p′, q ′)�(d(p′, q ′)|(p, q), x, y)
}

(12)

with g(p, q, x, y) =
∑
k,ℓp

kqℓg
(
k, ℓ, xk, yℓ

)
. Then one establishes recursive for-

mula for vn and vλ, Mertens, Sorin and Zamir (1994), similar to the ones described

in section 2.1.1.

Note that by the definition of �, the state variable is updated as a function of

the one-stage strategies of the players, which are not public information during

the play. The argument is thus first to prove the existence of a value (vn or vλ) and
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then using the minmax theorem to construct an equivalent game, in the sense of

having the same sequence of values, in which one-stage strategies are announced.

This last game is now reducible to a stochastic game.

2.1.5 General Recursive Structure

More generally a recursive structure holds for games described in Section 1 and

we follow the construction in Mertens, Sorin and Zamir (1994), Sections III.1,

III.2, IV.3.

Consider for example a game with lack of information on one side (described

as in Section 2.1.4 with L of cardinal 1) and with signals so that the conditional

probabilities of Player 2 on the parameter space are unknown to Player 1, but

Player 1 has probabilities on them. In addition Player 2 has probabilities on those

beliefs of Player 1 and so on.

The recursive structure thus relies on the construction of the universal belief

space, Mertens and Zamir (1985), that represents this infinite hierarchy of beliefs:

� = M× 1× 2, where  i , homeomorphic to �(M× −i), is the type set of

Player i, The signaling structure in the game, just before the moves at stage t ,

describes an information scheme that induces a consistent distribution on�. This is

referred to as the entrance law Pt∈�(�). The entrance law Pt and the (behavioral)

strategies at stage t (say αt and βt ) from type set to mixed move set determine

the current payoff and the new entrance law Pt+1 = H(Pt , αt , βt ). This updating

rule is the basis of the recursive structure. The stationary aspect of the repeated

game is expressed by the fact that H does not depend on t . The Shapley operator

is defined on the set of real bounded functions on �(�) by:

�(f )(P) = sup
α

inf
β
{g(P, α, β)+ f (H(P, α, β))} ,

(there is no indication at this level that sup inf commutes for all f ) and the usual

relations hold, see Mertens, Sorin and Zamir (1994) Section IV.3:

(n+ 1)vn+1(P) = valα×β {g(P, α, β)+ nvn(H(P, α, β))} ,
vλ(P) = valα×β {λg(P, α, β)+ (1− λ)vλ(H(P, α, β))} ,

where valα×β = supα infβ = infβ supα is the value operator for the “one stage

game on P”.

We have here a “deterministic” stochastic game: in the framework of a regular

stochastic game, it would correspond to working at the level of distributions on

the state space, �(�).

2.2 Variational Inequalities

We use here the previous formulations to obtain properties on the asymptotic

behavior of the values, following Rosenberg and Sorin (2001).
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2.2.1 A Basic Inequality

We first introduce sets of functions that will correspond to upper and lower bounds

on the sequences of values. This allows us, for certain classes of games, to identify

the asymptotic value through variational inequalities. The starting point is the next

inequality.

Given δ > 0, assume that the function f from � to R satisfies, for all R large

enough

�(Rf ) ≤ (R + 1)f + δ.

This gives �(R(f + δ)) ≤ (R + 1)(f + δ) and implies:

lim sup
n→∞

vn ≤ f + δ,

as well as

lim sup
λ→0

vλ ≤ f + δ.

In particular iff belongs to the setC+ of functions satisfying the stronger condition:

for all δ > 0 there exists Rδ such that R ≥ Rδ implies

�(Rf ) ≤ (R + 1)f + δ (13)

and one obtains that both lim supn→∞ vn and lim supλ→0 vλ are less than f .

2.2.2 Finite State Space

We first apply the above results to absorbing games: these are stochastic games

where all states except one are absorbing, hence the state can change at most once.

It follows that the study on � can be reduced to that at one point. In this case, one

has easily:

i) �(f ) ≤ ‖g‖∞ + f ,

ii) �(Rf )− (R + 1)f is strictly decreasing in f :

In fact, let g − f = d > 0, then

�(Rg)−�(Rf ) ≤ �(R(f + d))−�(Rf ) ≤ Rd = (R + 1)(g − f )− d,

so that

�(Rf )− (R + 1)f − (�(Rg)− (R + 1)g) ≥ d,

iii) �(Rf )− (R + 1)f is decreasing in R, for f ≥ 0:

�((R + R′)f )− (R + R′ + 1)f ≤ �(Rf )− (R + 1)f.
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Define C− in a way symmetric to (13). From i), ii) and iii), there exists an

element f∈C+∩C− and it is thus equal to both limn→∞ vn and limλ→0 vλ. This

extends the initial proof of Kohlberg (1974).

In the framework of recursive games where the payoff in all non absorbing

states (say �0) is 0, the Shapley operator is defined on real functions f on �0

(with an obvious extension f to �) by:

�(f )(ω) = valX×Y

∫

�

f (ω′)Q(dω′|ω, x, y).

It follows that condition (13) reduces to

�(f ) ≤ f and moreover f (ω) < 0 implies �(f )(ω) < f (ω), (14)

which defines a set E+. Everett (1957) has shown that the closure of the set E+

and of its symmetric E− have a non-empty intersection from which one deduces

that limn→∞ vn = limλ→0 vλ exists and is the only element of this intersection.

A recent result of Rosenberg and Vieille (2000) drastically extends this property

to recursive games with lack of information on both sides. The proof relies on an

explicit construction of strategies. Let w an accumulation point of the family vλ
as λ goes to 0. Player 1 will play optimally in the discounted game with a small

discount factor if w is larger than ε > 0 at the current value of the parameter and

optimally in the projective game�(0, w) otherwise. The sub-martingale property

of the value function and a bound on the upcrossings of [0, ε] are used to prove

that lim infn→∞ vn ≥ w, hence the result.

2.2.3 Simple Convergence

More generally, when� is not finite, one can introduce the larger class of functions

S+ where in condition (13) only simple convergence is required:

for all δ > 0 and all ω, there exists Rδ,ω such that R ≥ Rδ,ω implies

�(Rf )(ω) ≤ (R + 1)f (ω)+ δ (15)

or

θ+(f )(ω) = lim sup
R→∞

{�(Rf )(ω)− (R + 1)f (ω)} ≤ 0. (16)

In the case of continuous functions on a compact set �, an argument similar to

point ii) above implies that f+ ≥ f− for any functions f+∈S+ and f−∈S−

(defined similarly with θ−(f−) ≤ 0). Hence the intersection of the closures of S+

and S− contains at most one point.

This argument suffices for the class of games with incomplete information on

both sides: any accumulation point w of the family vλ as λ→0 belongs to the

closure of S+, hence by symmetry the existence of a limit follows. A similar

argument holds for lim supn→∞ vn.
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In the framework of (finite) absorbing games with incomplete information on

one side, where the parameter is both changing and unknown, Rosenberg (2000)

used similar tools in a very sophisticated way to obtain the first general results of

existence of an asymptotic value concerning this class of games. First she shows

that any w as above belongs to the closure of S+. Then that at any point (p, q),

lim supλ→0 vλ(p, q) ≤ w(p, q)which again implies convergence. A similar anal-

ysis is done for limn→∞ vn.

Remarks

1) Many of the results above only used the following two properties of the

operator �, Sorin (2004):

� is monotonic

� reduces the constants: for all δ > 0, �(f + δ) ≤ �(f )+ δ.
2) The initial and basic proof of convergence of limλ→0 vλ for stochastic games

relies on the finiteness of the sets involved (�, I and J ). Bewley and Kohlberg

(1976a) used an algebraic approach and proved that vλ is an algebraic func-

tion of λ, from which existence of limλ→0 vλ and equality with limn→∞ vn
follows.

3) The results sketched above correspond to three levels of proofs:

a) The non emptiness of the intersection of the closure of C+ and C−. This

set contains then one point, namely limn→∞ vn = limλ→0 vλ.

b) For continuous functions on a compact set�: any accumulation point of

the family of values (as the length goes to∞) belongs to the intersection

of the closures of S+ and S−, which contains at most one element.

c) A property of some accumulation point (related to S+ or S−) and a

contradiction if two accumulation points differ.

2.3 The Derived Game

We follow here Rosenberg and Sorin (2001). Still dealing with the Shapley opera-

tor, condition (15) can be written in a simpler form. This relies, using the expression

(10), on the existence of a limit:

ϕ(f )(ω) = lim
ε→0+

�(ε, f )(ω)−�(0, f )(ω)
ε

extending a result of Mills (1956), see also Mertens, Sorin and Zamir (1994),

Section 1.1, Ex. 6. More precisely ϕ(f )(ω) is the value of the “derived game”

with payoff h(ω, x, y), see (10), played on the product of the subsets of optimal

strategies in �(0, f ). The relation with (16) is given by:

θ+(f ) = θ−(f ) =

⎧
⎪⎨
⎪⎩

ϕ(f ) if�(0, f ) = f
+∞ if�(0, f ) > f

−∞ if�(0, f ) < f
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In the setup of games with incomplete information, the family vλ(p, q) is uni-

formly Lipschitz and any accumulation point as λ→0 is a saddle functionw(p, q)

satisfying: �(0, w) = w. Thus one wants to identify one point in the set of solu-

tions of equation (8) which contains in fact all saddle functions.

For this purpose, one considers the set A+ of continuous saddle functions f on

�(K)×�(L) such that for any positive strictly concave perturbation η on �(K):

ϕ(f + η) ≤ 0. The proof that w belongs to A+, which is included in the closure

of S+, shows then the convergence of the family vλ. A similar argument holds for

vn, which in addition implies equality of the limits. Note that the proof relies on

the explicit description of ϕ(f ) as the value of the derived game.

In addition one obtains the following geometric property. Given f on �(K),

say that p is an extreme point of f , p∈Ef , if (p, f (p)) cannot be expressed as a

convex combination of a finite family {(pi, f (pi))}. Then one shows that for any

f∈A−, f (p, q) ≤ u(p, q) holds at any extreme point p of f (·, q), where u is the

value of the non-revealing game or equivalently:

u(p, q) = val�(I)×�(J )
∑

k,ℓ
pkqℓg(k, ℓ, x, y).

Hence v = limn→∞ vn = limλ→0 vλ is a saddle continuous function satisfying

both inequalities:

p∈Ev(·, q)⇒v(p, q) ≤ u(p, q)
q∈Ev(p, ·)⇒v(p, q) ≥ u(p, q) (17)

and it is easy to see that it is the only one, Laraki (2001a).

Given a function f on a compact convex set C, let us denote by CavCf

the smallest function concave and greater than f on C. By noticing that, for

a function f continuous and concave on a compact convex set C, the property

p∈Ef ⇒ f (p) ≤ g(p) is equivalent to f = CavC min(g, f ) one recovers the

famous characterization of v due to Mertens and Zamir (1971):

v = Cav�(K) min(u, v) = Vex�(L) max(u, v) (18)

where Cav�(K)f (p, q) stands for Cav�(K)f (., q)(p).

2.4 The Splitting Game

This section deals again with games with incomplete information on both sides

as defined in Section 2.1.4 and follows Laraki (2001a). The operator approach is

then extended to more general games. Recall that the recursive formula for the

discounted value is:

vλ(p, q) = �(λ, vλ)(p, q) = valX×Y{λg(p, q, x, y)+ (1− λ)E(vλ(p′, q ′))}
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where (p′, q ′) is the new posterior distribution and E stands for the expectation

induced by p, q, x, y. Denoting by Xλ(p, q) the set of optimal strategies of Player

1 in �(λ, vλ)(p, q) and using the concavity of vλ one deduces:

max
Xλ(p,q)

min
Y
{g(p, q, x, y)− E(vλ(p′, q))} ≥ 0.

Letw be an accumulation point of the family {vλ} asλ goes to 0 and letp∈Ew(., q).

Then the set of optimal strategies for Player 1 in �(0, w)(p, q) is included in the

set NR1(p) of non-revealing strategies (namely with x(i)‖p(i)− p‖ = 0, recall

(8)), hence by uppersemicontinuity one gets from above:

max
NR1(p)

min
Y
{g(p, q, x, y)− E(w(p′, q))}

= max
X

min
Y
{g(p, q, x, y)− w(p, q)} ≥ 0

hence u(p, q) ≥ w(p, q) which is condition (17).

We now generalize this approach.

Since the payoff g(p, q, x, y) =
∑
pkqℓxki y

ℓ
jg(k, ℓ, i, j) is linear it can be

written as
∑
i,jx(i)y(j)g(p(i), q(j), i, j) so that the Shapley operator is:

�(f )(p, q) = valX×Y
{∑

i,j
[g(p(i), q(j), i, j)+ f (p(i), q(j))]x(i)y(j)

}

and one can consider that Player 1’s strategy set is the family of random variables

from I to�(K)with expectationp. In short, rather than deducing the state variables

from the strategies, the state variables are now taken as strategies. The second

step is to change the payoffs (introducing a perturbation of the order of n−1/2 in

vn) and to replace g(p(i), q(j), i, j) by the value of the “local game” at this state

u(p(i), q(j)). There is no reason now to keep the range of the martingale finite so

that the operator becomes:

S(f )(p, q) = val�2
p(K)×�2

q (L)
E{u(p̃, q̃)+ f (p̃, q̃)},

where�2
p(K) is the set of random variables p̃with values in�(K) and expectation

p. The corresponding game is called the “splitting game”. The recursive formula

is now different:

wλ

λ
= S

(
(1− λ)
λ

wλ

)

but with the same proof as above, it leads to the existence of w = limλ→0 wλ
satisfying the same functional equations:

w = Cav�(K) min(u,w) = Vex�(L) max(u,w).

These tools then allow us to extend the operator u �→M(u) = w (existence and

uniqueness of a solution) to more general products of compact convex sets P×Q
and functions u, see Laraki (2001b).
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3 Duality Properties

3.1 Incomplete Information, Convexity and Duality

Consider a two-person zero-sum game with incomplete information on one side

defined by sets of actions S and T , a finite parameter space K , a probability p

on K and for each k a real payoff function Gk on S×T . Assume S and T convex

and for each k,Gk bounded and bilinear on S×T . The game is played as follows:

k∈K is selected according to p and told to Player 1 (the maximizer) while Player

2 only knows p.

In normal form, Player 1 chooses s =
{
sk
}

in SK , Player 2 chooses t in T and

the payoff is

Gp(s, t) =
∑

k

pkGk
(
sk, t

)
.

Assume that this game has a value

v(p) = sup
SK

inf
T
Gp(s, t) = inf

T
sup
SK
Gp(s, t),

then v is concave and continuous on the set �(K) of probabilities on K .

Following De Meyer (1996a) one introduces, given z∈R
k , the “dual game”

G∗(z) where Player 1 chooses k, then Player 1 plays s in S (resp. Player 2 plays t

in T ) and the payoff is

h[z](k, s; t) = Gk(s, t)− zk.

Translating in normal form, Player 1 chooses (p, s) in�(K)×SK , Player 2 chooses

t in T and the payoff is
∑
k p

kh[z]
(
k, sk; t

)
= Gp(s, t)− 〈p, z〉.

Then the gameG∗(z) has a value w(z), which is convex and continuous on R
K

and the following duality relations holds:

w(z) = max
p∈�(K)

{v(p)− 〈p, z〉} = "s(v)(z), (19)

v(p) = inf
z∈RK

{w(z)+ 〈p, z〉} = "i(w)(p), (20)

Two consequences are:

Property 3.1. Given z, let p achieve the maximum in (19) and s be ε-optimal in

Gp: then (p, s) is ε-optimal in G∗(z).
Given p, let z achieve the infimum up to ε in (20) and t be ε-optimal in G∗(z):

then t is also 2ε-optimal in Gp.

Property 3.2. Let G′ be another game on K×S×T with corresponding primal

and dual values v′ and w′. Since Fenchel’s transform is an isometry one has

‖v − v′‖�(K) = ‖w − w′‖RK .
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3.2 The Dual of a Repeated Game with Incomplete Information

We consider now repeated games with incomplete information on one side as

introduced in 2.1.4. (withL reduced to one point), and study their duals, following

De Meyer (1996b). Obviously the previous analysis applies when working with

mixed strategies in the normalized form.

3.2.1 Dual Recursive Formula

The use of the dual game will be of interest for two purposes: construction of

optimal strategies for the uninformed player and asymptotic analysis. In both cases

the starting point is the recursive formula in the original game.

F(p) = �(ε, f )(p)

= valx∈X,y∈Y

{
ε
∑

k

pkxkGky + (1− ε)
∑

i

x(i)f (p(i))

}
, (21)

where we write Gkij for g(k, i, j). Then one obtains:

F ∗(z) = max
p∈�(K)

{F(p)− 〈p, z〉}

= max
p,x

min
y

{
ε
∑

k

pkxkGky + (1− ε)
∑

i

x(i)f (p(i))− 〈p, z〉
}
.

We represent now the couple (p, x) in�(K)×�(I)K as an elementπ in�(K×I ):
p is the marginal on K and xk the conditional probability on I given k:

F ∗(z) = max
π

min
y

{
ε
∑

i,k

π(i, k)Gki y + (1− ε)
∑

i

π(i)f (π(.|i))− 〈p, z〉
}
.

The concavity of f w.r.t. p implies the concavity of
∑
i π(i)f (π(.|i)) w.r.t. π .

This allows us to use the minmax theorem leading to:

F ∗ = min
y

max
π

{
ε
∑

i,k

π(i, k)Gki y + (1− ε)
∑

i

π(i)f (π(.|i))− 〈p, z〉
}
,

hence, since pk =
∑
i π(i)π(k|i):

F ∗(z) = min
y

max
π(i)

{∑

i

π(i)(1− ε)max
π(.|i)

[
f (π(.|i))

−
〈
π(.|i), 1

1− ε z−
ε

1− εGiy
〉]}
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where Giy is the vector
{
Gki y

}
. This finally leads to the dual recursive formula:

F ∗(z) = min
y

max
i
(1− ε)f ∗

(
1

1− ε z−
ε

1− εGiy
)
. (22)

The main advantage of dealing with (22) rather than with (21) is that the state

variable is known by Player 2 (who controls y and observes i) and evolves smoothly

from z to z+ (ε/(1− ε))(z−Giy).

3.2.2 Properties of Optimal Strategies

Rosenberg (1998) extended the previous duality to games having at the same time

incomplete information and stochastic transition on the parameters. There are then

two duality operators (D1 and D2) corresponding to the private information of

each player. D1 associates to each function on �×�(K)×�(L) a function on

�×�(K)×R
L. The duality is taken with respect to the unknown parameter of

Player 1 replacing q by a vector in R
L. The extension of formula (22) to each dual

game allows us to deduce properties of optimal strategies in this dual game for

each player. In the discounted case, Player 1 has stationary optimal strategies on a

private state space of the form�×�(K)×R
L. The component on� is the publicly

known stochastic parameter; the second component p is the posterior distribution

on �(K) that is induced by the use of x: it corresponds to the transmission of

information to Player 2; the last one is a vector payoff indexed by the unknown

parameter ℓ∈L that summarizes the past sequence of payoffs. Similarly, in the

finitely repeated game, Player 1 has an optimal strategy which is Markovian on

�×�(K)×R
L. Obviously dual properties hold for Player 2.

Recall that as soon as lack of information on both sides is present the recursive

formula does not allow us to construct inductively optimal strategies (except in

specific classes, like games with almost perfect information where a construction

similar to the one above could be done, Ponssard and Sorin (1982)). It simply

expresses a property satisfied by an alternative game having the same sequence

of values, but not the same signals along the play, hence not the same strategy

sets. However the use of the dual game allows us, through Property 3.1 (Section

3.1), to deduce optimal strategies in the primal game from optimal strategies in the

dual game, and hence to recover an inductive procedure for constructing optimal

strategies.

Further properties of the duality operators have been obtained in Laraki (2000).

First one can apply the (partial 2) duality operatorD2 to the (partial 1) dual game

D1(Ŵ), then the duality transformations commute and other representations of the

global dual game D1 ◦D2(Ŵ) = D2 ◦D1(Ŵ) are established.

3.2.3 Asymptotic Analysis and Approximate Fixed Points

This section follows De Meyer and Rosenberg (1999). Going back to the class of

games with incomplete information on one side, Aumann and Maschler’s theorem
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on the convergence of the families vn or vλ to Cav�(K)u will appear as a conse-

quence of the convergence of the conjugate functions wn (value of the dual game

Ŵ∗n) or wλ(z) (for Ŵ∗λ) to the Fenchel conjugate of u.

Explicitly let

"s(u)(z) = max
�(K)

{u(p)− 〈p, z〉},

then the bi-conjugate

"i ◦"s(u)(z) = min
z∈RK

{"s(u)(z)− 〈p, z〉}

equals Cav�(K)u. Using property 3.2 in Section 3.1 it is enough to prove the

convergence of wn or wλ to "s(u). Heuristically one deduces from (22) that the

limit w should satisfy:

w(z) = (1− ε)min
Y

max
X

{
w(z)+ ε

(1− ε) 〈∇w(z), z− xGy〉
}
,

which leads to the partial differential equation:

−w(z)+ 〈∇w(z), z〉 + u(−∇w(z)} = 0, (23)

where we recall that u(q) = minY maxX
{∑

kq
kxGky

}
.

Fenchel duality gives:

"su(z)− u(−q) = 〈q, z〉

for −q∈∂"su(z), which shows that "su is a solution (in a weak sense) of (23).

The actual proof uses a general property of approximate operators and fixed points

that we described now. Consider a family of operators �n on a Banach space Z

with the following contracting property:

‖�n+1(f )−�n+1(g)‖ ≤
(

n

n+ 1

)a
‖f − g‖,

for some positive constant a, and n large enough. For example,� is non-expansive

and �n+1(.) = �
(

1
n+1
, .
)

. Define a sequence in Z by f0 = 0 and fn+1 =
�n+1(fn). Then if a sequence gn satisfies an approximate induction in the sense

that, for some positive b and n large enough:

‖�n+1(gn)− gn+1‖ ≤
1

(n+ 1)1+b
,

and gn converges to g, then fn converges to g also.

The result on the convergence ofwn follows by choosing gn as a smooth pertur-

bation of "su, like gn(z) = E
[
"su

(
z+ (X/√n)

)]
, X being a cantered reduced

normal random variable.

A similar property holds for the sequence wλ.
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3.2.4 Speed of Convergence

The recursive formula and its dual also play a crucial role in the recent deep and

astonishing result of Mertens (1998). Given a game with incomplete information

on one side with finite state and action spaces but allowing for measurable signal

spaces the speed of convergence of vn to its limit is bounded byC
(
(ln n)/n

)1/3
and

this is the best bound. (Recall that the corresponding order of magnitude is n−1/2

for standard signaling and n−1/3 for state independent signals – even allowing for

lack of information on both sides.)

3.3 The Differential Dual Game

This section follows Laraki (2002) and starts again from equation (22). The recur-

sive formula for the value wn of the dual of the n stage game can be written, since

wn(z) is convex, as:

wn(z) = min
y

max
x

(
1− 1

n

)
wn−1

(
1

(1− (1/n))

(
z− 1

n
xGy

))
. (24)

This leads us to consider wn as the nth discretization of the upper value of a

differential game.

Explicitly consider the differential game (of fixed duration) on [0, 1] with

dynamic ζ(t)∈R
K given by:

dζ/dt = xtGyt , ζ(0) = −z

xt∈X, yt∈Y and terminal payoff maxk ζ
k(1).

Given a partition� = {t0 = 0, ..., tk, ...} with θk = tk − tk−1 and
∑∞
k=1θk = 1

we consider the discretization of the game adapted to�. LetW+
� (tk, ζ ) denote the

upper value (correspondingly to the case where Player 2 plays first) of the game

starting at time tk from state ζ . It satisfies:

W+
� (tk, ζ ) = min

y
max
x
W+
� (tk+1, ζ + θk+1xGy).

In particular if �n is the uniform discretization with mesh (1/n) one obtains:

W+
�n
(0, ζ ) = min

y
max
x
W+
�n

(
1

n
, ζ + 1

n
xGy

)

and by time homogeneity,W+
�n

(
1

n
, ζ

)
=
(

1− 1

n

)
W+
�n−1

(
0,

ζ
1−(1/n)

)
, so that:

W+
�n
(0, ζ ) = min

y
max
x

(
1− 1

n

)
W+
�n−1

(
0,
ζ + (1/n)xGy

1− (1/n)

)
. (25)
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Hence (24) and (25) prove that wn(z) andW+
�n
(0,−z) satisfy the same recursive

equation. They have the same initial value for n = 1 hence they coincide.

Basic results of the theory of differential games (see e.g. Souganidis (1999))

show that the game starting at time t from state ζ has a value ϕ(t, ζ ), which is the

only viscosity solution, uniformly continuous in ζ uniformly in t , of the following

partial differential equation with boundary condition:

∂ϕ

∂t
+ u(∇ϕ) = 0, ϕ(1, ζ ) = max

k
ζ k. (26)

One thus obtains ϕ(0,−z) = limn→∞W
+
�n
(0,−z) = limn→∞wn(z) = w(z).

The time homogeneity property gives ϕ(t, ζ ) = (1 − t)ϕ (0, ζ/(1− t)) , so that

w is a solution of

f (x)− 〈x,∇f (x)〉 − u(−∇f (x)) = 0, lim
α→0

αf (x/α) = max
k

{
− xk

}

which is the previous equation (23) but with a limit (recession) condition.

One can identify the solution of (26), written with ψ(t, ζ ) = ϕ(1 − t, ζ ) as

satisfying:

∂ψ

∂t
+ L(∇ψ) = 0 ψ(0, ζ ) = b(ζ )

with L continuous, b uniformly Lipschitz and convex. Hence, using Hopf’s rep-

resentation formula, one obtains:

ψ(t, ζ ) = sup

p∈RK

inf
q∈RK

{b(q)+ 〈p, ζ − q〉 − tL(p)}

which gives here:

ψ(t, ζ ) = sup

p∈RK

inf
q∈RK

{
max
k
qk + 〈p, ζ − q〉 + tu(p)

}

and finallyw(z) = ψ(1,−z) = supp∈�(K){u(p)−〈p, z〉} ="su(z), as in section

3.2.3.

In addition the results in Souganidis (1985) concerning the approximation

schemes give a speed of convergence of (δ(�))1/2 ofW� to ϕ (where δ(�) is the

mesh of the subdivision�), hence by duality one obtains Aumann and Maschler’s

(1995) bound:

‖vn − Cav�(K)u‖ ≤
C√
n
, ‖vλ − Cav�(K)u‖ ≤ C

√
λ

for some constant C.
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A last result is a direct identification of the limit. Since w is the conjugate of a

concave continuous function v on�(K) and ϕ(t, ζ ) = (1− t)w (−ζ/(1− t)) the

conditions on ϕ can be translated as conditions on v. More precisely the first order

conditions in terms of local sub- and super-differentials imply that ϕ is a viscosity

subsolution (resp. supersolution) of (26) if and only if v satisfies the first (resp.

second) inequality in the variational system (17). In our framework this gives

p∈Ev⇒v(p) ≤ u(p) and v(p) ≥ u(p), ∀p,

so that v = Cav�(K)u.

4 The Game in Continuous Time

4.1 Repeated Games and Discretization

The main idea here is to consider a repeated game (in the compact case, i.e. with

finite expected length) as a game played between time 0 and 1, the length of stage

n being simply its relative weight in the evaluation. Non-negative numbers θn with∑∞
n=1θn = 1 define a partition � of [0, 1] with t0 = 0 and tn =

∑
m≤nθm. The

repeated game with payoff
∑
ngnθn corresponds to the game in continuous time

where changes in the moves can occur only at times tm. The finite n-stage game is

represented by the uniform partition �n with mesh (1/n) while the λ-discounted

game is associated to the partition�λ with tm = 1−(1−λ)m. In the framework of

section 2.1.5. one obtains a recursive formula for the valueW�(t,P) of the game

starting at time t with state variable P:

W�(tn,P) = valα×β(θn+1g(P, α, β)+W�(tn+1, H(P, α, β))).

The fact that the payoff is time-independent is expressed by the relation:

W�(tn, .) = (1− tn)W�[tn](0, .)

where �[tm] is the renormalization to the whole interval [0, 1] of � restricted to

[tm, 1]. By enlarging the state space and incorporating the payoff as new parameter,

say ζ , we obtain new functions L�(t, ζ,P) with

L�(tn, ζ,P) = valα×βL�(tn+1, ζ + θn+1g(P, α, β),H(P, α, β))

and

L�(tn, ζ,P) = (1− tn)L�[tn]

(
0,

ζ

1− tn
,P

)
.

This time normalization explains why the PDE obtained as a limit is homoge-

neous.
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A first heuristic approach in this spirit is in Mertens and Zamir (1976a) where

they study, for a specific example of repeated game with lack of information on one

side, the limit of the “normalized error term” ηn(p) =
√
n (vn(p) − v∞(p)), on

[0, 1]. From the recursive formula for vn, they deduce another one for the sequence

ηn and obtain the following equation for the limit: ϕϕ′′ + 1 = 0. It follows then

that ϕ(p) is the normal density evaluated at its p-quantile.

Consider now a simple variation of the Big Match game where Player 1 knows

the true game while Player 2 does not and the payoffs are as follows:

α β

a 1∗ 0∗

b 0 0

α β

a 0∗ 0∗

b 0 1

Game 1: Probability p Game 2: Probability 1− p

Sorin (1984) derives from the recursive formula the following equation for the

limit of vn: (2− p)ϕ(p) = (1− p)− (1− p)2ϕ′(p) which leads to ϕ(p) = (1−
p) {1− exp (−p/(1− p))}. Note that this function is not algebraic, which could

not be the case for stochastic games nor for games with incomplete information

on one side. (Moreover it is also equal to the max min v.)

4.2 The Limit Game

The recursive formula may also, by exhibiting properties of optimal strategies,

allow us to define an auxiliary game in continuous time, considered as a represen-

tation of the “limit game” on [0, 1]. Two examples are as follows.

A first class, Sorin (1984), corresponds to specific absorbing games with incom-

plete information on one side of the form:

a

b

ak∗1 . . .∗ ak∗J
bk1 . . . bkJ

Game k: Probability pk

From the recursive formula one deduces that both players can be restricted to

strategies independent of the past. One constructs then a game on [0, 1] where

Player 1’s strategies are stopping times ρk corresponding to the first occurrence of

a in game k, while Player 2’s strategies are measurable functions f from [0, 1] to

�(J ). The payoff is the integral from 0 to 1 of the instantaneous payoff at time t ,∑
kp
kgkt

(
ρk, f

)
with

gkt (ρ, f ) =
∫ t

0

ak(f (s))ρ(ds)+ (1− ρ([0, t]))bk(f (t)),
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where ak(f ) =
∑
ja
k
jfj and similarly for bk . This game has a value ν and it

is easy to show that ν = limn→∞ vn = limλ→0 vλ. In fact discretizations of ε-

optimal strategies in the limit game define strategies in Gn or Gλ and the payoff

is continuous.

A much more elaborate construction is in De Meyer (1999). The starting point

is again the asymptotic expansion of vn for games with incomplete information

on one side. More precisely the dual recursive formula for ηn =
√
n (vn − v∞)

leads on one hand to an heuristic second-order PDE (E) and on the other to prop-

erties of optimal strategies for both players. One shows that any regular solution

of (E) would be the limit of ηn. De Meyer constructs a family of games χ(z, t)

on [0, 1], endowed with a Brownian filtration where strategies for each player are

adapted stochastic processes and the payoff is defined through a stochastic inte-

gral on [0, 1]. The existence of a value W(z, t) and optimal strategies in χ(z, t)

are then established. One deduces that, under optimal strategies of the players,

the state variable Zs(z, t) in χ(z, t), t ≤ s ≤ 1, follows a stochastic differential

equation. The value being constant on such trajectories one obtains that W(z, 0)

is a solution to (E) – where the regularity remains to be proved.

Note that this approach is somehow a dual of the one used in differential games

where the initial model is in continuous time and is analyzed through discretization.

Here the game on [0, 1] is an idealization of discrete time model with a large

number of stages.

4.3 Repeated Games and Differential Games

The first example of resolution of a repeated game trough a differential game is

due to Vieille (1992). Consider a repeated game with vector payoffs described by

a function g from I×J to R
K . Given a compact set C in R

K let f (z) = −d(z, C)
where d is the euclidean distance and defines the n stage repeated game with

standard information Gn. The sequence of payoffs is g1 = g(i1j1), · · · , gn with

average gn and the reward is f (gn).

The game was introduced by Blackwell (1956) who proved the existence of a

uniform value (in the sense of Section 1) when C is convex or K = 1. He gave

also an example of a game in R
2 with no uniform value.

We consider here the asymptotic approach. The value of the Gn is vn =
V�n(0, 0) where V�n satisfies V�n(1, z) = f (z) and:

V�n(tk, z) = valX×YEx,y{V�n(tk+1, z+ θk+1Gij )}

with X = �(I), Y = �(J ). The idea is to replace the above equation by the two

equations:

W−
�n
(tk, z) = max

X
min
Y
W−
�n
(tk+1, z+ θk+1Gij ),

W+
�n
(tk, z) = min

Y
max
X
W+
�n
(tk+1, z+ θk+1Gij ),
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hence to approximate vn by the lower and upper values of the discretization of a

differential game Ŵ played on X×Y between time 0 and 1, with terminal payoff

f
( ∫ 1

0 gudu
)

and deterministic differential dynamic given by:

dz

dt
= xtGyt .

The main results used are, see e.g. Souganidis (1999):

1)W−
�n

andW+
�n

converge to some functionsW− andW+ as n goes to∞,

2)W− is a viscosity solution on [0, 1] of the equation:

∂U

∂t
+max

X
min
Y
〈∇U, xGy〉 = 0, U(1, z) = g(z)

which is condition (26) with a new limit condition,

3) this solution is unique.

A similar result forW+ and the property: maxX minY xGy = minY maxX xGy

finally imply:W− = W+ and we denote this value byW .

Hence ifW(0, 0) = 0, for any ε > 0 there exists N such that if n ≥ N Player

1 can force an outcome within ε of C in the lower nth discretization Ŵ−n . The fact

that Player 1 can do the same in the original game where the payoff is random relies

on a uniform law of large numbers. For L large enough, playing i.i.d. the mixed

move x in the mth block between stages mL (included) and (m+ 1)L (excluded)

will generate inGnL an average path near the one generated by x at stagem of Ŵ−n .

Otherwise,W(0, 0) ≤ 2δ < 0, in this case Player 2 can avoid a δ-neighborhood

of C and a symmetric argument applies.

Altogether the above construction shows that any set is either weakly approach-

able (gn will be near C with high probability) or weakly excludable (gn will be

near the complement of a neighborhood C with high probability)

A second example, Laraki (2002), was described in the earlier section 3.3.

Note that in both cases the random aspect due to the use of mixed moves was

eliminated, either by taking expectation or by working with the dual game.

5 Alternative Methods and Further Results

5.1 Dynamic Programming Setup

In the framework of dynamic programming (one person stochastic game), Lehrer

and Sorin (1992) gave an example where limn→∞ vn and limλ→0 vλ both exist

and differ.

They also proved that uniform convergence (on�) of vn is equivalent to uniform

convergence of vλ and then the limits are the same.

However this condition alone does not imply existence of the uniform value,

v∞, see Lehrer and Monderer (1994), Monderer and Sorin (1993).
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5.2 A Limit Game with Double Scale

Another example of a game where the play in Ŵn between stages t1n and t2n is

approximated by the play in the limit game between time t1 and t2 is in Sorin

(1989). The framework is simple since there are no signals. However one cannot

work directly in continuous time because of the presence of two properties: some

moves are exceptional in the sense that they induce some change in the state and

the number of times they occur has to be taken into account; as for the other moves

only the frequency matters. The analysis is done through a “semi normalization”

of Ŵn by a game GL. Each stage ℓ in L corresponds to a large block of stages in

Ŵn and the strategies used in GL at stage ℓ are the summary of the ones used on

the block ℓ in Ŵn according to the above classification. One then shows that both

lim infn→∞ vn and lim infλ→0 vλ are greater than lim supL→∞ valGL and the

result follows.

One should add that these sets of reduced strategies were introduced by Mertens

and Zamir (1976b) for the uniform approach: they proved the existence of the

min max v and of the max min v and showed that they may differ. See also Water-

naux (1983).

5.3 Non-expansive Mappings and Convexity

A proof of the convergence of vn in the framework of one-sided incomplete infor-

mation repeated games; using Kohlberg and Neyman’s Theorem (result 2.1.2), was

achieved by Mertens; see Mertens, Sorin and Zamir (1994), Chapter V, Exercise 5.

Convergence of the sequence of norms ‖vn‖ implies convergence of the dual val-

ues hence of the primal values via Fenchel ’s transform. Let v be the limit. Then

the linear functional f appearing in Kohlberg and Neyman’s result is identified at

each extreme point of v and leads to v = Cavu.

5.4 Asymptotic and Uniform Approaches

There are several deep connections between the two approaches (recall Section 1),

in addition to the fact that the existence of a uniform value implies convergence of

the limiting values under very general conditions (even with private information

upon the duration) (Neyman (2003), Neyman and Sorin (2001)).

a) Under standard signaling (at = bt = (it , jt )) a bounded variation condition

on the discounted values, see (4), is a sufficient condition for the existence of

a uniform value in stochastic games, Mertens and Neyman (1981). In addition

an optimal strategy is constructed stage after stage by computing at stage t

a discounted factor λt as a function of the past history of payoffs and then

playing once optimally in Ŵλt .

b) A general conjecture states that in (finitely generated) games where Player

1’s information includes Player 2’s information the equality: max min =
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limn→∞ vn = limλ→0 vλ holds, Sorin (1984, 1985), Mertens (1987). Some-

how Player 1 could, using an optimal strategy of Player 2 in the limit game,

define a map from histories to [0, 1]. Given the behavior of Player 2 at stage

n, this map induces a time t and Player 1 plays an optimal strategy in the limit

game at this time.

Finally recent results along the uniform approach include:

- proof of existence and characterization of max min and min max in absorbing

games with signals, Coulomb (1999, 2001),

- proof of existence of max min and equality with limn→∞ vn and limλ→0 vλ in

recursive games with lack of information on one side, Rosenberg and Vieille

(2000), see point b) above.
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Abstract
We discuss the risk-sensitive Nash equilibrium concept in static non-

cooperative games and two-stage stochastic games of resource extraction.

Two equilibrium theorems are established for the latter class of games. Pro-

vided examples explain the meaning of risk-sensitive equilibria in games with

random moves.

1 Introduction

Mixed strategies have been widely accepted since the beginning of game theory.

When at least one player chooses a mixed strategy to play a game, then a prob-

ability distribution of the random variables being the payoffs of the players is

determined. The classical approach resulting from the von Neumann and Mor-

genstern utility theory suggests using the mathematical expectation for evaluating

different strategy profiles of the players. The expected payoff, also called in the

sequel the mean or the statistical payoff of the player, has a natural interpretation

based on the law of large numbers. If the game is repeated infinitely many times

and the players always implement a fixed mixed strategy profile, then the aver-

age payoff really received by any player converges with probability one to his/her

mean payoff. Using the standard approach one can say that there is no difference

between getting nothing for sure and winning or losing 1000 with probability 0.5.

Many people would say that in the latter case a player faces a big risk which can

easily be reflected by the variance of the outcome in this very simple game. The

so-called risk-neutral players ignore the risk. They do not calculate it in any form,

but everybody agrees that there always is a risk when pure strategies are selected

at random. A modification of the expected utilities by introducing the variance as

it is done, for example, in portfolio theory [10] is not a good idea for studying

games. An equilibrium may not exist (see Example 3.5). It seems that the most

fruitful approach is based on a more delicate criterion involving all the moments

of the random payoffs. We first describe the idea in the one-person game context

[5,16]. Let λ 	= 0, hereafter referred to as the risk-sensitivity factor of the decision

maker, be fixed. Define the utility function

Uλ(x) := sgn(λ)eλx . (1)
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Assume that the decision maker grades a bounded random reward X via the

expectation of Uλ(X). A certain equivalent of X is a number E(λ,X) such that

Uλ(E(λ,X)) = E(Uλ(X)). Therefore, for a person with risk-sensitive factor λ

getting the random rewardX is equivalent to obtain E(λ,X) for sure. From (1), it

follows that

E(λ,X) = (1/λ) log(E(eλX)). (2)

If λ < 0, then by Jensen’s inequality E(λ,X) ≤ E(X) and a decision maker

having negative risk factor λ and grading a random reward X according to the

certain equivalent E(λ,X) is risk-averse. If λ is close enough to zero, then from

the Taylor series expansion for log(1+ t) and eλt and (2), we obtain

E(λ,X) ≈ E(X)+ (λ/2)V (X), (3)

whereV (X) is the variance ofX. The right-side of (3) is the standard utility used in

portfolio management [10], but is not good for studying games, see Example 3.5.

Clearly, E(λ,X) depends on all moments of X. The utility functions of the form

(2) were first applied to control theory in [7,8]. Nowadays they have a lot of fur-

ther applications to various dynamic optimization models, portfolio management,

economic theory and stochastic control, see for example [2–4,17] and their refer-

ences. There are few publications dealing with risk-sensitive criteria in dynamic

games, see [2,9,11]. Our aim in this note is two-fold. We give a detailed descrip-

tion of a static game with risk-sensitive players and observe that the existence

of a Nash equilibrium follows easily from Glicksberg’s extension [6] of Nash’s

theorem [12]. To get some insight into the nature of the concept, we solve some

examples. In this way we can observe some interesting relations between the sta-

tistical payoffs and the variances in both the risk-sensitive and risk-neutral cases.

The players accepting von Neumann’s approach do not care about the variances,

but we wish to know the quantities which they ignore. To avoid any misunderstand-

ing, we emphasize that we do not compare the incomparable utility functions. In

both cases one can talk about the mean payoffs and the variances and may wish

to see some changes in the situation of, for example, risk-neutral players when

they become risk-averse. It seems that some results on the dependence of equilib-

ria (even in matrix games) on the risk-sensitivity factors of the players would be

desirable. Our second and more important aim is to study risk-sensitive equilibria

in a class of two-stage stochastic games of resource extraction where the players

restrict themselves to pure strategies, which is desirable in such games. However,

choosing pure strategies they determine a probability distribution of a random state

for the second stage of the game. Risk-sensitivity is a natural problem in such

games. We also solve some examples to show the meaning of the risk-sensitive

Nash equilibrium in such models.
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2 Risk-Sensitive Mixed Nash Equilibria in Static Games

Let G denote an n-person game in strategic form where the strategy space Xi of

every player i is compact metric and his/her payoff function pi is continuous on

the product space Y := X1 × X2 × · · · × Xn. By Mi , we denote the set of all

mixed strategies of player i. Put M := M1 ×M2 × · · · ×Mn. Let μ ∈ M and

νi ∈ Mi . Then (μ−i, νi) denotes the strategy profile μ with μi replaced by νi .

For any strategy profile μ = (μ1, μ2, . . . , μn) ∈ M and any bounded continuous

function u : Y �→ R, which can be considered as a random variable, we let Eμ(u)

denote the expected value of u, namely:

Eμ[u] :=
∫

X1

∫

X2

· · ·
∫

Xn

u(x1, x2, . . . , xn)μ1(dx1)μ2(dx2) · · ·μn(dxn).

Clearly, the risk-neutral von Neumann–Morgenstern utility (or payoff) of player i

is pi(μ) := Eμ(pi). Assuming that all the players are maximizers we recall that

a strategy profile μ∗ = (μ∗1, μ∗2, . . . , μ∗n) is a Nash equilibrium for the gameG if

and only if

pi(μ
∗) ≥ pi(μ∗−i, νi)

for every player i and νi ∈ Mi . If λi is the risk sensitivity factor of i, then his/her

utility is of the form

ui(μ) := (1/λi) log(Eμ[exp(λipi)]) (4)

where μ = (μ1, μ2, . . . , μn) ∈ M. As already mentioned, the factors λi < 0 for

risk-sensitive maximizing players. The Nash equilibrium concept can be applied

to this new game, denoted in the sequel by G∗. Since every λi is negative, it is

easy to see that a strategy profile μ∗ = (μ∗1, μ∗2, . . . , μ∗n) is a risk-sensitive Nash

equilibrium (RSNE) if and only if

p∗i (μ
∗) := Eμ∗ [exp(λipi))] ≤ p∗i (μ∗−i, νi) := E(μ∗−i ,νi )[exp(λipi))] (5)

for every player i and νi ∈ Mi .

Remark 2.1. At this point we wish to emphasize that any game G in strategic

form can be transformed into the form G∗ with the risk-sensitive utilities (4) and

from (5), we infer that an RSNE is simply a Nash equilibrium in the game with

payoff functions

p∗i (μ) := Eμ[exp(λipi))]

whereμ = (μ1, μ2, . . . , μn) ∈ M and all the players try to minimize their payoffs.

From Glicksberg’s theorem [6], we conclude the following result.
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Theorem 2.1. If the strategy spacesXi are compact metric, the payoff functions

pi : Y �→ R are continuous, and all the players are risk-sensitive, i.e., every

λi < 0, then there exists a risk-sensitive Nash equilibrium.

We close this section by fixing the following notation. The variance of player

i’s payoff with respect to μ ∈ M is denoted by Vi(μ). Clearly,

Vi(μ) = Eμ[p2
i ]− (Eμ[pi])

2.

3 Risk-Sensitive Nash Equilibria in Matrix Games: Examples

We consider two-person games labeled G1, . . . ,G4. The corresponding games

where the players are the minimizers (recall Remark 2.1) are denoted by

G∗1, . . . ,G
∗
4. In all examples below, the risk-neutral Nash equilibria (or saddle

points) are denoted by (μoi , ν
o
j ) (i = 1, . . . , k1, j = 1, . . . , m1) and the risk-

sensitive Nash equilibria are denoted by (μ∗i , ν
∗
j ) (i = 1, . . . , k2, j = 1, . . . , m2).

We restrict attention to extreme equilibrium points.

Remark 3.1. In the following examples some interpretations of RSNE are given

in terms of mean (statistical) payoffs and variances. The RSNE are not NE in the

gamesGi . (Also, it should be noted thatG∗ may not be a zero-sum game whenG

is.) The strategic stability is given in terms of the risk-sensitive utility functions.

However, looking at the means and variances we get some insight into the nature

of the RSNE concept.

Example 3.1. In G1 the payoff matrices for players 1 and 2 are:

A = log 2

[
−1 1

3 −3

]
, B = log 2

[
−1 3

1 −3

]
.

We have the only risk neutral Nash equilibrium (NE for short) (μo1, ν
o
1 ) with μo1 =

νo1 = (0.5, 0.5). The mean (or statistical) payoffs pi(μ
o
1, ν

o
1 ) = 0 for i = 1, 2.

The variance is the same for both players. Namely Vi(μ
o
1, ν

o
1 ) = 5 log2 2. Assume

that the risk factor λi = −1 for each player. Then the payoff matrices in the game

G∗1 are:

A∗ =
[

2 0.5

0.125 8

]
, B∗ =

[
2 0.125

0.5 8

]
.

In the only RSNE (μ∗1, ν
∗
1 ), we have μ∗1 = ν∗1 = (0.8, 0.2). The mean payoffs

pi(μ
∗
1, ν

∗
1 ) = −0.12 log 2 < pi(μ

o
1, ν

o
1 ) = 0 for i = 1, 2, but the variance is lower

than before. Namely,Vi(μ
∗
1, ν

∗
1 ) = 2.5856 log2 2.Using (μ∗1, ν

∗
1 ), the players have

little lower statistical payoffs but the risk significantly goes down for both players.
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Example 3.2. The situation is somewhat different in the following game G2.

The payoff matrices are:

A = log 2

[
−1 1

3 −3

]
, B = log 2

[
3 −1

−3 1

]
.

The only NE (μo1, ν
o
1 ) isμo1 = νo1 = (0.5, 0.5), the mean payoffs are pi(μ

o
1, ν

o
1 ) =

0, and Vi(μ
o
1, ν

o
1 ) = 5 log2 2, for i = 1, 2. Let λi = −1 for each player. The

payoff matrices in the game G∗1 are:

A∗ =
[

2 0.5

0.125 8

]
, B∗ =

[
0.125 2

8 0.5

]
.

The RSNE (μ∗1, ν
∗
1 ) is as in Example 3.1. For the mean payoffs, we have

p1(μ
∗
1, ν

∗
1 ) = −0.12 log 2 < p1(μ

o
1, ν

o
1 ) = 0,

p2(μ
∗
1, ν

∗
1 ) = 1.32 log 2 > p2(μ

o
1, ν

o
1 ) = 0.

Next, we have V1(μ
∗
1, ν

∗
1 ) = 2.5856 log2 2 as before, but V2(μ

∗
1, ν

∗
1 ) = 5.6576 >

V2(μ
o
1, ν

o
1 ). This inequality is consistent with risk-sensitivity of player 2. He/she

accepts higher risk (variance) for higher mean payoff. The situation of player 1 is

as before.

Example 3.3. Consider a zero-sum gameG3 where the payoff matrix for player

1 is:

A = log 2

⎡
⎢⎢⎣

16 −8 9 −3

−20 4 9 −3

25 1 18 −6

−11 13 −18 6

⎤
⎥⎥⎦ .

The payoff matrix of player 2 is−A. The extreme NE are: (μoi , ν
o
1 ), i = 1, . . . , 5,

where:

νo1 = (0, 0, 0.25, 0.75), μo1 =
1

144
(0, 28, 51, 65), μo2 =

1

12
(7, 1, 0, 4),

μo3 =
1

36
(17, 7, 0, 12), μo4 =

1

48
(28, 0, 3, 17), μo5 = (0, 0, 0.5, 0.5).

The value of this game is zero. Hence, p1(μ
o
i , ν

o
1 ) = p2(μ

o
i , ν

o
1 ) = 0 for i =

1, . . . , 5. Assume that λi = −0.1 for i = 1, 2. (Note that in the gameG3 with pay-

off matricesA and−A both players are maximizers.) The corresponding nonzero-
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sum game G∗3 has the payoff matrices:

A∗ =

⎡
⎢⎢⎢⎣

0.3299 1.7411 0.5359 1.2311

4 0.7579 0.5359 1.2311

0.1768 0.933 0.2872 1.5157

2.1435 0.4061 3.4822 0.6598

⎤
⎥⎥⎥⎦ ,

B∗ =

⎡
⎢⎢⎢⎣

3.0314 0.5743 1.8661 0.8123

0.25 1.3195 1.8661 0.8123

5.6569 1.0718 3.4822 0.6598

0.4665 2.4623 0.2872 1.5157

⎤
⎥⎥⎥⎦ .

There are 2 extreme RSNE (μ∗1, ν
∗
1 ) and (μ∗2, ν

∗
1 ) with

μ∗1 = (0.5383, 0, 0, 0.4617), μ∗2 = (0.283, 0.2553, 0, 0.4617),

ν∗1 = (0, 0, 0.1624, 0.8376).

The mean payoffs are the same, that is, p1(μ
∗
i , ν

∗
1 ) = 0.4048 log 2 for i = 1, 2.

(Such a situation happens in many examples.) Also V1(μ
∗
i , ν

∗
1 ) = 49.1905 log2 2

for i = 1, 2. This common variance is smaller than the variance of any risk-

neutral equilibrium (μoi , ν
o
1 ), i = 1, . . . , 5. Namely, we have: V1(μ

o
1, ν

o
1 ) =

92.25 log2 2, V1(μ
o
2, ν

o
1 ) = V1(μ

o
3, ν

o
1 ) = 54 log2 2, V1(μ

o
4, ν

o
1 ) = 60.75 log2 2,

and V1(μ
o
5, ν

o
1 ) = 108 log2 2. The variances for player 2 are same. The mean pay-

off of player 1 corresponding to RSNE is very close to zero but negative. It seems

that player 1 statistically loses compared with his risk-neutral counterpart but the

variance is much lower than in the situation where any of the risk-neutral equilib-

rium is played.

The situation when G is zero-sum may be more complex than above.

Example 3.4. Let the payoff matrix for player 1 in the game G4 be:

A = log 2

⎡
⎢⎢⎢⎢⎢⎣

1 2 3 −2 −1

−1 −1 −3 0 1

3 0 1 −2 −3

−3 −1 −1 0 3

−1 −2 −3 2 1

⎤
⎥⎥⎥⎥⎥⎦
.

Clearly, −A is the payoff matrix for player 2. The value of this game is zero and

there are four extreme NE: (μo1, ν
o
j ), j = 1, . . . , 4,where μ1 = (0.5, 0, 0, 0, 0.5)

and ν1 = (0.5, 0, 0, 0, 0.5), ν2 = (0, 0.5, 0, 0.5, 0), ν3 = (0, 0, 0.4, 0.6, 0), ν4 =
(2/7, 2/7, 0, 3/7, 0). The variances are: V1(μ

o
1, ν

o
1 ) = log2 2, V1(μ

o
1, ν

o
2 ) =

4 log2 2, V1(μ
o
1, ν

o
3 ) = 6 log2 2, V1(μ

o
1, ν

o
4 ) = (22/7) log2 2. Now assume that
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λ1 = λ2 = −1. The corresponding nonzero-sum game G∗4 is:

A∗ =

⎡
⎢⎢⎢⎢⎢⎣

0.5 0.25 0.125 4 2

2 2 8 1 0.5

0.125 1 0.5 4 8

8 2 2 1 0.125

2 4 8 0.25 0.5

⎤
⎥⎥⎥⎥⎥⎦
,

B∗ =

⎡
⎢⎢⎢⎢⎢⎣

2 4 8 0.25 0.5

0.5 0.5 0.125 1 2

8 1 2 0.25 0.125

0.125 0.5 0.5 1 8

0.5 0.25 0.125 4 2

⎤
⎥⎥⎥⎥⎥⎦
.

This game has 2 extreme equilibria: (μ∗1, ν
∗
1 ) = (μo1, νo1 ), (μ∗2, ν∗2 ) with ν∗2 = νo1

and μ∗2 = (1/24)(12, 7, 0, 0, 5), which make the mean payoffs zero and have the

variance log2 2. Therefore they are indifferent. Moreover, there are 2 additional

RSNE (μ∗i , ν
∗
i ), i = 3, 4, where:

μ∗3 =
1

129
(14, 111, 4, 0, 0), ν∗3 =

1

55
(24, 12, 0, 19, 0),

μ∗4 =
1

15381
(4278, 6363, 1092, 0, 3648),

ν∗4 =
1

12427
(6596, 1530, 0, 4080, 221).

We have

p1(μ
∗
3, ν

∗
3 ) = −0.5243 log 2, V1(μ

∗
3, ν

∗
3 ) = 0.745 log2 2,

p1(μ
∗
4, ν

∗
4 ) = −0.1963 log 2, V1(μ

∗
4, ν

∗
4 ) = 1.8963 log2 2.

The variances for player 2 are same. It is difficult to define a relation between these

equilibria. In some sense (μ∗3, ν
∗
3 ) may be regarded as the best. If we define the

variability coefficient ci as:

ci :=
√
V1(μ

∗
i , ν

∗
i )

|pi(μ∗i , ν∗i )|
,

then c3 = 1.646259, while c4 = 7.01509.

We close this section with a remark concerning utilities of the form wi(μ, ν) =
E(μ,ν)(pi)− Vi(μ, ν) for player i where μ ∈ M1 and ν ∈ M2. Such utilities also
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represent the risk-aversion of the players and are inspired by optimization tech-

niques in, for example, portfolio analysis or minimum variance control problems.

The next example shows that an equilibrium need not exist even in a simple matrix

game case.

Example 3.5. Consider the matrix:

A =
[

1 −1

−3 3

]
.

This matrix represents the values of the function p1. Assume that p2 = −p1. Let

μ = (a, 1− a), ν = (b, 1− b), where a ∈ [0, 1], b ∈ [0, 1]. Then

w1(μ, ν) = (4a − 3)(2b − 1)+ 8a − 9+ (4a − 3)2(2b − 1)2

and

w2(μ, ν) = −(4a − 3)(2b − 1)+ 8a − 9+ (4a − 3)2(2b − 1)2.

It is easy to see that this game has no Nash equilibrium point.

4 Risk-Sensitive Nash Equilibria in Games of Resource Extraction

In this section we restrict attention to pure strategies for the players in a simple two-

stage stochastic game where randomness is connected with a transition probability

function.

An n-person nonzero-sum game of resource extraction is defined by the objects:

(i) S = [0, 1] is the state space or the set of all levels of some resource.

(ii) Ai(s) = [0, ai(s)] is the set of actions available to player i in state s.

We assume that ai : S �→ S is an increasing continuous function such that

ai(0) = 0. The quantity ai(s) is the consumption capacity of player i in state

s ∈ S. For each s ∈ S, let

A(s) = A1(s)× A2(s)× · · · × An(s).

Define

D := {(s, x) : s ∈ S, x ∈ A(s)}.

Let Fi denote the set of all Borel measurable functions fi : S �→ S such that

fi(s) ∈ Ai(s) for all s ∈ S.

(iii) ui : S �→ [0,∞) is a bounded continuous utility or payoff function for player

i such that ui(0) = 0.
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(iv) q is a transition probability from D to S, called the law of motion among

states. If s is a state at the first stage of the game and the players select an

x = (x1, x2, . . . , xn) ∈ A(s), then q(·|s, x) is the probability distribution of

the second state and player i’s utility is ui(xi) (depends on his consumption

only).

Our further assumptions are:

C1: For every s ∈ S,
∑n
i=1 ai(s) ≤ s.

C2: ui is a concave twice differentiable and increasing function.

C3: The transition probability is such that q({0}|0, 0, . . . , 0) = 1, and for s > 0

is of the form

q(·|s, x) = (1− g(s(x)))δ0(·)+ g(s(x))η(·),

where:

(a) η is a probability measure on (0, 1] and δ0 is the Dirac delta at the state s = 0,

(b) g(0) = 0 and g : S �→ [0, 1] is a twice differentiable and increasing function,

(c) For each x = (x1, x2, . . . , xn) ∈ X(s),

s(x) := s −
n∑

i=1

xi

and is called the joint investment of the players for the second period when

the game starts in state s.

Clearly, condition C3 says that if the game starts in s ∈ S and the players select

an x ∈ X(s), then the distribution q(·|s, x) over the next stock depends only on

s(x). C1 is a feasibility assumption.

Remark 4.1. (a) Under C3, we have

1− g(s(x)) = q({0}|s, x),

that is, 1− g(s(x)) is the probability that under the joint investment s(x) the next

state will be zero.

(b) A typical example of the functions g is:

g(s(x)) = c(1− e−αs(x)),

where α > 0 and c > 0. One can also consider g of the form g(s(x)) =
s(x)/(α + s(x)) or g(s(x)) = β(s(x))c with α > 0, β > 0 and c > 0.

Fix an initial state s > 0. Let πi = (xi, fi), xi ∈ Ai(s), fi ∈ Fi . Put π =
(π1, π2, . . . , πn). In the risk-neutral case the expected utility of player i is:

pi(π) = ui(xi)+
∫

S

ui(fi(y))q(dy|s, x),
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where x = (x1, x2, . . . , xn). Since ui(0) = 0, from C3, it follows that

pi(π) = ui(xi)+ g(s(x))
1∫

0

ui(fi(y))η(dy).

Since ui is increasing for every i, it is easily seen that in every Nash equilibrium

πo = (πo1 , π
o
2 , . . . , π

o
n ) = ((xo1 , f

o
1 ), (x

o
2 , f

o
2 ), . . . , (x

o
n, f

o
n )), we must have

f oi (y) = ai(y) for every i and y ∈ S, that is, at the second stage every player

consumes as much as possible. Therefore, to find a Nash equilibrium in the risk-

neutral case, we put f o(y) = ai(y) for each i and y and consider the game on

A(s) with the utility wi for player i defined as:

wi(x) = ui(xi)+ g(s(x))
1∫

0

ui(ai(y))η(dy),

where x = (x1, x2, . . . , xn) ∈ A(s). We denote this game by G. When all the

players are risk-averse then we fix some negative risk factors λi and consider the

utility functions of the form:

p∗i (π) := 1

λi
log

∫

S

exp[λi(ui(xi)+ ui(fi(y)))]q(dy|s, x)

where x = (x1, x2, . . . , xn) ∈ A(s) and π = ((x1, f1), (x2, f2), . . . , (xn, fn)).

Since ui(0) = 0, under our assumptions on q, we get

p∗i (π) : = 1

λi
log

[
exp[λiui(xi)]

∫

S

exp[λiui(fi(y))]

]
q(dy|s, x)

= 1

λi
log

[
exp[λiui(xi)] (1− g(s(x))Ji(fi))

]
.

where

Ji(fi) = 1−
∫

S

exp[λiui(fi(y))]η(dy).

It can also be easily seen that in any Nash equilibrium (if it exists)

π∗ = ((x∗1 , f ∗1 ), (x∗2 , f ∗2 ), . . . , (x∗n, f ∗n )),

we have f ∗i (y) = ai(y) for every i and y ∈ S. Define J ∗i := Ji(f ∗i ) = Ji(ai) and

w∗i (x) := exp[λiui(xi)](1− g(s(x))J ∗i ) (6)
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where x = (x1, x2, . . . , xn) ∈ A(s). Since all factors λi are negative a risk-

sensitive Nash equilibrium (RSNE) exists if and only if the noncooperative game

with payoff functions (6) has a Nash equilibrium x∗ assuming that all players in

this auxiliary game are minimizers.

Observe that 0 < J ∗i < 1 for every i. Assume that g is exponential, that is,

g(s(x)) = 1− exp[−αs(x)], α > 0. From (6), it follows that

w∗i (x) := exp[λiui(xi)](1− J ∗i )+ J ∗i exp[λiui(xi)− αs(x)].

Then w∗i is convex with respect to xi and continuous on A(s), s > 0. Since

the players are minimizers in the game G∗ with the payoff functions w∗i , we

conclude from Nash’s theorem [12] that G∗ has an equilibrium point, say x∗ =
(x∗1 , x

∗
2 , . . . , x

∗
n) ∈ A(s). From the above discussion, we infer now that π∗ =

((x∗1 , f
∗
1 ), (x

∗
2 , f

∗
2 ), . . . , (x

∗
n, f

∗
n )) with f ∗i (y) = ai(y) for every i and y ∈ S, is

a RSNE. We have proved the following result:

Theorem 4.1. Every two-stage stochastic game of resource extraction satisfying

conditions C1-C3 with the exponential function g has a RSNE point.

In general the functions w∗i do not satisfy the assumptions of Nash’s theorem

(w∗i need not be convex in xi), but since ui and g are functions of one variable using

(6), one can give some necessary and sufficient conditions for the existence of a

RSNE in terms of the derivatives of ui and g. Actually, we use such an approach

to solve two examples illustrating the theorem given below.

We now formulate two conditions concerning the functions ui and g:

λiu
′
i(x

∗
i )[1− J ∗i g(s(x∗))]+ g′(s(x∗))J ∗i = 0 (7)

and

2λiJ
∗
i g
′(s(x∗))u′i(x

∗
i )− J ∗i g′′(s(x∗))

+ λi[1− J ∗i g(s(x∗))](u′′i (x∗i )+ λi[u′i(x∗i )]2) > 0,
(8)

where s(x∗) = s − x∗1 − . . .− x∗n, i = 1, 2, . . . , n.

Theorem 4.2. Consider a two-stage stochastic game of resource extraction sat-

isfying conditions C1–C3. Let s > 0 be fixed initial state and

π∗ = (x∗, f ∗) := ((x∗1 , f ∗1 ), (x∗2 , f ∗2 ), . . . , (x∗n, f ∗n )).

If π∗ = (x∗, f ∗) is a RSNE with x∗ ∈ IntA(s), then x∗ is a solution to the

system of equations (7). If x∗ ∈ IntA(s) satisfies both (7) and (8), then π∗ is a

RSNE.

The proof of this theorem follows from the above transformation of the problem

to solving for Nash equilibria in the game G∗ and the form (6) of the payoff

functions in this auxiliary game. First two examples in the next section are solved

using the necessary condition (7).
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5 Games of Resource Extraction: Examples

We shall solve some two-person symmetric games in which Ai(s) = [0, s/2],

ui(a) = 4a − 4a2 =: u(a) for s ∈ S, a ∈ Ai(s). We assume that the transition

probability q is of the form

q(·|s, x1, x2) = (s − x1 − x2)η(·)+ (x1 + x2 + 1− s)δ0(·),

where x = (x1, x2) ∈ A1(s) × A2(s). To find an equilibrium in both the risk-

neutral and risk-sensitive cases we can assume that on the second stage the players

implement a symmetric strategy ϕ∗(y) = f ∗i (y) = y/2, y ∈ S, i = 1, 2. Then

u∗(y) := u(y/2) = 2y − y2, y ∈ S,

is the random payoff for each player at the second stage. This payoff and the

probability measure η will determine the utility in both the risk-neutral and risk-

sensitive cases. Assuming that at the second stage the players have to use ϕ∗

at any equilibrium, we conclude that in the risk-neutral case it is sufficient to

solve for pure Nash equilibria in the game G with the utility of player i of the

form:

wi(x1, x2) := 4xi − 4x2
i + (s − x1 − x2)

1∫

0

(2y − y2)η(dy), (9)

where x1, x2 ∈ [0, s/2], s > 0. The value wi(x1, x2) will be called the mean or

statistical payoff of player i with the interpretation in mind based on the law of

large numbers. We also need the variance of a strategy pair (x1, x2). Note that

Vi(x1, x2) : = Vi[(x1, ϕ
∗), (x2, ϕ

∗)]

= (s − x1 − x2)
2

⎡
⎢⎣

1∫

0

(2y − y2)2η(dy)−

⎛
⎝

1∫

0

(2y − y2)η(dy)

⎞
⎠

2
⎤
⎥⎦ .

Assume now that the players are risk-sensitive and λi = −1 for i = 1, 2. To find

an equilibrium in the risk-sensitive case we can solve for Nash equilibria in the

game G∗ on [0, s/2]× [0, s/2] with the payoff function for player i as follows:

w∗i (x1, x2) := exp[λi(4xi − 4x2
i )]

1∫

0

exp[λi(2y − y2)]q(dy|s, x1, x2) (10)

= exp[4x2
i − 4xi]

⎡
⎣1− (s − x1 − x2)

⎛
⎝1−

1∫

0

exp[y2 − 2y]η(dy)

⎞
⎠
⎤
⎦
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and under the assumption that the players are minimizers. Denote by (xo1 , x
o
2 )

[(x∗1 , x
∗
2 )] a Nash equilibrium in the game G [G∗]. Since both games G and G∗

are symmetric we shall obtain equilibria in the form (xo, xo) and (x∗, x∗) respec-

tively. For such equilibrium points the mean payoffs and variances are the same

for both players. Therefore, we accept the following notation:

po := pi(xo, xo), p∗ := pi(x∗, x∗) and V o := Vi(xo, xo),
V ∗ := Vi(x∗, x∗).

Now we are ready to present some results of our calculations. We assume below

that the initial state s = 1.

Example 5.1. Assume that λi = −1, for i = 1, 2, and η has the density function

ρ(y) := 2y, y ∈ (0, 1]. Then

1∫

0

u∗(y)η(dy) =
1∫

0

(2y − y2)2ydy = 5/6 (11)

1∫

0

exp[λiu
∗(y)]η(dy) =

1∫

0

2y exp(y2 − 2y)dy ≈ 0.444038454. (12)

Using (9), (10), (11) and (12), we obtain the risk-neutral symmetric Nash equi-

librium (NE in short) (xo, xo) where xo = 19/48 ≈ 0.3958333 and the risk-

sensitive symmetric Nash equilibrium (RSNE) (x∗, x∗) with x∗ ≈ 0.424099072.

The corresponding mean payoffs and variances are po ≈ 1.130208333, V o ≈
1.687885802 · 10−3 and p∗ ≈ 1.103457741, V ∗ ≈ 0.896147685 · 10−3. We

see that in the risk-sensitive case the variance is smaller and the mean pay-

offs are a little lower. This situation is consistent with common sense of risk-

sensitivity.

Example 5.2. We now change the measure η by assuming that this is the uniform

distribution on (0, 1]. Then

1∫

0

u∗(y)η(dy) =
1∫

0

(2y − y2)dy = 2/3,

1∫

0

exp[λiu
∗(y)]η(dy) =

1∫

0

exp[y2 − 2y]dy ≈ 0.538079507.

By the same method as above, we obtain the symmetric NE point with xo = 5/12,

po ≈ 1.08333, and V o = 1/405 ≈ 2.4691358 · 10−3. Next we get the symmetric
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RSNE with x∗ ≈ 0.438799714, p∗ ≈ 1.06661848, and V ∗ ≈ 1.3317244 · 10−3.

The uniform distribution on (0, 1] has bigger variance than η with the density

ρ(y) = 2y, y ∈ S. This explains why the players using symmetric risk-sensitive

equilibrium point consume more in the first stage of the game in this example

compared with the previous one. In both examples the players consume more in the

first stage in the risk-sensitive cases compared with their risk-neutral counterparts.

Such behavior is not surprising because of the chance move before the second

consumption.

It is interesting to note that in Examples 5.1 and 5.2 there is also a RSNE with

no risk. The players consume everything in the first stage (x∗ = 1/2). However,

the mean payoffs associated with this equilibrium are low, i.e., p∗ = 1.

Example 5.3. We now assume that player 1 is risk-averse (λ1 = −1) while

player 2 is risk-neutral. Then (x∗1 , x
∗
2 ) is an equilibrium in the reduced one-stage

game (we assume that on the second stage both players apply ϕ∗), if and only if

w∗1(x
∗
1 , x

∗
2 ) ≤ w∗1(x1, x

∗
2 ) and w2(x

∗
1 , x

∗
2 ) ≥ w2(x

∗
1 , x2),

for every x1, x2 ∈ [0, 1/2]. Assume as in Example 5.1 that η has the density

ρ(y) = 2y, y ∈ (0, 1]. Then we obtain x∗2 = 19/48 and x∗1 = 0.422707156 (x∗2 =
xo2 , x∗1 > x

o = 19/48 from Example 5.1). Next p1(x
∗
1 , x

∗
2 ) ≈ 1.127319524 <

p1(x
o
1 , x

o
2 ) = po (see Example 5.1) but the variance also decreases, that is,

V1(x
∗
1 , x

∗
2 ) ≈ 1.28051598 · 10−3 < V o. For player 2 we have V2(x

∗
1 , x

∗
2 ) =

V1(x
∗
1 , x

∗
2 ) and p2(x

∗
1 , x

∗
2 ) ≈ 1.107813491 < p2(x

o
1 , x

o
2 ) = po.

Remark 5.1. The result on risk-sensitive Nash equilibria in stochastic games

of resource extraction can be extended to n-stage games by the backward induc-

tion method (as in the risk-neutral case [15]) when the function g is exponential.

Research on an infinite horizon discounted risk-sensitive games of this type is in

progress [14]. A broad discussion (with some additional references) of risk-neutral

equilibria in discounted stochastic games of capital accumulation/resource extrac-

tion can be found in [1,13,15].
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Abstract
We present a generalization of Amir’s continuous model of nonsymmetric

infinite-horizon discounted stochastic game of capital accumulation. We show

that the game has a pure-strategy equilibrium in strategies that are nondecreas-

ing and have Lipschitz property. To prove that, we use a technique based on

an approximation of continuous model by the analogous discrete one.

1 Introduction

We present a fully continuous model of stochastic game of capital accumulation.

This kind of economic game, also known as resource extraction game, introduced

by Levhari and Mirman [5] was extensively studied in literature in recent years.

The outline of results includes stationary-equilibrium-existence theorems for a

deterministic version of this game in Sundaram [10] and two variants of stochastic

game with symmetric players proposed by Majumdar and Sundaram [6] and Dutta

and Sundaram [4].

The actual progenitor of this paper is however the one by Amir [1]. He extended

the works of Dutta, Majumdar and Sundaram to the nonsymmetric case. This gen-

eralization was achieved at the expense of some additional structural assumptions

(continuity and convexity of law of motion between states, bounded spaces of play-

ers’ actions). However, this enabled the author to show some important features of

stationary equilibrium strategies, such as continuity, monotonicity and Lipschitz

property.

Recently some extensions of Amir’s model were presented in papers of Nowak

[7] and Nowak and Szajowski [9]. In their models, some of the assumptions of

Amir such as bounds on players’ action spaces were relaxed. Instead of them,

some special structure of law of motion was assumed (transition probability func-

tion being a combination of finitely many stochastic kernels depending on the

state variable only). All of these papers treated the games with continuum of
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states. (A review of other results for games with continuum of states can be found

in [8].)

In our previous paper [11], we presented a model of a stochastic game of capital

accumulation similar to that of Amir’s, but with countable state space. Under

assumptions similar to his, we have shown that optimal strategies for a discrete

model are nondecreasing and have Lipschitz property with respect to their expected

value. Moreover, in every state they are concentrated in at most two neighboring

points of the players’ action spaces. As will be shortly seen, the result obtained

there will be essential for our further considerations.

In this paper we slightly generalize Amir’s result on the continuous model,

removing “strict” from the assumptions on the model required in his paper. In the

proof we use a non-standard method of approximation of the continuous model

by the discrete one, together with adapting the result found in our previous paper

[11]. This way of solving the continuous model is certainly not easier than the

standard approach, which did not need an intermediate step in form of the dis-

crete game-model. In exchange, it does not require from a reader the knowledge

of such an advanced solution technique. Finally, the method used here gives a link

between real-life discrete economies and continuous models widely used in eco-

nomic literature, showing that at least in this model of capital-accumulation-game,

the existence of equilibrium and general features of optimal strategies for the two

models coincide.

The organization of this paper is as follows. In section 2 we present the assump-

tions of the model along with the main theorem, in section 3 we recall the result

from [11] in a version, which will be used in the proof of the main theorem, while

section 4 contains some lemmata used there. Finally, in section 5 we present the

proof itself.

2 The Model and the Main Result

The model presented in this section is a continuous counterpart of the discrete one

discussed in our previous paper [11]. It is also a slight generalization of the model

of Amir [1]. We shall show, that our earlier results obtained for the discrete model

can be directly used to prove the existence of a pure stationary Nash equilibrium

in its continuous version.

The situation we consider is the following: Two players jointly own a produc-

tive asset characterized by some stochastic input–output technology. At each of

infinitely many periods of the game, they decide independently and simultane-

ously, what part of the available stock should be utilized for consumption and

what part for investment. The objective of each player is to maximize discounted

sum of utilities from his own consumption over an infinite horizon. The play-

ers have different utility functions, discount factors and one-period consumption

capacities. The model, given in the form of a nonzero-sum two-person stochastic
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game (in the sequel denoted by G), is described with the help of four items as

follows:

1. The state space for the game is the interval [0,∞).
2. The sets of actions available to players 1 and 2 in state x ∈ [0,∞) are intervals

[0,K1(x)] and [0,K2(x)] respectively, where Ki(x) is player i’s one-period

consumption capacity, as a function of available stock x.

3. Player i’s payoff is given by

E

∞∑

t=0

β tiui(c
i
t ),

where cit is his action in period t , ui his utility function and βi ∈ [0, 1) his

discount factor. The expectation here is taken over the induced probability

measure on all histories.

4. The transition law is described by

xt+1 ∼ q
(
·|xt − c1

t − c2
t

)
.

A general strategy for player 1 in gameG is a sequence π = (π1, π2, . . . ), where

πn is a conditional probability πn(·|hn) on the set A1 =
⋃
x∈[0,∞)[0,K1(x)] of

his possible actions, depending on all the histories of the game up to its n-th stage

hn = (x1, c
1
1, c

2
1, . . . , xn−1, c

1
n−1, c

2
n−1, xn), such that πn([0,K1(xn)]|hn) = 1.

The class of all strategies for player 1 is denoted by �1.

Let F 1 be the set of all transition probabilities f : [0,∞) → P(A1) such

that f (x)(·) ∈ P([0,K1(x)]) for each x ∈ [0,∞). (Here and in the sequel P(S)

denotes the set of all probability measures on S.) Then a strategy of the form π =
(f, f, . . . ), where f ∈ F 1 will be called stationary and identified with f . We will

interpret f as a strategy for player 1 that prescribes him to take, at any moment t ,

action c1
t being a realization off (x), provided x is a state at that moment. Similarly,

we define the set �2 (F 2) of all strategies (stationary strategies) for player 2. A

strategy π = (π1, π2, . . . ) is called pure if each conditional probability πn(·|hn)
is concentrated at exactly one point. So, in any pure strategy π = (π1, π2, . . . )

for player i, each πn is in fact a function that transforms any history of form

hn = (x1, c
1
1, c

2
1, . . . , xn) to the set [0,Ki(xn)].

LetH = [0,∞)×A1×A2× [0,∞)× · · · be the space of all infinite histories

of the game. For every initial state x0 = x ∈ [0,∞) and all strategies π ∈ �1

and γ ∈ �2 we define (with the help of Ionescu-Tulcea’s theorem) the unique

probability measureP
πγ
x defined on subsets ofH consisting of histories starting at

x. Then, for each initial state x ∈ [0,∞), any strategies π ∈ �1 and γ ∈ �2 and

the discount factor βi ∈ (0, 1) the expected discounted reward for the player i is

J i(x, π, γ ) = Eπγx

[ ∞∑

t=0

β tui(c
i
t )

]
.



114 P. Wi
↪
ecek

A pair of (stationary) strategies (f 1, f 2) is called the (stationary) Nash equilibrium

for the discounted stochastic game, iff for every π ∈ �1, γ ∈ �2 and x ∈ [0,∞)
we have:

J 1(x, f 1, f 2) ≥ J 1(x, π, f 2) and J 2(x, f 1, f 2) ≥ J 2(x, f 1, γ ).

The functions V 1
f 2 and V 2

f 1 are called the players’ value functions for optimally

responding to f2 and f1 respectively (sometimes we will call them simply “value

functions corresponding to (f1, f2)”.)

The assumptions we require about the model are slightly weaker in comparison

with the ones given in Amir’s paper [1]. Namely, we assume that utility functions

ui , transition probability q and consumption-capacity functions Ki satisfy the

following:

(B1) ui : [0,∞)→ [0,∞) is a nondecreasing concave function.

(B2) q is a transition probability from [0,∞) to itself. Let F(·|y) denote the

cumulative distribution function associated with q(·|y) (i.e. for x ≥ 0

F(x|y) = q([0, x]|y)). We assume that:

(a) For each x ≥ 0, F(x|·) is a nonincreasing function (F is first-order

stochastically increasing in y.)

(b) For each x ≥ 0, F(x|·) is a continuous convex function on [0,∞).
(c) F(0|0) = 1.

(B3) For i = 1, 2, the functionKi(·) is nondecreasing, uniformly bounded above

by some constant Ci ∈ [0,∞), and satisfies Ki(0) = 0,

Ki(x1)−Ki(x2)

x1 − x2
≤ 1, ∀x1, x2 ∈ [0,∞), x1 	= x2

and K1(x)+K2(x) ≤ x for all x ≥ 0.

Before the formulation of the main result, we need to define the effective pure

strategy and value-function spaces.

LCMi =
{
f : [0,∞)→ [0, Ci] : f (x) ≤ Ki(x) for all x ≥ 0 and

0 ≤ f (x1)− f (x2)

x1 − x2
≤ 1 for all distinct x1, x2 ∈ [0,∞)

}
.

CMi =
{
v : [0,∞)→ [0,∞) such that v ≤ ui(Ci)

1− βi
,

v is continuous on (0,∞) and nondecreasing on [0,∞)
}
.

Theorem 2.1. The game G has a pure stationary Nash equilibrium which is an

element of LCM1 ×LCM2. Moreover, corresponding value functions (V1, V2) ∈
CM1 × CM2.
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Remark 2.1. Theorem 2.1 expresses the result obtained by Amir [1], but under

weaker assumptions. He needed to assume additionally strict concavity of the

functions ui in (B1) and strict monotonicity of the functions ui , F(·|y) and Ki in

(B1)–(B3). It has not been necessary as our result shows.

3 Discrete Counterparts of Game G

Our considerations of the gameG are fundamentally related to a sequence {G0
n, n =

1, 2, . . . } of discrete counterparts of G defined in the following way:

• The state space for the game G0
n is the set

Sn =
{

0,
1

2n
,

2

2n
, . . .

}
.

• The action space for player i, i = 1, 2 in state x ∈ Sn is the set

Ain(x) =
{

0,
1

2n
, . . . , Kin

}
,

where one-period consumption capacities Kin are defined by the formula:

Kin(x) =
⌊2nKi(x)⌋

2n
.

• The utility function for player i, u0
in is defined as follows: u0

in(x) =
ui(⌊2nx⌋/2n) for all x ∈ Sn.

• The law of motion between states is the same as in G, but with differ-

ent cumulative distribution function, described by the formula: F 0
n (x|y) =

F(⌊2nx⌋/2n|⌊2ny⌋/2n) for all x ∈ [0,∞), y ∈ Sn.
The result about gamesG0

n that we shall apply in our proof of theorem 2.1, will

make use of the following definitions. The effective strategy space for player i is

the space of strategies whose support in every state is concentrated in two adjoining

points of his action space, satisfying Lipschitz property and nondecreasing in their

expected value:

LTMin =
{
f : Sn→ P

({
0,

1

2n
, . . . , Cin

})
: for all x ∈ Sn

f (x) = αxδ[ax]+ (1− αx)δ
[
ax +

1

2n

]
for some 0 ≤ αx ≤ 1

and ax ∈ Sn, 0 ≤ ax < Kin(x),

and 0 ≤ E(f̃ (x1))− E(f̃ (x2))

x1 − x2
≤ 1 for all distinct x1, x2 ∈ Sn

}
,
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where Cin = ⌊2nCi⌋/22, δ[a] denotes the probability measure with total mass

concentrated in point a, while for x ∈ N and for all f , f̃ (x) means a random

variable with distribution described by f (x).

The corresponding space of value functions in the game G0
n for player i using

strategies in LTMin will be:

Min =
{
v : Sn→ [0,∞) such that 0 ≤ v ≤ ui(Cin)

1− βi

and v is nondecreasing

}
.

One can easily see that the model of each game G0
n coincides with the game G

studied in [11] and that they satisfy the same assumptions, regarding the inessential

difference that the state space in G0
n is Sn instead of {0, 1, 2, . . . } considered

for G in [11] (and consequently players’ action spaces are rescaled in the same

way). Therefore, we may rewrite Theorem 2.1 from that paper in the following

form.

Theorem 3.1. For every n the game G0
n has a stationary equilibrium which is

an element ofLTM1n×LTM2n. Furthermore, the corresponding value functions

(V 0
1 , V

0
2 ) ∈ M1n ×M2n.

4 Helpful Lemmata

The proof of Theorem 2.1 will be based on approximation of the gameG by games

Gn that can be solved with the help of the equilibrium–existence theorem for the

discrete model presented in the previous section. It will be convenient to proceed

to it through four lemmata. We start, however with the following definition of the

auxiliary games Gn, n = 1, 2, . . . :

• The state and action spaces in the game Gn are the same as in G.

• The utility function uni for player i is defined by the formula: uni (x) =
ui(⌊2nx⌋/2n) for all x ∈ [0,∞).

• The law of motion between states is the same as in G, but with different

cumulative distribution function: Fn(x|y) = F(⌊2nx⌋/2n|⌊2ny⌋/2n) for all

x, y ∈ [0,∞).
Lemma 4.1. For eachn ∈ N the gameGn has a stationary equilibrium (f1n, f2n)

such that for i = 1, 2 and x ≥ 0, fin is totally concentrated in at most two

adjoining points of the set [0,Ki(x)] ∩ Sn and satisfies the inequality

0 ≤ Ef̃in
(
x + 1

2n

)
− Ef̃in(x) ≤

1

2n
(1)

for x ≥ 0. The corresponding value functions (V1n, V2n) for (f1n, f2n) are con-

tinuous from the right, uniformly bounded (with respect to n) by u1(C1)/(1− β1)

and u2(C2)/(1− β2) respectively, and nondecreasing.
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Proof. Fix n ∈ N. Theorem 3.1 guarantees the existence of a stationary equilib-

rium, say (f 0
1n, f

0
2n) in LTM1n × LTM2n in game G0

n with corresponding value

functions V 0
1n ∈ M1n, V

0
2n ∈ M2n. It follows from definition of LTMin that for

k ≥ 0:

0 ≤ Ef̃ 0
in

(
k + 1

2n

)
− Ef̃ 0

in

(
k

2n

)
≤ 1

2n
, i = 1, 2.

On the other hand the definition of Min implies that functions V 0
in, i = 1, 2 are

nondecreasing and bounded by ui(Ci)/(1− βi) (notice that Cin ≤ Ci).
Hence, a simple analysis of the definition of game Gn shows that the pair

(f1n, f2n) defined on [0,∞) by

fin(x) = f 0
in

(⌊2nx⌋
2n

)
, i = 1, 2

is a stationary equilibrium in Gn satisfying the hypothesis of the lemma. One can

easily see that the corresponding value functions (V1n, V2n) for (f1n, f2n) are of

the form

Vin(x) = V 0
in

(⌊2nx⌋
2n

)
, i = 1, 2,

and they are uniformly bounded by ui(Ci)/(1− βi) with respect to n, nonde-

creasing and obviously continuous from the right. �

For the rest of the paper let f1n, f2n, V1n and V2n denote any strategies and

value functions satisfying Lemma 4.1. In Lemma 4.3, we give another important

property of value functions V1n, V2n.

Lemma 4.2. If u1 is discontinuous in 0, then for every x > 0, f̃1n(x) 	= 0 with

probability 1 for sufficiently large n.

Proof. Suppose by contradiction, that for some x > 0 and every n f1n(x) =
αn(x)δ[0] + (1 − αn(x))δ

[
1/2n

]
with αn > 0. Then the payoff in game Gn for

player 1 using strategy π0 = (δ[0], f1n, f1n, . . . ) in state x cannot be smaller than

his payoff, when he uses strategy π1n =
(
δ
[
1/2n

]
, f1n, f1n, . . .

)
. In the latter

part of the proof we will show that this is not the case for large enough n.

The payoff for player 1 using strategy π0 against f2n of player 2 is given by the

formula

E

[
u1n(0)+ β1

∫
V1n(x

′) dFn(x
′|x − f̃2n(x))

]
,

while the payoff for player 1 using strategy π1n is given by

E

[
u1n

(
1

2n

)
+ β1

∫
V1n(x

′) dFn

(
x′|x − 1

2n
− f̃2n(x)

)]
.
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Using integration by parts we can deduce as follows:

∣∣∣∣β1E

[∫
V1n(x

′) dFn

(
x′|x − 1

2n
− f̃2n(x)

)
−
∫
V1n(x

′) dFn(x
′|x − f̃2n(x))

]∣∣∣∣

=
∣∣∣∣β1E

[
V1n(0)

(
Fn(0|x − f̃2n(x))− Fn

(
0|x − 1

2n
− f̃2n(x)

))

−
∫ (

Fn

(
x′|x − 1

2n
− f̃2n(x)

)
− Fn(x′|x − f̃2n(x))

)
dV1n

]∣∣∣∣

≤ 2β1E

[
sup

y∈[0,∞)
V1n(y) sup

y∈[0,∞)

∣∣∣∣Fn
(
y|x − 1

2n
− f̃2n(x)

)

− Fn(y|x − f̃2n(x))

∣∣∣∣
]
≤ 2β1u1(C1)

1− β1
sup

y∈[0,∞)
sup

t∈[0,∞)

∣∣∣∣Fn(y|t)

− Fn
(
y|t + 1

2n

) ∣∣∣∣ ≤
2β1u1(C1)

1− β1
sup

y∈[0,∞)
sup

t∈[0,∞)

∣∣∣∣F(y|t)

− F
(
y|t + 2

2n

) ∣∣∣∣.

This is, by convexity of F , no greater than

2β1u1(C1)

1− β1
sup

y∈[0,∞)

∣∣∣∣F(y|0)F
(
y

∣∣∣∣
2

2n

)∣∣∣∣ =
2β1u1(C1)

1− β1

(
1− F

(
0

∣∣∣∣
2

2n

))
,

which converges to zero as n goes to infinity.

On the other hand, by the discontinuity assumption, there exists an ε > 0 such

that u1n(1/2
n)− u1n(0) > ε for all n and thereby for n large enough

E

[(
u1n

(
1

2n

)
+ β1

∫
V1n(x

′) dFn

(
x′|x − 1

2n
− f̃2n(x)

))

−
(
u1n(0)+ β1

∫
V1n(x

′) dFn(x
′|x − f̃2n(x))

)]
>
ε

2
,

which yields a contradiction. �

Lemma 4.3. For i = 1, 2,

sup
x∈(0,∞)

[
Vin

(
x + 1

2n

)
− Vin(x)

]
−→n→∞ 0.
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Proof. Fix x > 0 and let i = 1. V1n satisfies the equation:

V1n(x) = E
[
u1n(f̃1n(x))+ β1

∫
V1n(x

′) dFn(x
′|x − f̃1n(x)− f̃2n(x))

]

and therefore

V1n

(
x + 1

2n

)
− V1n(x) = E

[
u1n

(
f̃1n

(
x + 1

2n

))
− u1n(f̃1n(x))

]

+ β1E

[∫
V1n(x

′) dFn

(
x′|x + 1

2n
− f̃1n

(
x + 1

2n

)
− f̃2n

(
x + 1

2n

))

−
∫
V1n(x

′) dFn(x
′|x − f̃1n(x)− f̃2n(x))

]
.

By Lemma 4.1, for j = 1, 2, fjn

(
x + 1

2n

)
and fjn(x) are probability measures

totally concentrated in at most two points of the set Sn. Hence, because of (1), the

inequality

f̃jn

(
x + 1

2n

)
− f̃jn(x) ≤

2

2n
, j = 1, 2, (2)

holds with probability 1.

Now, by Lemma 4.2 whenever u1 is discontinuous in 0, f̃1n(x) ≥ 1/2n with

probability 1 for large enough n. Thereby in this case, we can conclude that for

such an n∣∣∣∣E
[
u1n

(
f̃1n

(
x + 1

2n

))
− u1n(f̃1n(x))

]∣∣∣∣ ≤ sup

y∈
[

1
2n
,∞
)
[
u1n

(
y + 2

2n

)

− u1n(y)

]
≤ sup
y∈(0,∞)

[
u1

(
y + 3

2n

)
− u1(y)

]
,

by the construction of game Gn. On the other hand, if u1 is continuous in 0, then

similarly
∣∣∣∣E

[
u1n

(
f̃1n

(
x + 1

2n

))
− u1n(f̃1n(x))

]∣∣∣∣

≤ sup
y∈(0,∞)

[
u1n

(
y + 2

2n

)
− u1n(y)

]
≤ sup
y∈(0,∞)

[
u1

(
y + 3

2n

)
− u1(y)

]
.

But, the concavity of u1 implies that

sup
y∈(0,∞)

[
u1

(
y + 3

2n

)
− u1(y)

]
=
[
u1

(
3

2n

)
− u1(0

+)

]
,

which converges to zero as n increases to infinity.
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On the other hand, using integration by parts, we can deduce

∣∣∣∣β1E

[∫
V1n(x

′) dFn

(
x′|x + 1

2n
− f̃1n

(
x + 1

2n

)
− f̃2n

(
x + 1

2n

))

−
∫
V1n(x

′) dFn(x
′|x − f̃1n(x)− f̃2n(x))

]∣∣∣∣ =
∣∣∣∣β1E

[
V1n(0)

(
Fn(0|x − f̃1n(x)− f̃2n(x))− Fn

(
0|x + 1

2n
− f̃1n

(
x + 1

2n

)

− f̃2n

(
x + 1

2n

)))
−
∫ (

Fn

(
x′|x + 1

2n
− f̃1n

(
x + 1

2n

)

−f̃2n

(
x + 1

2n

))
− Fn(x′|x − f̃1n(x)− f̃2n(x))

)
dV1n

]∣∣∣∣

≤ 2β1E

[
sup

y∈[0,∞)
V1n(y) sup

y∈[0,∞)

∣∣∣∣Fn
(
y|x + 1

2n
− f̃1n

(
x + 1

2n

)

−f̃2n

(
x + 1

2n

))
− Fn(y|x − f̃1n(x)− f̃2n(x))

∣∣∣∣
]
.

Using (2) we easily get that

∣∣∣∣
(
x + 1

2n
− f̃1n

(
x + 1

2n

)
− f̃2n

(
x + 1

2n

))
−
(
x − f̃1n(x)− f̃2n(x)

)∣∣∣∣ ≤
5

2n

with probability 1. Hence, with the help of Lemma 4.1,

E

[
sup

y∈[0,∞)
V1n(y) sup

y∈[0,∞)

∣∣∣∣Fn
(
y|x + 1

2n
− f̃1n

(
x + 1

2n

)
− f̃2n

(
x + 1

2n

))

− Fn(y|x − f̃1n(x)− f̃2n(x))

∣∣∣∣
]

≤ u1(C1)

1− β1
sup

y∈[0,∞)
sup

t∈[0,∞)

∣∣∣∣Fn
(
y|t + 5

2n

)
− Fn(y|t)

∣∣∣∣

≤ u1(C1)

1− β1
sup

y∈[0,∞)
sup

t∈[0,∞)

∣∣∣∣F
(
y|t + 6

2n

)
− F(y|t)

∣∣∣∣ ,

which, by convexity of F , is no greater than

u1(C1)

1− β1
sup

y∈[0,∞)

∣∣∣∣F
(
y

∣∣∣∣
6

2n

)
− F(y|0)

∣∣∣∣ =
u1(C1)

1− β1

(
1− F

(
0

∣∣∣∣
6

2n

))
.

But this converges to zero as n increases to infinity, ending the proof. �
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Lemma 4.4. Let x ∈ R. Let {dn} and {en} be two sequences of real numbers

satisfying for all n, 0 ≤ dn + en ≤ x, such that dn → d0 and en → e0. Then the

sequence of distributions Fn(x
′) = Fn(x′|x − dn − en) is weakly convergent to

F(x′) = F(x′|x − d0 − e0).

Proof. First, notice that the functions Fn are defined in such a way, that

F

(
x′ − 1

2n
|x − dn − en

)
≤ Fn(x′|x − dn − en) ≤ F

(
x′|x − dn − en −

1

2n

)

for all nonnegative x and x′ and natural n (here we put x − dn− en− (1/2n) ≡ 0,

if this value is negative). Therefore, to show that Fn ⇒ F it suffices to prove the

statement: for any y0 ∈ R, if F(x|y0) is continuous in x = x0 then F(x|y) is

continuous in (x, y) = (x0, y0).

We will consider two cases.

Case 1. y0 > 0: Suppose by contradiction that F(x|y) is discontinuous in (x0, y0)

althoughF(x|y0) is continuous in x0. In other words, there exist sequences {xn}∞n=1

and {yn}∞n=1 such that (xn, yn) → (x0, y0) and |F(xn|yn) − F(x0|y0)| > ε for

n = 1, 2, . . . , and some ε > 0.

Since F(x|y0) is continuous in x0, there exists an N ∈ N such that

|F(xn|y0)− F(x0|y0)| < ε/2, for all n ≥ N.

However, we assume that

ε < |F(xn|yn)− F(x0|y0)| ≤ |F(xn|y0)− F(x0|y0)| + |F(xn|yn)− F(xn|y0)|,

whence |F(xn|yn)− F(xn|y0)| > ε
2

for n > N .

On the other hand, for every δ > 0 there exists anMδ ≥ N such that max{|yn−
y0|, |xn − x0|} < δ for all n ≥ Mδ . Hence,

|F(xn|yn)− F(xn|y0)|
|yn − y0|

>
ε

2δ
, for all n ≥ Mδ.

However, by (a) and (b) of assumption (B2), F(x|y) is convex nonincreasing in y

and thereby for any fixed n ≥ Mδ

|F(xn|y)− F(xn|y0)|
|y − y0|

>
ε

2δ

for any y < min{y0, yn}. This means that for small enough δ

|F(xn|y)− F(xn|y0)| > (ε/2δ)|y − y0| > 1,

which is a contradiction.
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Case 2. y0 = 0: As in Case 1, suppose by contradiction that there exist sequences

{xn}∞n=1 and {yn}∞n=1 such that (xn, yn)→ (x0, y0) and

|F(xn|yn)− F(x0|y0)| > ε, (3)

for n = 1, 2, . . . , and some ε > 0.

Since

F(x0|y0) = F(x0|0) = 1 for all x0 > 0, (4)

(3) can be rewritten as

F(xn|yn) ≤ 1− ε. (5)

Obviously (4) implies also that (5) can be satisfied only if yn > 0, for n = 1, 2, . . . .

Now, note that, since F(x|y) is nondecreasing in x, whenever there exist some

xn > x0 satisfying (5) for some yn, then also every x′n < x0 satisfies (5) for yn.

Therefore, we may assume without loss of generality that x1 < x2 < x3 < . . . <

x0.

Fix n0 ∈ N. Since yn→ y0 = 0 and yn > 0 for n = 1, 2, . . . , the continuity of

F(xn0
|·) implies that there exists an n1 > n0 such that

F(xn0
|yn1
) > 1− (ε/2).

On the other hand (5) implies that

F(xn1
|yn1
) ≤ 1− ε < 1− (ε/2) < F(xn0

|yn1
)

which is a contradiction, because F(·|yn1
) is nondecreasing. �

5 Proof of Theorem 2.1

Standard dynamic programming arguments imply that for all n ∈ N and all x ∈
[0,∞) the following equation holds:

V1n(x) = E
[
u1n(f̃1n(x))+ β1

∫
V1n(x

′) dFn(x
′|x − f̃1n(x)− f̃2n(x))

]

(6)

= max
c∈[0,K1(x)]

E

[
u1n(c)+ β1

∫
V1n(x

′) dFn(x
′|x − c − f̃2n(x))

]
.

The functions V1n (n = 1, 2, . . . ) are uniformly bounded so we can use the

diagonal method to show that there exist a function V1 on S∞ = ∪∞n=1Sn and a

subsequence V1nk convergent to V1 on S∞. By Lemma 4.1, V1 is nondecreasing

and bounded by u1(C1)/(1− β1). Additionally by Lemma 4.3, V1 is continuous
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on S∞. Therefore, since S∞ is dense in [0,∞) and all of the functions V1nk

are nondecreasing, we can obtain convergence in all of the points of [0,∞) by

putting V1(x) = limx′→x+,x′∈S∞ V1(x
′). Of course, V1 of this form is continuous

on [0,∞), and thereby V1 ∈ CM1. Without loss of generality we may assume

that V1n → V1. In an analogous way, V2 ∈ CM2 is defined, and pointwise

convergence V2n→ V2 on [0,∞) may be assumed.

Now, recall from Lemma 4.1 that for all x ≥ 0 and for i = 1, 2, the stra-

tegy fin(x) is concentrated in at most two adjoining points of the bounded set

[0,Ki(x)]∩Sn. Hence, one may use similiar arguments to show that there exist sub-

sequences f̃1nm and f̃2nmr
convergent pointwise to f1 ∈ LCM1 and f2 ∈ LCM2

with probability 1. In this case we can also assume that f1n→ f1 and f2n→ f2.

The theorem will be proved if we show that for x ∈ [0,∞)

V1(x) = u1(f1(x))+ β1

∫
V1(x

′) dF (x′|x − f1(x)− f2(x)) (7)

= max
c∈[0,K1(x)]

[
u1(c)+ β1

∫
V1(x

′) dF (x′|x − c − f2(x))

]
,

and the analogous optimality equation for player 2:

V2(x) = u2(f2(x))+ β1

∫
V2(x

′) dF (x′|x − f1(x)− f2(x))

= max
c∈[0,K2(x)]

[
u2(c)+ β1

∫
V2(x

′) dF (x′|x − f1(x)− c)
]
.

In the following, we shall restrict our attention to the first of these equations. (The

other one is proved in the same way.)

We already know that the LHS of (6) converges to the LHS of (7). Obviously

also E[u1n(f̃1n(x))] → u1(f1(x)) for x ≥ 0 as n goes to infinity, since f̃1n→ f1

with probability 1 and (by construction) u1n→ u1 on [0,∞).
As we have already noticed, V1 is continuous on (0,∞). Hence, since all the

functions V1n are nondecreasing, by Polya’s theorem (see e.g. [2], p. 173) the

convergence of Vn is uniform on every closed interval of (0,∞). Therefore, for

every ε > 0 there existM1,M2 ∈ (0,∞), such that
∣∣∣∣β1E

[∫
V1n(x

′) dFn(x
′|x − f̃1n(x)− f̃2n(x))

]

− β1

∫
V1(x

′) dF (x′|x − f1(x)− f2(x))

∣∣∣∣

≤
∣∣∣∣β1E

[∫ M2

M1

V1n(x
′) dFn(x

′|x − f̃1n(x)− f̃2n(x))

]

− β1

∫ M2

M1

V1(x
′) dF (x′|x − f1(x)− f2(x))

∣∣∣∣+
4εu1(C1)

1− β1
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+ β1

∣∣E
[
V1(0)F (0|x − f1(x)− f2(x))− V1n(0)F (0|x − f̃1n(x)

−f̃2n(x))
]∣∣ ≤ β1 sup

x∈[M1,M2]

|V1n(x)− V1(x)|

+
∣∣∣∣β1E

[∫ M2

M1

V1(x
′) dFn(x

′|x − f̃1n(x)− f̃2n(x))

−
∫ M2

M1

V1(x
′) dF (x′|x − f1(x)− f2(x))

]∣∣∣∣+
4εu1(C1)

1− β1

+ β1
u1(0)

1− β1

∣∣F(0|x − f1(x)− f2(x))− F(0|x − f̃1n(x)− f̃2n(x))
∣∣ .

(In the last inequality we use the fact that for n ≥ 1, V1n(0) = V1(0) = u1(0) +
β1u1(0)+ β2

1u1(0)+ . . . = u1(0)/(1− β1), as a consequence of assumption (c)

of (B2).) But using Lemma 4.4 one may easily see that the RHS of the above

inequality converges to zero as n→∞.

We are left with showing that the maximand in (6) converges to the one in (7).

Suppose the contrary, i.e., that for some x ∈ [0,∞) there exists a c ∈ [0,K1(x)]

such that

V1(x) < u1(c)+ β1

∫
V1(x

′) dF (x′|x − c − f2(x)).

However, since the convergence ofV1n is uniform on every closed subset of (0,∞),
and thereby V1n(xn)→ V1(x) for every sequence {xn}∞n=1 of points from (0,∞)
convergent to some x ∈ (0,∞) (note that the weak convergence assumption is

satisfied due to Lemma 4.4), we may use Theorem 5.5 in [3] to get

u1(c)+ β1

∫
V1(x

′) dF (x′|x − c − f2(x))

= lim
n→∞

E

[
u1n(c)+ β1

∫
V1n(x

′) dFn(x
′|x − c − f̃2n(x))

]

≤ lim
n→∞

E

[
u1n(f̃1n(x))+ β1

∫
V1n(x

′) dFn(x
′|x − f̃1n(x)− f̃2n(x))

]

= lim
n→∞

V1n(x) = V1(x),

which is a contradiction.
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Abstract
We use in this paper the viability/capturability approach for studying the

problem of characterizing the dynamic core of a dynamic cooperative game

defined in a characteristic function form. In order to allow coalitions to evolve,

we embed them in the set of fuzzy coalitions. Hence, we define the dynamic

core as a set-valued map associating with each fuzzy coalition and each time

the set of allotments is such that their payoffs at that time to the fuzzy coalition

are larger than or equal to the one assigned by the characteristic function of

the game. We shall characterize this core through the (generalized) derivatives

of a valuation function associated with the game. We shall provide its explicit

formula, characterize its epigraph as a viable-capture basin of the epigraph of

the characteristic function of the fuzzy dynamical cooperative game, use the

tangential properties of such basins for proving that the valuation function is a

solution to a Hamilton–Jacobi–Isaacs partial differential equation and use this

function and its derivatives for characterizing the dynamic core.

1 Introduction

This paper takes up on a recent line of research, dynamic cooperative game

theory, opened by Leon Petrosjan (see for instance [57, Petrosjan] and [58, Pet-

rosjan & Zenkevitch]), Alain Haurie ([50, Haurie]), Jerzy Filar and others. We

quote the first lines of [42, Filar & Petrosjan]: “Bulk of the literature dealing

with cooperative games (in characteristic function form) do not address issues

related to the evolution of a solution concept over time. However, most conflict

situations are not “one shot” games but continue over some time horizon which

may be limited a priori by the game rules, or terminate when some specified

conditions are attained.” This paper, however, deals also with the evolution of

coalitions.

1.1 Fuzzy Coalitions and their Evolution

For that purpose, since cooperative games deal with the behavior of coalitions

of players, the first definition of a coalition which comes to mind being that of

a subset of players A ⊂ N is not adequate for tackling dynamical models of
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evolution of coalitions since the 2n coalitions range over a finite set, preventing us

from using analytical techniques. One way to overcome this difficulty is to embed

the family of subsets of a (discrete) set N of n players to the space Rn through

the map χ associating with any coalition A ∈ P(N) its characteristic function1

χA ∈ {0, 1}n ⊂ Rn.

By definition, the family of fuzzy sets2 is the convex hull [0, 1]n of the power

set {0, 1}n in Rn. Therefore, we can write any fuzzy set in the form

x =
∑

A∈P(N)
mAχA where mA ≥ 0 &

∑

A∈P(N)
mA = 1.

The memberships are then equal to

∀i ∈ N, xi =
∑

A∋i
mA.

Consequently, if mA is regarded as the probability for the set A to be formed, the

membership of the player i to the fuzzy set x is the sum of the probabilities of the

coalitions to which player i belongs. Player i participates fully in x if xi = 1, does

not participate at all if xi = 0 and participates in a fuzzy way if xi ∈]0, 1[.

Actually, this idea of using fuzzy coalitions has already been used in the frame-

work of cooperative games with and without side-payments described by a

characteristic function3 u assigning to each fuzzy coalition x ∈ [0, 1]n a lower

bound u(x) to gains or payoffs y := 〈p, x〉 associated with an allotment p ∈ Rn+
(see [3,4, Aubin], [2, Aubin, Chapter 12], [7, Aubin, Chapter 13], the books [54,

Mares] and [55, Mishizaki & Sokawa], and [27–29, Basile], [26, Basile, De Simone

& Graziano], [1, Allouch & Florenzano], [43, Florenzano]). Fuzzy coalitions have

been used in dynamical models of cooperative games in [16, Aubin & Cellina,

Chapter 4], economic theory in [11, Aubin, Chapter 5] and in [14, Aubin].

For instance, it has been shown that in the framework of static cooperative

games with side payments involving fuzzy coalitions, the concepts of Shapley

1This canonical embedding is more adapted to the nature of the power set P(N) than

the universal embedding of a discrete set M of m elements to Rm by the Dirac measure

associating with any j ∈ M the j th element of the canonical basis of Rm. The convex hull

of the image of M by this embedding is the probability simplex of Rm. Hence fuzzy sets

offer a “dedicated convexification” procedure of the discrete power setM := P(N) instead

of the universal convexification procedure of frequencies, probabilities, mixed strategies

derived from its embedding in Rm = R2n .
2This concept of fuzzy set was introduced in 1965 by L. A. Zadeh. Since then, it has

been wildly successful, even in many areas outside mathematics!. Lately, we found in “La

lutte finale”, Michel Lafon (1994), p. 69 by A. Bercoff the following quotation of the late

François Mitterand, president of the French Republic (1981–1995): “Aujourd’hui, nous

nageons dans la poésie pure des sous ensembles flous” . . . (Today, we swim in the pure

poetry of fuzzy subsets)!
3Not to be confused with characteristic functions of sets!
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value and core coincide with the (generalized) gradient4 ∂u(xN ) of the “charac-

teristic function” u : [0, 1]n �→ R+ at the “grand coalition” xN := (1, . . . , 1),
the characteristic function of N := {1, 2, . . . , n}.

For instance, when the characteristic function of the static cooperative game

u is concave, positively homogeneous and continuous on the interior of Rn+, one

checks5 that the generalized gradient ∂u(xN ) is not empty and coincides with the

subset of allotments p := (p1, . . . , pn) ∈ Rn+ accepted by all fuzzy coalitions in

the sense that

∀x ∈ [0, 1]n, 〈p, x〉 =
n∑

i=1

pixi ≥ u(x), (1)

and that, for the grand coalition xN := (1, . . . , 1),

〈p, xN 〉 =
n∑

i=1

pi = u(xN ).

1.2 Fuzzy Dynamic Cooperative Games

In a dynamical context, (fuzzy) coalitions evolve, so that static conditions (1)

should be replaced by conditions6 stating that for any evolution t �→ x(t) of fuzzy

coalitions, the payoff y(t) := 〈p(t), x(t)〉 should be larger than or equal to u(x(t))

according (at least) to one of the three following rules:

(a) at a prescribed final time T of the end of the game:

y(T ) :=
n∑

i=1

pi(T )xi(T ) ≥ u(x(T ));

(b) during the whole time span of the game:

∀t ∈ [0, T ], y(t) :=
n∑

i=1

pi(t)xi(t) ≥ u(x(t));

(c) at the first winning time t∗ ∈ [0, T ] when

y(t∗) :=
n∑

i=1

pi(t
∗)xi(t

∗) ≥ u(x(t∗));

at which time the game stops.

4The differences between these concepts for usual games is explained by the different ways

one “fuzzyfies” a characteristic function defined on the set of usual coalitions. See [3,4,

Aubin], [2, Aubin, Chapter 12] and [7, Aubin, Chapter 13].
5See [3,4, Aubin], [2, Aubin, Chapter 12] and [7, Aubin, Chapter 13].
6Naturally, the privileged role played by the grand coalition in the static case must be

abandoned, since the coalitions evolve, so that the grand coalition eventually loses its status.
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Summarizing, the above conditions require to find – for each of the above three

rules of the game – an evolution of an allotment p(t) ∈ Rn such that, for all

evolutions of fuzzy coalitions x(t) ∈ [0, 1]n starting at x, the corresponding

rule of the game:

⎧
⎪⎪⎨
⎪⎪⎩

i)
∑n
i=1 pi(T )xi(T ) ≥ u(x(T )),

ii) ∀t ∈ [0, T ],
∑n
i=1 pi(t)xi(t) ≥ u(x(t)),

iii) ∃t∗ ∈ [0, T ] such that
∑n
i=1 pi(t

∗)xi(t∗) ≥ u(x(t∗)),

(2)

must be satisfied.

Therefore, for each one of the above three rules of the game (2), a concept of

dynamical core should provide a set-valued map Ŵ : R+× [0, 1]n � Rn associ-

ating with each time t and any fuzzy coalition x a set Ŵ(t, x) of allotments p ∈ Rn+
such that, taking p(t) ∈ Ŵ(T − t, x(t)), and in particular, p(0) ∈ Ŵ(T , x(0)), the

condition chosen above is satisfied. This is the purpose of this paper.

Naturally, this makes sense only once the dynamics of the coalitions and of the

allotments are given. We shall assume that

(a) the evolution of coalitions x(t) ∈ Rn is governed by differential inclusions,

x′(t) := f (x(t), v(t)), where v(t) ∈ Q(x(t)),

where v(t) are perturbations,

(b) static constraints

∀x ∈ [0, 1]n, p ∈ P(x) ⊂ Rn+,

and dynamic constraints on the velocities of the allotments p(t) ∈ Rn+ of

the form,

〈p′(t), x(t)〉 = −m(x(t), p(t), v(t))〈p(t), x(t)〉,

stating that the cost
〈
p′, x

〉
of the instantaneous change of allotment of a

coalition is proportional to it by a discount factor m(x, p),

(c) from which we deduce the velocity y′(t) = 〈p(t), f (x(t), v(t))〉 −m(x(t),

p(t))y(t) of the payoff y(t) := 〈p(t), x(t)〉 of the fuzzy coalition x(t).

The evolution of the fuzzy coalitions is thus parameterized by allotments and

perturbations, i.e., is governed by a dynamic game:

⎧
⎪⎨
⎪⎩

i) x′(t) = f (x(t), v(t)),
ii) y′(t) = 〈p(t), f (x(t), v(t))〉 −m(x(t), p(t))y(t),

iii) wherep(t) ∈ P(x(t)) & v(t) ∈ Q(x(t)).
(3)
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A feedback p̃ is a selection of the set-valued map P in the sense that for any

x ∈ [0, 1]n, p̃(x) ∈ P(x). We thus associate with any feedback p̃ the set Cp̃(x) of

triples (x(·), y(·), v(·)) solutions to

⎧
⎪⎨
⎪⎩

i) x′(t) = f (x(t), v(t)),
ii) y′(t) = 〈p̃(x(t)), f (x(t), v(t))〉 − y(t)m(x(t), p̃(x(t)), v(t)),

where v(t) ∈ Q(x(t)),
(4)

1.3 Characterization of the Dynamical Core

We shall characterize the dynamical core of the fuzzy dynamical cooperative game

in terms of the derivatives of a valuation function that we now define.

For each rule of the game (2), the set V♯ of initial conditions (T , x, y) such

that there exists a feedback x �→ p̃(x) ∈ P(x) such that, for all perturbations

t ∈ [0, T ] �→ v(t) ∈ Q(x(t)), for all solutions to system (4) of differential

equations satisfying x(0) = x, y(0) = y, the corresponding condition (2) is

satisfied, is called the guaranteed valuation set7.

Knowing it, we deduce the valuation function

V ♯(T , x) := inf{y|(T , x, y) ∈ V}

providing the cheapest initial payoff allowing to satisfy the viability/capturability

conditions (2). It satisfies the initial condition:

V ♯(0, x) := u(x).

In each of the three cases, we shall compute explicitly the valuation functions as

infsup of underlying criteria we shall uncover. For that purpose, we associate with

the characteristic function u : [0, 1]n �→ R ∪ {+∞} of the dynamical cooperative

game the functional

⎧
⎪⎨
⎪⎩

Ju(t; (x(·), v(·)); p̃)(x) := e
∫ t

0 m(x(s),p̃(x(s)),v(s))dsu(x(t))

−
∫ t

0

e
∫ τ

0 m(x(s),p̃(x(s)),v(s))ds〈p̃(x(τ )), f (x(τ ), v(τ ))〉dτ .

We shall associate with it and with each of the three rules of the game the three

corresponding valuation functions8:

7One can also define the conditional valuation set V♭ of initial conditions (T , x, y) such

that for all perturbations v, there exists an evolution of the allotment p(·) such that viabi-

lity/capturability conditions (2) are satisfied. We omit this study for the sake of brevity,

since it is parallel to the one of guaranteed valuation sets.
8The notations (0,u∞), (u,u∞), (0,u) will be explained later.
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(a) Prescribed end rule: We obtain

V
♯

(0,u∞)
(T , x) := inf

p̃(x)∈P(x)
sup

(x(·),v(·))∈Cp̃(x)
Ju(T ; (x(·), v(·)); p̃)(x); (5)

(b) Time span rule: We obtain

V
♯

(u,u∞)
(T , x) := inf

p̃(x)∈P(x)
sup

(x(·),v(·))∈Cp̃(x)
sup
t∈[0,T ]

Ju(t; (x(·), v(·)); p̃)(x);

(6)

(c) First winning time rule: We obtain

V
♯

(0,u)(T , x) := inf
p̃(x)∈P(x)

sup
(x(·),v(·))∈Cp̃(x)

inf
t∈[0,T ]

Ju(t; (x(·), v(·)); p̃)(x). (7)

Although these functions are only lower semicontinuous, one can define epi-

derivatives of lower semicontinuous functions (or generalized gradients) in ade-

quate ways and compute the core Ŵ: for instance, when the valuation function is

differentiable, we shall prove that Ŵ associates with any (t, x) ∈ R+ × Rn the

subset Ŵ(t, x) of allotments p ∈ P(x) satisfying

sup
v∈Q(x)

(
n∑

i=1

(
∂V ♯(t, x)

∂xi
− pi

)
fi(x, v)+m(x, p, v)V ♯(t, x)

)
≤ ∂V

♯(t, x)

∂t
.

The valuation function V ♯ is actually a solution to the nonlinear Hamilton–Jacobi–

Isaacs partial differential equation

− ∂v(t, x)

∂t
+ inf
p∈P(x)

sup
v∈Q(x)

( n∑

i=1

(
∂v(t, x)

∂xi
− pi

)
fi(x, v)

+m(x, p, v)v(t, x)

)
= 0

satisfying the initial condition

v(0, x) = u(x),

on each of the subsets.

(a) Prescribed end rule:

�(0,u∞)(v) := {(t, x)|t > 0 & v(t, x) ≥ 0};

(b) Time span rule:

�(u,u∞)(v) := {(t, x)|t > 0 & v(t, x) ≥ u(x)};
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(c) First winning time rule:

�(0,u)(v) := {(t, x)|t > 0 & u(x) > v(t, x) ≥ 0}.

Remark: The Static Case as a Limiting Case – Let us consider the case when

m(x, p, v) = 0 (self-financing of fuzzy coalitions) and when the evolution of

coalitions is governed by f (x, v) = v and Q(x) = rB. Then the dynamical core

is the subset Ŵ(t, x) of allotments p ∈ P(x) satisfying on �(V ♯) the equation9

r

∥∥∥∥
∂V ♯(t, x)

∂x
− p

∥∥∥∥ =
∂V ♯(t, x)

∂t
.

Now, assuming that the data and the solution are smooth we deduce formally that

letting the radius r → ∞, we obtain as a limiting case that p = (∂V ♯(t, x))/∂x
and that (∂V ♯(t, x))/∂t = 0. Since V ♯(0, x) = u(x), we infer that in this case

Ŵ(t, x) = (∂u(x))/∂x, i.e., the Shapley value of the fuzzy static cooperative game

when the characteristic function u is differentiable and positively homogenous,

and the core of the fuzzy static cooperative game when the characteristic function

u is concave, continuous and positively homogenous. �

Actually, the solution of the above partial differential equation is taken in the

“contingent sense”, where the directional derivatives are the contingent epi-

derivatives D↑v(t, x) of v at (t, x). They are defined by

D↑v(t, x)(λ, v) := lim inf
h→0+,u→v

v(t + hλ, x + hu)
h

,

(see for instance [21, Aubin & Frankowska] and [64, Rockafellar & Wets]). In this

case, for each rule of the game, the dynamical core Ŵ of the corresponding fuzzy

dynamical cooperative game is equal to

⎧
⎪⎪⎨
⎪⎪⎩

Ŵ(t, x) := {p ∈ P(x), such that

supv∈Q(x)(D↑V
♯(t, x)(−1, f (x, v))− 〈p, f (x, v)〉 +m(x, p, v)

V ♯(t, x)) ≤ 0},

whereV ♯ is the corresponding value function. We shall prove that for each feedback

p̃(t, x) ∈ Ŵ(t, x), selection of the dynamical core Ŵ, all evolutions (x(·), v(·)) of

the system

⎧
⎪⎪⎨
⎪⎪⎩

i) x′(t) = f (x(t), v(t)),
ii) y′(t) = 〈p̃(T − t, x(t)), x(t)〉 −m(x(t), p̃(T − t, x(t))y(t),
iii) v(t) ∈ Q(x(t)),

(8)

satisfy the corresponding condition (2).

9when p = 0, we find the eikonal equation.
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1.4 Outline

The paper is organized as follows:

(a) We shall present fuzzy dynamical cooperative games (allotments and pay-

off, dynamics, dynamical constraints on allotments, dynamics of the pay-

off, characteristic functions), raise the questions and provide some answers:

underlying criteria, Hamilton–Jacobi–Isaacs variational inequalities and the

derivation of the dynamical core,

(b) outline the viability/capturability strategy,

(c) study and characterize guaranteed viable-capture basins of targets under

dynamical games and use these results for studying intertemporal dynamical

games problems,

(d) characterize guaranteed viable-capture basins in terms of tangential

conditions, deduce that the valuation function is the solution to Hamilton–

Jacobi–Isaacs variational inequalities and derive the regulation map and the

adjustment law.

2 Fuzzy Dynamical Cooperative Game

Let us consider the set N of n players i = 1, . . . , n and the set [0, 1]n of fuzzy

coalitions10. The components of the state variable x := (x1, . . . , xn) ∈ [0, 1]n are

the rates of participation in the fuzzy coalition x of player i = 1, . . . , n.

10The choice of “cooperative” fuzzy coalitions x ∈ [0, 1]n is arbitrary.

We could, for instance, introduce negative memberships when players enter a coalition with

aggressive intents. This is mandatory if one wants to be realistic! A positive membership is

interpreted as a cooperative participation of the player i in the coalition, while a negative

membership is interpreted as a non-cooperative participation of the ith player in the gene-

ralized coalition. In what follows, one can replace the cube [0, 1]n by any product

n∏

i=1

[λi, μi]

for describing the cooperative or noncooperative behavior of the consumers.

We can still enrich the description of the players by representing each player i by what

psychologists call her ‘behavior profile’ as in [23, Aubin, Louis-Guerin & Zavalloni]. We

consider q ‘behavioral qualities’ k = 1, . . . , q, each with a unit of measurement. We also

suppose that a behavioral quantity can be measured (evaluated) in terms of a real number

(positive or negative) of units. A behavior profile is a vector a = (a1, . . . , aq) ∈ Rq which

specifies the quantities ak of the q qualities k attributed to the player. Thus, instead of

representing each player by a letter of the alphabet, she is described as an element of the

vector space Rq . We then suppose that each player may implement all, none, or only some

of her behavioral qualities when she participates in a social coalition. Consider n players

represented by their behavior profiles in Rq . Any matrix x = (xki ) describing the levels

of participation xki ∈ [−1,+1] of the behavioral qualities k for the n players i is called a

social coalition. Extension of the following results to social coalitions is straightforward.

Technically, the choice of the scaling [0, 1] inherited from the tradition built on integration

and measure theory is not adequate for describing convex sets. When dealing with convex

sets, we have to replace the characteristic functions by indicators taking their values in
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An allotment is an element,

p := (p1, . . . , pn) ∈ Rn+,

describing the payoff of player i = 1, . . . , n in the game. The associated payoff

of the coalition (or the coalition-payoff) y is defined by,

y := 〈p, x〉 =
n∑

i=1

pixi .

We now introduce constraints on the allotments gathered by a fuzzy coalition

x. They range over a subset P(x) = P(x1, . . . , xn) ⊂ Rn+ that can be a constant

set P ⊂ Rn or can depend on the fuzzy coalitions.

We assume that the velocity of the fuzzy coalitions of players are uncertain,

in a contingent (i.e., nonstochastic) or “tychastic” way: they depend upon a

parameter—usually known under the name or a perturbation, or disturbance,

or tyche—v(t) ∈ Q(x(t)) ⊂ V and evolve according to the perturbed—or

tychastic—system of differential equations,

∀i = 1, . . . , n, x′i(t) = fi(x(t), v(t)),

or, in a more compact form,

x′(t) = f (x(t), v(t)), v(t) ∈ Q(x(t)).

In agreement with the tradition, the standard example of dynamics should be

defined by,

f (x, v) := v&Q(x) := rB, the ball of radius r,

allowing the coalitions to evolve in all directions without any constraint. It seems

to us more reasonable to take into account dedicated dynamics governing the

evolution of coalitions.

[0,+∞] and take their convex combinations to provide an alternative allowing us to speak

of “fuzzy” convex sets. Therefore, “toll-sets” are nonnegative cost functions assigning to

each element its cost of belonging, +∞, if it does not belong to the toll set. The set of

elements with finite positive cost do form the “fuzzy boundary” of the toll set, the set of

elements with zero cost its “core”. This has been done to adapt viability theory to “fuzzy

viability theory”. See Chapter 10 of [10, Aubin] and [20, Aubin & Dordan] for more details.

Actually, the Cramer transform,

Cμ(p) := sup
x∈Rn

(
〈p, x〉 − log

(∫

Rn
e〈x,y〉dμ(y)

))
,

maps probability measures to toll sets. In particular, it transforms convolution products of

density functions to inf-convolutions of extended functions, Gaussian functions to squares

of norms etc. See [20, Aubin & Dordan] for more information on this topic.
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Remark: Tychastic Differential Equations and Control – The set-valued map

Q : X � V translates mathematically the concept of uncertainty in a contingent

(i.e., nonstochastic) or tychastic way to adopt Charles Peirce’s terminology11:

Contingent uncertainty depends upon a parameter – usually known under the name

or a perturbation, or disturbance, that could also be called a tyche, ranging over

a given subset (that could be a fuzzy subset, as it is advocated in [20, Aubin &

Dordan]). The size of this subset captures mathematically the concept of “contin-

gency” – instead of “volatility”, that by now has a specific meaning in mathemat-

ical finance. The larger the subsets Q(x), the more contingent or “tychastic” the

system.

Indeed, we are investigating properties (such as the viability/capturability prop-

erties) that hold true for every tyche – instead of “random”, terminology already

confiscated by probability theory – or every perturbation or disturbance, and,

“robust”, in the sense of robust control in control theory.

Controlling a system for solving a problem (such as viability, capturability,

intertemporal optimality) whatever the perturbation is the branch of dynamical

games known among control specialists as “robust control”, that we propose to

call “tychastic control” in contrast to “stochastic control”.

In tychastic control problems, we have two kinds of uncertainties, one described

by the set-valued map Q, describing the unknown contingent uncertainty, and

the one described by the set-valued map P , providing a set of available regula-

tion parameters (regulons), here, the allotments, describing what biologists call

“pleiotropism”. The larger the set-valued map P , the more able is the system to

find a regulation parameter or a control to satisfy a given property whatever the

perturbation in Q. In some sense, the set-valued map P is an antidote to cure the

negative effects of unknown perturbations.

“Tychastic equations” seem to us reasonable candidates for encapsulating the

idea underlying robust control and “games against Nature”, on which there is an

abundant literature. They provide an alternative way of representing uncertainty

to usual “stochastic differential equations”:

∀i = 1, . . . , n, dxi(t) = fi(xi(t))dt + σi(xi(t))dW(t),

in a stochastic environment.

However, these two choices can be reconciled in the framework of stochastic

differential inclusions (see [17,18, Aubin & Da Prato], [19, Aubin, Da Prato &

Frankowska], [40, Da Prato & Frankowska], [33, Buckdahn, Cardaliaguet & Quin-

campoix], [30,31, Buckdahn, Quincampoix & Rascanu], [32, Buckdahn, Peng,

Quincampoix & Rainer], [49, Gautier & Thibault] etc.).

11See [56, Peirce] among other references of this prolific and profound philosopher. He

associates with the Greek concept of necessity, ananke, the concept of anancastic evolution,

anticipating the “chance and necessity” framework that has motivated viability theory in

the first place.
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Invariance of a set under a tychastic differential equation requires that for all

tyche v(·), the associated solution is viable in the set whereas under a stochastic

differential equation, it requires that the stochastic process is viable for almost all

ω. Thanks to the equivalence formulas between Itô and Stratonovitch stochastic

integrals and to the Strook & Varadhan “Support Theorem”(see for instance [41,

Doss], [67,68, Zabczyk]), and under convenient assumptions, stochastic viability

problems are equivalent to invariance problems for tychastic systems and thus,

viability problems for stochastic control systems are equivalent to guaranteed via-

bility problems for dynamical games. �

In the context of dynamical cooperative games, a fuzzy coalition x(t) at time t

is allowed to change the allotment p(t) at time t in such a way that

n∑

i=1

p′i(t)xi(t) = −m(x(t), p(t), v(t))〈p(t), x(t)〉,

imposing instantaneous exchange of allotments of payments among players is

allowed only in the extent that the variation 〈p′(t), x(t)〉 of the payoff of the fuzzy

coalition is equal to the payoff discounted by a given factor depending upon the

fuzzy coalition, the allotment and, possibly, the perturbation.

Therefore, under this behavioral rule of the decision maker, the velocity of the

evolution of the payoff is equal toy′(t) = 〈p(t), f (x(t), v(t))〉−y(t)m(x(t), p(t),
v(t)).

An important instance is the case when m(x, p, v) = 0, i.e., when allotments are

self-financed by the fuzzy coalition x: This means that along the evolutions of the

coalitions and the allotments, the velocity of the payoff satisfies 〈p′(t), x(t)〉 = 0.

Hence, the evolution of the coalitions x(t) of the shares, of the allotment and of

the payoff y(t) is governed by the two-person dynamical game (3), with which

we associate with any feedback p̃ the set Cp̃(x) of triple (x(·), y(·), v(·)) solutions

to the tychastic equations (4):

⎧
⎪⎨
⎪⎩

i) x′(t) = f (x(t), v(t)),
ii) y′(t) = 〈p̃(x(t)), f (x(t), v(t))〉 − y(t)m(x(t), p̃(x(t)), v(t)),

where v(t) ∈ Q(x(t)).

By construction, since y′ = 〈p′, x〉 + 〈p, x′〉 whenever y = 〈p, x〉 in all cases,

the constraints,

y(t) = 〈p(t), x(t)〉,

are automatically satisfied whenever the initial conditions satisfy y = 〈p, x〉.

Remark: Path-Dependent Problems – Actually, our study (up to Hamilton–

Jacobi–Isaacs partial differential equations) does not depend upon the fact that the

evolution of the coalitions is governed by differential equations. It holds true for
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discretized systems, for path-dependent dynamics, as well as for other kinds of

dynamics. We shall use only the properties of the set-valued map (x, p̃)�

Cp̃(x), that are shared by solution maps of other dynamical systems. �

2.1 Characteristic Functions of the Cooperative Game

Let us recall that a function u : X �→ R∪{+∞} is called an extended (real-valued)

function. Its domain is the set of points at which u is finite:

Dom (u) := {x ∈ X|u(x) < +∞},

that embodies underlying state constraints: in particular, we shall assume that

u(x) := +∞whenever x /∈ [0, 1]n to take into account that x is a fuzzy coalition12.

Actually, in order to treat the three rules of the game (2) as particular cases of a

more general framework, we introduce two nonnegative extended functions b and

c (characteristic functions of the cooperative games) satisfying

∀(t, x) ∈ R+ × Rn+ × Rn, 0 ≤ b(t, x) ≤ c(t, x) ≤ +∞.

By associating with the initial characteristic function u of the game adequate

pairs (b, c) of extended functions, we shall replace the requirements (2) by the

requirement:

{
i) ∀t ∈ [0, t∗], y(t) ≥ b(T − t, x(t)) (dynamical constraints),

ii) y(t∗) ≥ c(T − t∗, x(t∗)) (objective).
(9)

We extend the functions b and c as functions from R×Rn×Rn to R+∪{+∞}
by setting,

∀t < 0,b(t, x) = c(t, x) = +∞,

so that nonnegativity constraints on time are automatically taken into account.

For instance, problems with prescribed final time are obtained with objective

functions satisfying the condition

∀t > 0, c(t, x) := +∞.

In this case, t∗ = T and condition (9) boils down to

{
i) ∀t ∈ [0, T ], y(t) ≥ b(T − t, x(t)),
ii) y(T ) ≥ c(0, x(T )).

Indeed, since y(t∗) is finite and since c(T − t∗, x(t∗)) is infinite whenever

T − t∗ > 0, we infer from inequality (9)ii) that T − t∗ must be equal to 0. �

12If we assume that u is positively homogenous, it is enough to assume that u(x) := +∞
whenever x /∈ Rn

+.
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Allowing the characteristic functions to take infinite values (i.e., to be extended),

allows us to acclimate many examples.

For example, the three rules (2) associated with a same characteristic function

u : [0, 1]n �→ R ∪ {+∞} can be written in the form (9) by adequate choices of

pairs (b, c) of functions associated with u. Indeed, denoting by u∞ the function

defined by

u∞(t, x) :=
{

u(x) if t = 0,

+∞ if t > 0,

and by 0 the function defined by

0(t, x) =
{

0 if t ≥ 0,

+∞ if not,

we can recover the three rules of the game

1. We take b(t, x) := 0(t, x) and c(t, x) = u∞(t, x), we obtain the prescribed

final time rule (2)i).

2. We take b(t, x) := u(x) and c(t, x) := u∞(t, x), we obtain the span time

rule (2)ii).

3. We take b(t, x) := 0(t, x) and c(t, x) = u(x), we obtain the first winning

time rule (2)iii).

Using a pair (b, c) of time-dependent extended characteristic functions for

describing rules allows to consider more general fuzzy dynamical cooperative

games than the ones using time-independent characteristic functions. The problem

of cooperative dynamical games is now that at each instant t ∈ [0, t∗], the pay-

off y(t) := 〈p(t), x(t)〉 of the fuzzy coalition at time t is larger than or equal to

the characteristic function of the dynamical game associating with any time t

and any coalition x(t) a lower bound b(T − t, x(t)) on the payoff that the fuzzy

coalition x(t) may accept. Furthermore, one can impose a final constraint at the

end of the game another lower bound c(T − t∗, x(t∗)) on the payoff that the fuzzy

coalition x(t∗) when the game can stop.

2.2 The Valuation Function

By now, we have all the elements for setting the problem we shall study.

Definition 2.1. Let us consider the dynamical game (3) governing the evolution

of the coalitions, the allotment and the payoff.

1. the first problem is to find the guaranteed valuation subset V
♯

(,c) ⊂ R+ ×
Rn×R+ of triples (T , x, y)made of the final timeT , the initial fuzzy coalition

x and the initial payoff y such that there exists a feedback x �→ p̃(x) ∈ P(x)
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such that, for all perturbations t ∈ [0, T ] �→ v(t) ∈ Q(x(t)), for all solutions

to system (4) of differential equations satisfying x(0) = x, y(0) = y, there

exists a time t∗ ∈ [0, T ] such that conditions (9):
{
i) ∀t ∈ [0, t∗], y(t) ≥ b(T − t, x(t)),
ii) y(t∗) ≥ c(T − t∗, x(t∗)),

are satisfied.

2. Associate with any final time T and initial coalition x the smallest payoff

V ♯(T , x):

V
♯

(b,c)(T , x) := inf
(T ,x,y)∈V♯

(,c)

y. (10)

The function (T , x) �→ V
♯

(b,c)(T , x) is called the guaranteed valuation

function of the allotment, i.e., the minimal initial payoff y satisfying the two

constraints (9).

Formulas (5), (6) and (7) for the valuation functions for each of the three rules

of the game (2) that we mentioned in the preceding section are particular cases of

the valuation function V(b,c) that we instanced above.

2.3 Formula for the Valuation Function

We shall associate with the objective function c the functional

⎧
⎪⎨
⎪⎩

Jc(t; (x(·), v(·)); p̃)(T , x) := e
∫ t

0 m(x(s),p̃(x(s)),v(s))dsc(T − t, x(t))

−
∫ t

0

e
∫ τ

0 m(x(s),p̃(x(s)),v(s))ds〈p̃(x(τ )), f (x(τ ), v(τ ))〉dτ ,

(where t ranges over [0, T ]),

Ib(t; (x(·), v(·)); p̃)(T , x) := sup
s∈[0,t]

Jb(s; (x(·), v(·)); p̃)(T , x),

and
{
L(b,c)(t; (x(·), v(·)); p̃)(T , x)
:= max (Jc(t; (x(·), v(·)); p̃)(T , x), Ib(t; (x(·), v(·)); p̃)(T , x)) .

We shall prove the

Theorem 2.1. The guaranteed valuation function (T , x, p) �→ V
♯

(b,c)(T , x) is

equal to

V
♯

(b,c)(T , x) = inf
p̃(x)∈P(x)

sup
(x(·),v(·))∈Cp̃(x)

inf
t∈[0,T ]

L(b,c)(t; (x(·), v(·)); p̃)(T , x),



Dynamic Core of Fuzzy Dynamical Cooperative Games 143

satisfies the initial condition,

V
♯

(b,c)(0, x) = c(0, x),

and inequalities,

∀(T , x) ∈ R+ × Rn × Rn, 0 ≤ b(T , x) ≤ V ♯(,c)(T , x) ≤ c(T , x).

2.4 Examples of Valuation Functions

Let us consider a given time-independent function u : Rn �→ R ∪ {+∞}, with

which we associate the functional

⎧
⎪⎨
⎪⎩

Ju(t; (x(·), v(·)); p̃)(x) := e
∫ t

0 m(x(s),p̃(x(s)),v(s))dsu(x(t))

−
∫ t

0

e
∫ τ

0 m(x(s),p̃(x(s)),v(s))ds〈p̃(x(τ )), f (x(τ ), v(τ ))〉dτ .

We shall associate with it three pairs of time-dependent functions (b, c) and

obtain the valuation functions for the three rules of the game:

1. We assume that f (x, v) ≤ 0 and we take b(t, x) := 0 and c(t, x) :=
u∞(t, x). In this case, we obtain

V
♯

(0,u∞)
(T , x) := inf

p̃(x)∈P(x)
sup

(x(·),v(·))∈Cp̃(x)
Ju(T ; (x(·), v(·)); p̃)(x).

2. We take b(t, x) := u(x) and c(t, x) = u∞(t, x). In this case, we obtain

V
♯

(u,u∞)
(T , x) := inf

p̃(x)∈P(x)
sup

(x(·),v(·))∈Cp̃(x)
sup
t∈[0,T ]

Ju(t; (x(·), v(·)); p̃)(x).

3. We assume that f (x, v) ≤ 0 and we take b(t, x) := 0 and c(t, x) = u(x) In

this case, we obtain

V
♯

(0,u)(T , x) := inf
p̃(x)∈P(x)

sup
(x(·),v(·))∈Cp̃(x)

inf
t∈[0,T ]

Ju(t; (x(·), v(·)); p̃)(x).

Indeed, when b = 0 and f (x, v) ≤ 0, we observe that

J0(t; (x(·), v(·)); p̃)(T , x)

= −
∫ t

0

e
∫ τ

0 m(x(s),p̃(x(s)),v(s))ds〈p̃(x(τ )), f (x(τ ), v(τ ))〉dτ
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so that,
⎧
⎨
⎩
I0(t; (x(·), v(·)); p̃)(T , x)

= − sups∈[0,t]

∫ s
0 e

∫ τ
0 m(x(s),p̃(x(s)),v(s))ds〈p̃(x(τ )), f (x(τ ), v(τ ))〉dτ.

If f (x, v) ≤ 0, we infer that

I0(t; (x(·), v(·)); p̃)(T , x)f

= −
∫ t

0

e
∫ τ

0 m(x(s),p̃(x(s)),v(s))ds〈p̃(x(τ )), f (x(τ ), v(τ ))〉dτ

Therefore, for any nonnegative cost function c, we have L(0,c) = Jc and thus,

V
♯

(0,c)(T , x) = inf
p̃(x)∈P(x)

sup
(x(·),v(·))∈Cp̃(x)

inf
t∈[0,T ]

Jc(t; (x(·), v(·)); p̃)(T , x). (11)

When c(t, x) := u(x), we find the example of the first winning time problem.

When b(t, x) := 0(t, x) and c(t, x) := u∞(t, x), the two above remarks imply

that

V
♯

(0,u∞)
(T , x) = inf

ũ(x)∈P(x)
sup

(x(·),v(·))∈Cũ(x)
Ju∞(T ; (x(·), v(·)); ũ)(x).

When we take c(t, x) := u∞(t, x) that takes infinite values for t > 0, we have

seen that

Ju∞(t; (x(·), v(·)); p̃)(T , x) :=
{
Ju(T ; (x(·), v(·)); p̃)(T , x) if t = T ,
+∞ if t ∈ [0, T [,

so that

inf
t∈[0,T ]

Ju∞(t; (x(·), v(·)); p̃)(T , x) := Ju(T ; (x(·), v(·)); p̃)(x).

When b(t, x) := u(x) and c(t, x) := u∞(t, x), we infer that

L(u,u∞)(t; (x(·), v(·)); p̃)(T , x) :=
{
Iu(T ; (x(·), v(·)); p̃)(x) if t = T ,
+∞ if t < T ,

so that

inf
t∈[0,T ]

L(u,u∞)(t; (x(·), v(·)); p̃)(T , x) = Iu(T ; (x(·), v(·)); p̃)(x).

Consequently, we deduce that

V
♯

(u,u∞)
(T , x) := inf

p̃(x)∈P(x)
sup

(x(·),v(·))∈Cp̃(x)
Iu(T ; (x(·), v(·)); p̃)(x).
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2.5 Hamilton–Jacobi–Isaacs Variational Inequalities

Let us associate with a nonnegative extended function v the subset

�(b,c)(v) := {(t, x) ∈ R+ × Rn × Rn, such that

b(t, x) ≤ v(t, x) < c(t, x)},

which depends of the function v.

Example. When for all t > 0, c(t, x) := +∞, and when b(0, x) := c(0, x), we

observe that

�(b,c)(v) := {(t, x) ∈ R+ × Rn × Rn such that t > 0 & b(t, x) ≤ v(t, x)}. �

Then the guaranteed value-function V
♯

(b,c) is a “generalized” solution v to the

Hamilton–Jacobi–Isaacs variational inequality: for every (t, x) ∈ �(b,c)(v),

− ∂v(t, x)

∂t
+ inf
p∈P(x)

sup
v∈Q(x)

( n∑

i=1

(
∂v(t, x)

∂xi
− pi

)
fi(x, v)

+m(x, p, v)v(t, x)

)
= 0,

satisfying the initial condition,

v(0, x) = c(0, x).

This is a free boundary problem, well studied in mechanics and physics: the

domain�(b,c)(v) on which we look for a solution v to the Hamilton–Jacobi partial

differential equation depends upon the unknown solution v.

Observe that the Hamilton–Jacobi partial differential equation itself depends

only upon the dynamic of the system (f, P,Q) and the map m, whereas the domain

�(b,c)(v) depends only upon the pair (b, c) describing the characteristic functions

of the fuzzy dynamical cooperative game. Changing them, the valuation function

is a solution of the same Hamilton–Jacobi partial differential equation, but defined

on a different “free set” �(b,c)(v) depending on v.

The usefulness and relevance of the Hamilton–Jacobi–Isaacs variational

inequality is that it provides the dynamical core of the game – through dynam-

ical feedbacks – that we are looking for. Indeed, we introduce the dynamical

core map Ŵ associating with any (t, x) ∈ R+ × Rn the subset Ŵ(t, x) of allot-

ments p ∈ P(x) satisfying

sup
v∈Q(x)

(〈
∂V

♯

(b,c)(t, x)

∂x
− p, f (x, v)

〉
+m(x, p, v)V

♯

(b,c)(t, x)

)
≤
∂V

♯

(b,c)(t, x)

∂t
.
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Namely, knowing the guaranteed valuation function and its derivatives, a gua-

ranteed evolution is obtained in the following way: Starting from an initial fuzzy

coalition x0 such that b(T , x0) ≤ V ♯(b,c)T , x0) < c(T , x0, p0), solutions to the new

system:
⎧
⎪⎨
⎪⎩

i) ∀i = 0, . . . , n, x′i(t) = fi(x(t), v(t)),
ii) y′(t) = −y(t)m(x(t), p(t), v(t))+ 〈p(t), f (x(t), v(t))〉,
iii) p(t) ∈ Ŵ(T − t, x(t)),

regulate the guaranteed solutions of the cooperative dynamical game until the first

time t∗ ∈ [0, T ] when

V
♯

(b,c)(T − t
∗, x(t∗)) = c(T − t∗, x(t∗)).

Actually, the guaranteed valuation function is seldom differentiable, but, gen-

erally only lower semicontinuous: This happens whenever state constraints are

involved, i.e., whenever the cost function takes infinite values. However, one

can define generalized directional derivatives – contingent epiderivatives – of

any lower semicontinuous function. Replacing the classical derivatives by contin-

gent epiderivatives in the Hamilton–Jacobi–Isaacs variational inequalities above

and in the definition of the regulation map, the same conclusions hold true for

Frankowska’s episolutions13. In particular, we can still build the dynamical core

of the fuzzy dynamic cooperative game. By duality, one can formulate and prove

equivalent statements involving subdifferentials and superdifferentials in the “vis-

cosity solution format”.

We shall derive from Theorem 5.2 below the following

Theorem 2.2. Let us assume that the maps f, & m are Lipschitz, that the set-

valued maps P and Q are Lipschitz and bounded and that the functions b and c

are lower semicontinuous.

Then

1. the dynamic core Ŵ(b,c) of the fuzzy dynamical cooperative with rules defined

by (b, c) is equal to
⎧
⎨
⎩
Ŵ(b,c)(t, x) :=

{
p ∈ P(x), such that

supv∈Q(x)
(
D↑V

♯

(b,c)(t, x)(−1, f (x, v))− 〈p, f (x, v)〉
+m(x, p, v)V

♯

(b,c)(t, x)
)
≤ 0

}
,

defined on �(b,c)(V(b,c)),

13Hélène Frankowska proved that the epigraph of the value function of an optimal control

problem – assumed to be only lower semicontinuous – is invariant and backward viable

under a (natural) auxiliary system. Furthermore, when it is continuous, she proved that its

epigraph is viable and its hypograph invariant ([46–48, Frankowska]). By duality, she proved

that the latter property is equivalent to the fact that the value function is a viscosity solution

of the associated Hamilton–Jacobi equation in the sense of M. Crandall and P.-L. Lions.



Dynamic Core of Fuzzy Dynamical Cooperative Games 147

2. the guaranteed valuation function V
♯

(b,c) is the smallest of the lower semicon-

tinuous “episolutions” v to the Hamilton–Jacobi–Isaacs contingent inequal-

ities

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

i) b(t, x) ≤ v(t, x) ≤ c(t, x),

ii) if v(t, x) < c(t, x),

infp∈P(x) supv∈Q(x)(D↑v(t, x)(−1, f (x, v))− 〈p, f (x, v)〉
+m(x, p, v)v(t, x)) ≤ 0,

(12)

satisfying the initial condition v(0, x) = c(0, x) and such that there exists a

Lipschitz selection p̃ of the set-valued map Ŵ defined by

⎧
⎪⎨
⎪⎩

Ŵ(t, x) := {p ∈ P(x), such that

supv∈Q(x)(D↑v(t, x)(−1, f (x, v))− 〈p, f (x, v)〉
+m(x, p, v)v(t, x)) ≤ 0}.

Remark. We describe only the equivalent dual version of episolutions to the above

Hamilton–Jacobi–Isaacs partial differential equation. We introduce the Hamilto-

nian H defined by

H(t, x, pt , px, y) := −pt + inf
u∈P(x)

sup
v∈Q(x)

(〈px − u, f (x, v)〉 +m(x, u, v)y) .

We recall that the subdifferential ∂−v(t, x) of the extended function v at (t, x) is

the set of pairs (pt , px), such that

∀(λ, v) ∈ R ×X,ptλ+ 〈px, v〉 ≤ D↑v(t, x)(λ, v).

Hence, the function v is an episolution of (12) if and only if v satisfies

∀(t, x) ∈ �(b,c)(v), ∀(pt , px) ∈ ∂−v(t, x),H(t, x, pt , px, v(t, x)) ≤ 0. �

The proofs of the above results require a more abstract geometric approach that

we shall now describe.

3 The Viability/Capturability Strategy

3.1 Epigraphs of Extended Functions

The epigraph of an extended function v : X �→ R ∪ {+∞ is defined by

Ep(v) := {(x, λ) ∈ X × R|v(x) ≤ λ}.
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We recall that an extended function v is convex (resp. positively homogeneous) if

and only if its epigraph is convex (resp. a cone) and that the epigraph of v is closed

if and only if v is lower semicontinuous:

∀x ∈ X, v(x) = lim inf
y→x

v(y).

The definition of the guaranteed valuation function V
♯

(b,c) from the guaranteed

valuation subset V
♯

(,c) fits the following definition:

Definition 3.1. We associate with a subset V ⊂ X×R+ the function vV : X �→
R+ ∪ {+∞} defined by

vV (x) := inf
(x,w)∈V

w ∈ R,

that we shall call its southern border.

We shall say that [V]↑ := Ep(vV ) is the southern closure14 of V .

We recall the convention inf(∅) := +∞.

We observe that

V + {0} × R+ ⊂ Ep(vV ) ⊂ V + {0} × R+,

and that if V ⊂ X × R+ is a closed subset, then its southern closure vV is lower

semicontinuous and the three above sets are closed and equal.

We shall need the following.

Lemma 3.1. Let Vi∈I be a family of subsets Vi ⊂ X × R. Then the southern

border of the union of the Vi is the infimum of the southern borders of the set Vi:

v⋃
i∈I Vi = inf

i∈I
vVi ,

or, equivalently,

Ep(inf
i∈I

vVi ) =
[⋃

i∈I
Vi

]↑
.

In particular, the epigraph of the pointwise infimum inf i∈I vi of a family of functions

vi is the southern closure of the union of their epigraphs:

Ep(inf
i∈I

vi) =
[⋃

i∈I
Ep(vi)

]↑
.

Proof. Indeed,

v⋃
i∈I Vi (x) = inf

(x,y)∈
⋃
i∈I Vi

y = inf
i∈I

inf
(x,y)∈Vi

y = inf
i∈I

vVi (x).

�

14When V = V + {0} × R+, this is the vertical closure introduced in [64, Rockafellar &

Wets].
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3.2 The Epigraphical Approach

With these definitions, we can translate the viability/capturability conditions (9)

in the following geometric form:

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

i) ∀t ∈ [0, t∗], (T − t, x(t), y(t)) ∈ Ep(b)

(viability constraint),

ii) (T − t∗, x(t∗), y(t∗)) ∈ Ep(c)

(capturability of a target).

(13)

This “epigraphical approach” proposed by J.-J. Moreau and R.T. Rockafel-

lar in convex analysis in the early 60’s15, has been used in optimal control by

H. Frankowska in a series of papers [46–48, Frankowska] and [22, Aubin &

Frankowska] for studying the value function of optimal control problems and

characterizing it as a generalized solution (episolutions and/or viscosity solu-

tions) of (first-order) Hamilton–Jacobi–Bellman equations, in [6,16,8,10, Aubin]

for characterizing and constructing Lyapunov functions, in [35–38, Cardaliaguet]

for characterizing the minimal time function, in [59, Pujal] and [24, Aubin, Pujal

& Saint-Pierre] in finance and other authors since. This is this approach that we

adopt and adapt here, since the concepts of “capturability of a target” and of “via-

bility” of a constrained set allows us to study this problem in a new light (see

for instance [10, Aubin] and [11, Aubin] for economic applications) for study-

ing the evolution of the state of a tychastic control system subjected to viabil-

ity constraints in control theory and in dynamical games against nature or robust

control (see [60, Quincampoix], [35–38, Cardaliaguet], [39, Cardaliaguet, Quin-

campoix & Saint-Pierre]. Numerical algorithms for finding viability kernels have

been designed in [66, Saint-Pierre] and adapted to our type of problems in [59,

Pujal].

The properties and characterizations of the valuation function are thus derived

from the ones of guaranteed viable-capture basins, that are easier to study – and

that have been studied – in the framework of plain constrained sets K and targets

C ⊂ K (see [12,13, Aubin] and [15, Aubin & Catté] for recent results on that

topic).

3.3 Introducing Auxiliary Dynamical Games

We observe that the evolution of (T − t, x(t), y(t))made up of the backward time

τ(t) := T − t , of fuzzy coalitions x(t) of the players, of allotments and of the

payoff y(t) is governed by the dynamical game

15see for instance [21, Aubin & Frankowska] and [64, Rockafellar & Wets] among many

other references.
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⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

i) τ ′(t) = −1,

ii) ∀i = 0, . . . , n, x′i(t) = fi(x(t), v(t)),
iii) y′(t) = −y(t)m(x(t), p(t), v(t))+ 〈p(t), f (x(t), v(t))〉,

wherep(t) ∈ P(x(t)) & v(t) ∈ Q(x(t)),

(14)

starting at (T , x, y). We summarize it in the form of the dynamical game
{
i) z′(t) ∈ g(z(t), u(t), v(t)),
ii) u(t) ∈ P(z(t)) & v(t) ∈ Q(z(t)),

where z := (τ, x, y) ∈ R×Rn×R, where the controls u := p are the allotments,

where the map g : R × Rn × R � R × Rn × Rn × R is defined by g(z, v)

= (−1, f (x, v), u,−m(x, u, v)y + 〈u, f (x, v)〉) ,
where u ranges over P(z) := P(x) and v overQ(z) := Q(x).

We say that a selection z �→ p̃(z) ∈ P(z) is a feedback, regarded as a strategy.

One associates with such a feedback chosen by the decision maker or the player

the evolutions governed by the tychastic differential equation,

z′(t) = g(z(t), p̃(z(t)), v(t)),
starting at time 0 at z.

3.4 Introducing Guaranteed Capture Basins

We now define the guaranteed viable-capture basin that are involved in the defini-

tion of guaranteed valuation subsets.

Definition 3.2. Let K and C ⊂ K be two subsets of Z.

The guaranteed viable-capture basin of the target C viable in K is the set

of elements z ∈ K such that there exists a continuous feedback p̃(z) ∈ P(z) such

that for every v(·) ∈ Q(z(·)), for every solutions z(·) to z′ = g(z, p̃(z), v), there

exists t∗ ∈ R+ such that the viability/capturability conditions,
{
i) ∀t ∈ [0, t∗], z(t) ∈ K,
ii) z(t∗) ∈ C,

are satisfied.

We thus observe that

Proposition 3.1. The guaranteed valuation subset V
♯

(,c) defined in Definition 2.1

is the southern border of the guaranteed viable-capture basin under the dynamical

game (14) of the epigraph of the function c viable in the epigraph of the function b.

The characterization of this subset and the study of its properties is one of

the major topics of the viability approach to dynamical games theory that we

summarize in the two next sections.
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3.5 The Strategy

Since we have related the guaranteed valuation problem to the much simpler –

although more abstract – study of guaranteed viable-capture basin of a target and

other guaranteed viability/capturability issues for dynamical games,

1. we first “solve” these “viability/capturability problems” for dynamical games

at this general level, and in particular, study the tangential conditions enjoyed

by the guaranteed viable-capture basins (see Theorem 5.1 below),

2. and use set-valued analysis and nonsmooth analysis for translating the general

results of viability theory to the corresponding results of the auxiliary dynam-

ical game, in particular translating tangential conditions to give a meaning

to the concept of a generalized solution (Frankowska’s episolutions or, by

duality, viscosity solutions) to Hamilton–Jacobi–Isaacs variational inequali-

ties (see theorems 4.1 and 5.2 below).

4 Guaranteed Viability/Capturability under Dynamical Games

4.1 Guaranteed Viable-Capture Basins

We summarize the main results on guaranteed viability/capturability of a target

under dynamical games that we need to prove the results stated in the preceding

section.

We denote by X, U and V three finite dimensional vector spaces, and we intro-

duce a set-valued map F : X × U × V � X, a set-valued map P : X � U and a

set-valued mapQ : X � V .

We consider a dynamical game described by
⎧
⎪⎨
⎪⎩

i) x ′(t) ∈ F(x(t), u(t), v(t)),
ii) u(t) ∈ P(x(t)),
iii) v(t) ∈ Q(x(t)),

(15)

which is, so to speak, a control system regulated by two parameters, u(t) and v(t),

the first one regarded as a regulating parameter, controlled by a player, the second

one regarded as a perturbation, or a disturbance, or a tyche, chosen in a unknown

way by “Nature”.

We introduce a class P̃ of continuous selections x �→ ũ(x) ∈ P(x), that are

used as feedbacks or strategies by the player controlling the parameters u.

We associate with such a feedback ũ(x) ∈ P(x) the set Cũ(x) of solutions

(x(·), v(·)) ∈ C(0,∞;X)× L1(0,∞;U) to the parameterized system,
{
i) x′(t) ∈ F(x(t), ũ(x(t)), v(t)),
ii) v(t) ∈ Q(x(t)),

(16)

starting at x.
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We may identify the above dynamical game with the set-valued map (x, ũ) �

Cũ(x), that we regard as an evolutionary game.

Definition 4.1. Let C ⊂ K ⊂ X be two subsets, C being regarded as a target,

K as a constrained set.

The subset Absũ(K,C) of initial states x0 ∈ K such that C is reached in finite

time before possibly leaving K by all solutions to (16) starting at x0 is called the

invariance-absorption basin of C in K .

The subset,

[CaptP AbsQ](K,C) :=
⋃

ũ∈P̃
Absũ(K,C),

of elementsx ∈ K , such that there exists a feedback ũ ∈ P̃ , such that for every solu-

tion (x(·), v(·)) ∈ Cũ(x), there exists t∗ ∈ R+ satisfying the viability/capturability

conditions,

{
i) ∀t ∈ [0, t∗], x(t) ∈ K,
ii) x(t∗) ∈ C,

is called the guaranteed viable-capture basin of a target under the evolu-

tionary game (x, ũ) � Cũ(x) defined on X × P̃ (that, naturally, depends upon

the choice of the family P̃ of feedbacks).

4.2 Intertemporal Games

We introduce the following four features:

1. a discount factor,

m : (x, u, v) ∈ X × U × V �→ m(x, u, v) ∈ R;

2. a “Lagrangian”,

l : (x, u, v) ∈ X × U × V �→ l(x, u, v) ∈ R+;

3. two nonnegative extended cost functions b and c from R+×X to R+∪{+∞}
satisfying,

∀(t, x) ∈ R+ ×X, 0 ≤ b(t, x) ≤ c(t, x) ≤ +∞,

that we shall extend to cost functions (denoted by) b (constrained function)

and c (objective function) from R ×X to R+ ∪ {+∞} by setting,

b(t, x) = c(t, x) := +∞, whenever t < 0.
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We next fix a horizon or an final time T and associate with it the cost func-

tionals,

⎧
⎪⎨
⎪⎩

Jc(t; (x(·), v(·)); ũ)(T , x) := e
∫ t

0 m(x(s),̃u(x(s)),v(s))dsc(T − t, x(t))

+
∫ t

0

e
∫ τ

0 m(x(s),̃u(x(s)),v(s))ds l(x(τ ), ũ(x(τ )), v(τ ))dτ ,

(where t ranges over [0, T ]),

Ib(t; (x(·), v(·)); ũ)(T , x) := sup
s∈[0,t]

Jb(s; (x(·), v(·)); ũ)(T , x),

and

L(b,c)(t; (x(·), v(·)); ũ)(T , x) := max(Jc(t; (x(·), v(·)); ũ)(T , x),
Ib(t; (x(·), v(·)); ũ)(T , x))

We associate with it the guaranteed valuation function

V
♯

(b,c)(T , x) := inf
ũ∈P̃

sup
(x(·),v(·))∈Cũ(x)

inf
t∈[0,T ]

L(b,c)(t; (x(·), v(·)); ũ)(T , x). (17)

The function V
♯

(b,c) is called the guaranteed valuation function associated with

l,m and the cost functions b and c.

Let us consider the extended dynamical game of the form:
⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

i) τ ′(t) = −1,

ii) x′(t) ∈ F(x(t), u(t), v(t)),
iii) y′(t) = −y(t)m(x(t), u(t), v(t))− l(x(t), u(t), v(t)),

where v(t) ∈ Q(x(t)).

(18)

We associate with such a feedback ũ(x) ∈ P(x) the set Bũ(T , x, y) of solutions

(T − ·, x(·), v(·), y(·)) to the auxiliary system
⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

i) τ ′(t) = −1,

ii) x′(t) ∈ F(x(t), ũ(x(t)), v(t)),
iii) y′(t) = −y(t)m(x(t), ũ(x(t)), v(t))− l(x(t), ũ(x(t)), v(t)),

where v(t) ∈ Q(x(t)).
Theorem 4.1. Let us assume that the extended functions b and c are nontrivial

and non-negative.

The guaranteed valuation functionV
♯

(b,c) defined by (17) is the southern border of

the guaranteed viable-capture basin [CaptP AbsQ] (Ep(b), Ep(c) of the epigraph

Ep(c) of c under the dynamical game (18) viable in the epigraph Ep(b) of b:

V
♯

(b,c)(T , x) := inf
(x,T ,y)∈[CaptP AbsQ](Ep(b),Ep(c)

y
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In other words, Theorem 4.1 states that

Ep(V
♯

(b,c)) = [[CaptP AbsQ](Ep(b), Ep(c)]↑.

Since the guaranteed viable-capture basin,

[CaptP AbsQ](Ep(b), Ep(c)) :=
⋃

ũ∈P̃
Absũ(Ep(b), Ep(c)).

Lemma 3.1 implies that the southern border,

V
♯

(b,c)(T , x) := inf
(x,T ,y)∈[CaptP AbsQ](Ep(b),Ep(c))

y,

of [CaptP AbsQ](Ep(b), Ep(c) is the pointwise infimum,

V ♯(T , x) = inf
ũ∈P̃

U((b,c);̃u)(T , x),

of the southern borders,

U(b,c;̃u)(T , x) := inf
(x,T ,y)∈Absũ(Ep(b),Ep(c))

y.

It remains to prove that

U(b,c;̃u)(T , x) = sup
(x(·),v(·))∈Cũ(x)

inf
t∈[0,T ]

L(b,c)(t; (x(·), v(·)); ũ)(T , x), (19)

to derive the Theorem 4.1.

This is purpose of

Theorem 4.2. Let us assume that the extended functions b and c are nontrivial

and non-negative.

The valuation function U(b,c;̃u) is equal to the southern border of the invariant-

absorption basin Abs (Ep(b), Ep(c)) of Ep(c):

U(b,c;̃u)(T , x) := inf
(x,T ,y)∈Abs(Ep(b),Ep(c))

y

We refer to [24, Aubin, Pujal & Saint-Pierre] for the proof of this theorem.

5 Hamilton–Jacobi–Isaacs Equations

5.1 Lipschitz Dynamical Games

We shall assume that the dynamical game (15) is Lipschitz in the sense that the set-

valued maps P and Q are Lipschitz with compact values and that the set-valued

map F is Lipschitz with closed values.
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Let P̃λ be the set of Lipschitz selections with constant λ of the set-valued map

P : for every x, ũ(x) ∈ P(x).
The subset,

[CaptPλ AbsQ](K,C) :=
⋃

ũ∈P̃λ

Absũ(K,C),

is called the λ-guaranteed viable-capture basin of a target under the evolu-

tionary game (x, ũ)� Cũ(x).

One can prove that when the game is Lipschitz, the set-valued map (x, ũ) ∈
X × P̃λ � Cũ(x) ⊂ C(0,∞;X) is lower semicontinuous and consequently, that

the λ-guaranteed viable-capture basin is closed.

We recall that the contingent cone to a subset K at a point x ∈ K , introduced

in the early thirties independently by Bouligand and Severi, adapts to any subset

the concept of tangent space to manifolds: A direction v ∈ X belongs to TK(x) if

there exist sequences hn > 0 and vn ∈ X converging to 0 and v respectively such

that

∀n ≥ 0, x + hnvn ∈ K.

Using the Viability and the Invariance Theorems, one can prove the following

tangential properties of guaranteed viability kernels with targets:

Theorem 5.1. Let us assume that the dynamical game (P,Q,F ) is Lipschitz,

that C ⊂ K and K are closed subsets of X and that K\C is a repeller under all

the maps (x, ũ)� Cũ(x).

Then the λ-guaranteed viable-capture basin [CaptPλ AbsQ](K,C) of target C

viable in K is the largest of the closed subsets D satisfying C ⊂ D ⊂ K and

1. the tangential property16

∀x ∈ D\C, ∃u ∈ P(x) such that ∀v ∈ Q(x), F (x, u, v) ⊂ TD(x); (20)

2. there exists a λ-Lipschitz selection of the guaranteed regulation map ŴD
defined by

∀x ∈ D\C,ŴD(x) := {u ∈ P(x)|F(x, u,Q(x)) ⊂ TD(x)}.
16or, the equivalent dual formulation,

∀x ∈ D\C, ∀p ∈ ND(x), inf
u∈P(x)

sup
v∈Q(x)

σ(F (x, u, v), p) ≤ 0,

where the (regular) normal cone, ND(x) := TD(x)
−, is the polar cone to the contingent

cone TD(x) and where,

∀p ∈ X⋆, σ (F, p) := sup
x∈F
〈p, x〉,

is the support function of F .
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This theorem is a restatement of Theorems 9.2.14 and 9.2.18 of [11, Aubin,

Chapter 9].

5.2 Hamilton–Jacobi–Isaacs Variational Inequalities

Let us recall that the contingent epiderivative D↑v(t, x) of v at (t, x) satisfies

the property:

Ep(D↑v(t, x)) = TEp(v)(t, x, v(t, x)).

Since the λ-guaranteed viable-capture basin is closed under Lipschitz equations,

then its southern border, which is the λ-guaranteed valuation function,

V
♯

(b,c)λ
(T , x) := inf

ũ∈P̃λ
sup

(x(·),v(·))∈Cũ(x)
inf

t∈[0,T ]
L(b,c)(t; (x(·), v(·)); ũ)(T , x), (21)

is lower semicontinuous and thus, its epigraph coincides with the λ-guaranteed

viable-capture basin.

Theorem 5.2. Let us assume that the dynamical game (18) is Lipschitz and that

the cost functions b and c from R+×X to R+∪{+∞} are nontrivial, nonnegative

and lower semicontinuous. Then the λ-guaranteed valuation functionV
♯

(b,c)λ
under

the dynamical game (15) is the smallest of the nonnegative lower semicontinuous

solutions v to the Hamilton–Jacobi–Isaacs contingent inequalities

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

i) b(t, x) ≤ v(t, x) ≤ c(t, x),

ii) if v(t, x) < c(t, x),

infu∈P(x) supw∈F(x,u,Q(x))(D↑v(t, x)(−1, w)+ l(x, u, v)

+m(x, u, v)v(t, x)) ≤ 0,

such that there exists a λ-Lipschitz selection ũ of the guaranteed regulation map

Ŵ defined by
⎧
⎪⎨
⎪⎩

Ŵ(t, x)

:= {u ∈ P(x)| supw∈F(x,u,Q(x))(D↑v(t, x)(−1, w)+ l(x, u, v)

+m(x, u, v)v(t, x)) ≤ 0}.

Proof. It is a consequence of Theorem 5.1 when K := Ep(b), C := Ep(c) and

when the dynamical game is the extended dynamical game (18).

Theorem 5.1 states that the λ-guaranteed viable-capture basin

[CaptPλ AbsQ](Ep(b), Ep(c))

under (18) of the epigraph Ep(c) of c viable in the epigraph Ep(b) of b is the largest

of the closed subsets U satisfying Ep(b) ⊂ U ⊂ Ep(c), the tangential conditions
{
∀(t, x, y) ∈ U\Ep(c), ∃u ∈ P(x), such that∀w ∈ F(x, u,Q(x)),
(−1, w,−m(x, u, v)y − l(x, u, v)) ∈ TU (t, x, y),

(22)
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and such that there exists a λ-Lipschitz selection of the guaranteed regulation map

ŴU defined by

ŴU (t, x) := {u ∈ P(x)|{−1} × F(x, u, v)× {−m(x, u, v)y − l(x, u, v)}
∩ TU (t, x, y) 	= ∅}.

Let (t, x) �→ v(t, x) be the southern border of U , that satisfies U = Ep(v) since

U is closed. When y := v(t, x), the above condition (22) reads:

D↑v(t, x)(−1, w) ≤ −m(x, u, v)v(t, x)− l(x, u, v),

because

TU (t, x, v(t, x)) = Ep(D↑v(t, x)).

Conversely, this condition implies the tangential condition (22) for y := v(t, x)

whenever (t, x, v(t, x)) belongs to U . Otherwise, let (t, x, y) ∈ U with y > v(t, x)

and set λ := D↑v(t, x)(−1, w).

By definition of λ := D↑v(t, x)(−1, w), there exist sequences hn > 0 con-

verging to 0, wn converging to w and λn converging to λ such that (t − hn, x +
hnwn, v(t, x) + hnλn) belongs to Ep(v). Therefore, for μ ∈ R and hn small

enough,

(t − hn, x + hnwn, y + hnμ) = (t − hn, x + hnwn, v(t, x)+ hnλn)
+ (0, 0, y − v(t, x)+ hn(μ− λn)),

belongs to Ep(v) because y − v(t, x) is strictly positive. This implies that

(−1, w,μ) belongs to the contingent cone to the epigraph U of v at (t, x, y), so that

tangential condition (22) is satisfied with μ := −m(x, u, v)y − l(x, u, v). �
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68, pp. 27–61.

[24] Aubin, J.-P., Pujal, D. & Saint-Pierre, P. (2001) Dynamic manage-

ment of portfolios with transaction costs under tychastic uncertainty,

preprint.
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Abstract
In this paper we investigate the existence and turnpike properties of overtak-

ing Nash equilibria for an infinite horizon dynamic game in which the dynamic

constraints are described by linear evolution equations in a Hilbert space.

1 Introduction

The study of infinite horizon dynamic optimization problems has a rich history

during the Twentieth Century beginning with the seminal paper of F. Ramsey [7] in

1928. The primary applications of these problems arise in the arena of business and

economic modeling. During the sixties, it was discovered that the usual concept

of a minimizer was inadequate to deal with problems defined on an unbounded

time horizon since the objective functional, typically described by an improper

integral, is unbounded. Consequently, a hierarchy of new types of optimality (e.g.,

overtaking optimality) were invented to treat these problems. From the seventies

into the nineties, these problems were investigated extensively and now much is

known regarding these optimization models. The interested reader is directed to

the monograph of Carlson, Haurie, and Leizarowitz [3] for a detailed survey of

these results.

The theory of dynamic games also has an extensive literature beginning with the

work of Isaacs and others in the 1940’s and 1950’s and continuing up to the present

for many classes of systems. In contrast, however, the study of the extensions to

the weaker types of optimality, now so familiar in the infinite horizon optimization

literature is just beginning. In particular, we mention the works of Carlson and

Haurie [4], [5] in which the extension of these ideas was successfully achieved in
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†These results were announced at the Third World Congress of the World Federation of
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both discrete and continuous time for convex Lagrange problems. In these works

the existence of an asymptotic steady-state Nash equilibrium is established and

conditions are placed on the model to insure that there exists an overtaking open-

loop Nash equilibrium which converges to the steady-state Nash equilibrium. In

addition, the strict-diagonal convexity concept developed by Rosen [8] has been

extended to provide conditions under which the overtaking Nash equilibrium is

unique.

The present work extends the work of Carlson and Haurie [4], [5] to the case of

distributed parameter control systems in which the state dynamics of each player

is governed by a linear evolution equation with distributed control in a Hilbert

space. This work builds on the earlier work of Carlson, Haurie, and Jabrane [2]

where the infinite horizon optimal control problem is treated.

Our paper is organized as follows. In section 2 we introduce the basic hypotheses

and describe the class of models we treat. Section 3 is devoted to a discussion of

the normalized steady-state Nash equilibrium problem. In section 4 we discuss the

asymptotic turnpike theorem for overtaking Nash equilibria and in section 5 we

investigate the existence of an open-loop Nash equilibrium.

2 Basic Model and Hypotheses

We consider a p-player game in which the state of the j -th player over time,

j = 1, 2, . . . , p, is a continuous function, xj : [0,+∞)→ Ej , in which Ej is a

separable Hilbert space with inner product 〈·, ·〉Ej . Each of these state variables is

governed by a coupled linear evolution equation taking the form

ẋj (t) = Ajx(t)+ Bjuj (t), a.e. t ≥ 0 (1)

in which x(·) = (x1(·), x2(·), . . . , xp(·)) denotes the aggregate state variable

defined from [0,+∞) to the Hilbert space E = E1 × E2 × · · · × Ep with inner

product,

〈·, ·〉E .=
p∑

j=1

〈·, ·〉Ej ,

Aj is a densely defined linear operator from E into Ej , uj : [0,+∞) → Fj
is the control used by player j , and Bj is a bounded linear operator from the

separable Hilbert space Fj into Ej . We denote the inner product on Fj by 〈·, ·〉Fj
and proceeding as before we let F = F1×F2× · · ·×Fp denote the Hilbert space

with inner product

〈·, ·〉F .=
p∑

j=1

〈·, ·〉Fj .
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We view the above system of equations as a single equation taking the form

ẋ(t) = Ax(t)+ Bu(t), (2)

in which A : E → E is the densely defined linear operator given by Ax =
(A1x, A2x, . . . , Ajx) and B : F → E is the bounded linear operator defined by

Bu = (B1u1, B2u2, . . . , Bpup). We assume that the operator A is the generator

of a C0-semigroup {S(t) : t ≥ 0}. In addition to the above notations we also

assume that each player’s state, xj , satisfies a fixed initial condition

xj (0) = xj,0 ∈ Ej , (3)

and that the aggregate state variable satisfies a fixed state constraint,

x(t) ∈ X, t ≥ 0, (4)

in which X is a closed, bounded, convex subset of E. Finally we impose a state-

dependent constraint on the controls taking the form

uj (t) ∈ Uj (x(t)) a.e. t ≥ 0, (5)

whereUj (·) is a set-valued mapping from X ⊂ E intoFj which is closed, uniformly

bounded, and convex, with a weakly closed graph. Additionally we suppose that

Uj (λx + (1− λ)y) ⊂ λUj (x)+ (1− λ)Uj (y)

holds for each x, y ∈ X and λ ∈ [0, 1].

These definitions and hypotheses permit us to make the following definitions.

Definition 2.1. We say that the pair of functions {x(·),u(·)} : [0,+∞)→ E×F

is a trajectory-control pair for the dynamic game if x(·) is a continuous function,

u(·) ∈ L2([0, T ],F) for each T > 0, and if x(·) is a mild solution to equation

(2) with control u(·) and fixed initial condition (3) and if the pair satisfies the

constraints (4) and (5). That is, for each t ≥ 0 we have

x(t) = S(t)x0 +
∫ t

0

S(t − s)Bu(s) ds, (6)

where x0 = (x1,0, x2,0, . . . xp,0).

Further, we say a pair of functions {xk(·), uk(·)} : [0,+∞) → Ek × Fk is a

trajectory-control pair for player k if for each player j = 1, 2, . . . , p, j 	= k there

is a corresponding pair of functions {xj (·), uj (·)} : [0,+∞)→ Ej × Fj so that

the aggregate pair of functions

{x(·),u(·)} = {(x1(·), x2(·), . . . , xp(·)), (u1(·), u2(·), . . . , up(·))}

constitutes a trajectory-control pair for the dynamic game.
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It is well known that the mild solution to the equation (2) is not necessarily

differentiable. However it does enjoy the following “mild differential equation”

d

dt
〈x(t), q〉E = 〈x(t),A∗q〉E + 〈Bu(t), q〉E, a.e. t ≥ 0 and q ∈ D(A∗)

(7)

lim
t→0+

〈x(t), q〉E = 〈x0, q〉E for q ∈ D(A∗), (8)

where A∗ denotes the adjoint operator associated with A with densely defined

domain D(A∗).
The objective of the j -th player up to time T > 0 is described by a Lagrange-

type integral functional which takes the form

J Tj (x, uj ) =
∫ T

0

Lj (x(t), uj (t)) dt, (9)

in which Lj : E × Fj → R is assumed to be lower semi-continuous and convex

in (xj , uj ). In addition we impose the following growth condition:

Assumption 2.1. There exists K1 > 0 and K > 0 such that for each j =
1, 2, . . . , p we have

‖x‖2
E + ‖uj‖2

Fj
> K1 &⇒ Lj (x, uj ) ≥ K(‖x‖2

E + ‖uj‖2
Fj
). (10)

With this notation we have the following definition.

Definition 2.2. We say a trajectory-control pair for the dynamic game,

{x(·),u(·)} is an admissible trajectory-control pair if the maps t → Lj (x(t), uj (t)),

j = 1, 2, . . . p are integrable on [0, T ] for each T > 0. Additionally we say that

the pair of functions {xk(·), uk(·)} is an admissible pair for player k if for each

j = 1, 2, . . . p, j 	= k, there exists a corresponding pair of functions {xj (·), uj (·)}
so that the aggregate pair of functions

{x(·),u(·)} = {(x1(·), x2(·), . . . , xp(·)), (u1(·), u2(·), . . . , up(·))}

is an admissible trajectory-control pair for the dynamic game.

The above describes the class of dynamic games we wish to study. We seek

a Nash equilibria for this dynamic game as T → +∞. However, dictated by

experience in infinite horizon optimization problems it is known that generally

along any admissible trajectory-control pair the improper integrals

lim
T→+∞

J Tj (x, uj ) =
∫ +∞

0

Lj (x(t), uj (t)) dt,
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may diverge. As a consequence of this fact, we seek a weaker type of equilibria

known as an overtaking Nash equilibria. To define this type of equilibria we intro-

duce the following notation. For x = (x1, x2, . . . xp) ∈ E and y ∈ Ej let [xj , y]

denote the aggregate vector,

(x1, x2, . . . , xj−1, y, xj+1, . . . xp) ∈ E.

We now have the following definitions.

Definition 2.3. We say the admissible trajectory-control pair, {x∗,u∗}, is a

(1) strong Nash equilibrium if

(a)

lim
T→+∞

J Tj (x
∗, u∗j ) =

∫ +∞

0

Lj (x
∗(t), u∗j (t)) dt < +∞, (11)

and

(b)
∫ +∞

0

Lj (x
∗(t), u∗j (t)) dt ≤ lim inf

T→+∞

∫ T

0

Lj ([x
∗j , y](t), v(t)) dt (12)

holds for each j = 1, 2, . . . , p and each trajectory-control pair y :

[0,+∞) → Ej and v : [0,+∞) → Fj for which {[x∗j , y], [u∗j , v]}
is an admissible trajectory-control pair.

(2) an overtaking Nash equilibrium if

lim inf
T→+∞

∫ T

0

(
Lj ([x

∗j , y](t), v(t))− Lj (x∗(t), u∗j (t))
)
dt ≥ 0, (13)

holds for each j = 1, 2, . . . , p and each trajectory-control pair y :

[0,+∞)→ Ej and v : [0,+∞)→ Fj for which {[x∗j , y], [u∗j , v]} is an

admissible trajectory-control pair.

(3) a weakly overtaking Nash equilibrium if

lim sup
T→+∞

∫ T

0

(
Lj ([x

∗j , y](t), v(t))− Lj (x∗(t), u∗j (t))
)
dt ≥ 0, (14)

holds for each j = 1, 2, . . . , p and each trajectory-control pair y :

[0,+∞)→ Ej and v : [0,+∞)→ Fj for which {[x∗j , y], [u∗j , v]} is an

admissible trajectory-control pair.

The above definitions are a direct parallel of the same notions found in the

infinite horizon optimal control literature. For a complete discussion of these ideas

the reader is directed to Carlson, Haurie, and Leizarowitz [3]. For dynamic games

these definitions appear in Carlson and Haurie [4] [5] in which analogous questions

for ordinary differential control systems were considered.

In the next section we continue with a discussion of an associated steady-state

game.
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3 The Steady-State Game

In this section we consider an associated steady-state game. This game is a convex

game in a Hilbert space. Specifically we consider the problem of finding a Nash

equilibrium of the game with objectives

Lj (x, uj ) j = 1, 2, . . . , p, (15)

subject to the constraints

0 = Ax + Bu (16)

x ∈ X (17)

uj ∈ Uj (x) j = 1, 2, . . . , p. (18)

We seek a Nash equilibrium in the Hilbert space E × F as defined below. To

describe this equilibrium we introduce the following notation.

Definition 3.1. We say that the pair (x∗,u∗) ∈ E × F is a steady-state Nash

equilibrium if the constraints (16)–(18) are satisfied and if for each j = 1, 2, . . . , p

we have

Lj (x
∗, u∗j ) ≤ Lj ([x∗

j
, y], v) (19)

holds for all (y, v) ∈ Ej×Fj for which ([x∗j , y], [u∗j , v]) satisfies the constraints

given by (16)–(18).

This is a convex game in a Hilbert space and it is well known, under appropriate

constraint qualifications, that if (x∗,u∗) is a Nash equilibrium, then for each j =
1, 2, . . . , p there exists a multiplier q̄j ∈ E, such that

Lj (x
∗, u∗j ) ≤ Lj ([x∗

j
, y], v)− 〈[xj , y],A∗q̄j〉E − 〈B[u∗j , v], q̄j〉E (20)

holds for all y ∈ Ej such that [x∗j , y] ∈ X, and all v ∈ Fj such that [u∗j , v] ∈ F

satisfies u∗k ∈ Uk([x∗
j , y]) for k 	= j and v ∈ Uj ([x∗j , y]).

The main drawback to the formulation considered above is that generally there

is no relationship between the multiplier, q̄j, of player j and any other player.

In 1965, Rosen [8] introduced the notion of a normalized equilibrium for convex

games in finite dimensions. Recently, in Carlson [6] these ideas have been extended

to convex games with strategies in Hilbert spaces. We briefly now describe these

ideas.

To begin we let rj > 0, j = 1, 2, . . . , p, be fixed real numbers and define the

weighted objective function L : E× E× F → R by the formula

L(x, y, v) =
p∑

j=1

rjLj ([x
j , yj ], vj ). (21)
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Now let (x,u) ∈ E satisfy the constraints (16)–(18) and consider the optimization

problem

minimize L(x, y, v) (22)

over all (y, v) ∈ E satisfying the constraints (16)–(18). This is a well defined

optimization problem that is parameterized by (x,u). Let � denote the set of all

pairs (x,u) ∈ E × F which satisfy the constraints (16)–(18) and define the set-

valued mapping Ŵ : �→ 2� by

Ŵ(x,u)
.= {(y, v) ∈ � : L(x, y, v) ≤ L(x, z,w) for all (z,w) ∈ �} .

(23)

Following the analysis developed in Carlson [6] (or in Rosen [8] for finite-

dimensional games) it is known that if (x̄, ū) is a fixed point of Ŵ(·, ·), that is

(x̄, ū) ∈ Ŵ(x̄, ū), (24)

then (x̄, ū) is a Nash equilibrium for the above convex game. Moreover, since (x̄, ū)

is a solution of an optimization problem there exists, with appropriate constraint

qualifications, a multiplier, q̄ ∈ E such that

L(x̄, x̄, ū) ≤ L(x̄, y, v)−
(
〈y,A∗q̄〉E + 〈Bv, q̄〉E

)
(25)

holds for each y ∈ X and v = (v1, v2, . . . , vp) ∈ F such that vk ∈ Uk(y), k =
1, 2, . . . , p. More explicitly this becomes,

p∑

k=1

rkLk(x̄, ūk) ≤
p∑

k=1

rkLk([x̄
k, yk], vk)−

(
〈y,A∗q̄〉E + 〈Bv, q̄〉E

)
(26)

holds for each y ∈ X and v = (v1, v2, . . . , vp) ∈ F such that vk ∈ Uk(y),
k = 1, 2, . . . , p. Fixing j = 1, 2, . . . , p and taking y ∈ Ej and v ∈ Fj such that

([x̄j , y], [ūj , v]) ∈ � it is an easy matter to see that inequality (25) reduces to

Lj (x̄, ūj ) ≤ Lj ([x̄j , y], v)− 1

rj

(
〈[x̄j , y],A∗q̄〉E + 〈B[ūj , v], q̄〉E

)
, (27)

which holds for all y ∈ Ej such that [x∗j , y] ∈ X, and all v ∈ Fj such that

[ūj , v] ∈ F satisfies ūk ∈ Uk([x∗j , y]) for k 	= j and v ∈ Uj ([x∗j , y]). Identifying

(x∗,u∗) with (x̄, ū) and the multipliers q̄j = (1/rj )q̄ for j = 1, 2, . . . , p we see

that equation (27) coincides with equation (20). Thus, the multipliers

q̄j = (1/rj )q̄, j = 1, 2, . . . , p

are multipliers for the original static game. Multipliers of this form were first intro-

duced in Rosen [8] and are referred to as normalized multipliers with the corres-

ponding Nash equilibrium called a normalized Nash equilibrium. The existence
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of normalized multipliers have been studied in Rosen [8] for finite-dimensional

convex games and recently these ideas have been extended to convex games with

strategies in Hilbert spaces in Carlson [6]. We direct the interested reader to those

works for additional information.

With the discussion given above we make the following assumption.

Assumption 3.1. We assume that there exists a set of positive weights rj > 0,

a unique normalized Nash equilibrium, denoted by (x̄, ū), and a vector q̄ ∈ E so

that,

q̄j = (1/rj )q̄, j = 1, 2, . . . , p

constitutes a set of normalized multipliers associated with (x̄, ū).

Remark 3.1. The uniqueness assumption given above is assured by assuming

additional regularity on the model. Specifically what is needed is a strict diagonal

convexity assumption. This condition originated in Rosen [8] and was extended to

the Hilbert space setting considered here in Carlson [6].

4 Turnpike Properties

In economic growth modeling, the primary application of infinite horizon dynamic

games, the role of the turnpike property is quite familiar. In the setting considered

here one expects that equilibria asymptotically approach the unique steady state

Nash equilibrium given in Assumption 3.1. As we shall see, this is indeed the case.

To present these results we introduce a new integrand L0 : E×E×F → R∪{+∞}
by the formula

L0(x, y, v =

⎧
⎪⎨
⎪⎩

L(x, y, v)− L(x̄, x̄, ū)

−〈y,A∗q̄〉E − 〈Bv, q̄〉E if x ∈ X and vj ∈ Uj (y)
+∞ otherwise.

(28)

We observe that this function has the same properties as L and additionally satisfies

L0(x̄, y, v) ≥ 0 for all (y, v) ∈ E × F. Further it is also clear that we have the

growth condition,

‖y‖2
E + ‖v‖2

F > K1 &⇒ L0(x̄, y, v) ≥ K(‖y‖2
E + ‖v‖2

F ). (29)

From this we see that the function (y, v)→ L0(x̄, y, v) enjoys the same proper-

ties as the function L0(·, ·) found in Carlson, Haurie, and Jabrane [2] and so we

immediately extract the following results.

Lemma 4.1. If {y, v} is an admissible trajectory-control pair that satisfies

∫ +∞

0

L0(x̄, y(t), v(t)) dt < +∞, (30)
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then necessarily y(·) is bounded and for every fixed S > 0 there exists a constant

C(S) such that

∀t ≥ 0

∫ t+S

t

‖v(s)‖2
F ds ≤ C(S). (31)

Proof. Lemma 1 in Carlson, Haurie, Jabrane [2]. �

Theorem 4.1. (Weak Turnpike Theorem) Under Assumption 3.1, if {y, v} is an

admissible trajectory-control pair that satisfies

lim sup
T→+∞

∫ T

0

(L(x̄, y(t), v(t))− L(x̄, x̄, ū) dt = α <∞, (32)

then necessarily

1

T

∫ T

0

y(t) dt −→w x̄ as T →+∞. (33)

Here the notation −→w indicates weak convergence in E.

Proof. Theorem 1 in Carlson, Haurie, Jabrane [2]. �

Remark 4.1. This weak turnpike theorem relates the weak convergence of the

average state of an admissible trajectory to the unique steady-state normalized

Nash equilibrium, x̄. In addition, it follows from the proof of this result that we

also have

1

T

∫ T

0

v(t) dt −→w ū as T →+∞.

(here convergence is in F) as well. For the details we refer the reader to [2].

To obtain a stronger result we let G be the set defined by

G = {x ∈ E : ∃ u ∈ F such that L0(x̄, x,u) = 0}, (34)

and give the following definition.

Definition 4.1. Let F denote the family of all trajectories, x(·) of the linear

system (2) for some locally square integrable control u(·) satisfying

x(t) ∈ G a.e. t ≥ 0. (35)

We say that G has the convergence property C if x −→w x̄ as t → +∞ in E,

uniformly in F .

With this definition we immediately obtain the following result.
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Theorem 4.2. Under Assumption (3.1), if G has property C and if {x̃, ũ} is an

admissible trajectory-control pair for which

∫ +∞

0

L0(x̄, x̃(t), ũ(t)) dt < +∞, (36)

then necessarily x̃(t) −→w x̄ as t →+∞.

Proof. Theorem 2 in Carlson, Haurie, and Jabrane [2]. �

Remark 4.2. If in the definition of convergence property C we replace weak

convergence in E by strong convergence in E then, we obtain from the above result

that ‖x̃(t)− x̄‖E → 0 as t →+∞.

The results given above are immediate consequences of the results found in

Carlson, Jabrane, and Haurie [2] for the “single-player” case. As we will see in the

next section, these results are not quite adequate to establish the desired existence

results.

5 Existence of an Overtaking Nash Equilibrium

In this section we provide sufficient conditions to insure that the dynamic game

we are considering has an overtaking Nash equilibrium as defined in Section 2.

In addition to the assumptions required in the previous sections we require two

additional assumptions. The first of these is a controllability assumption that is

defined as follows:

Assumption 5.1. There exists an ǫ0 > 0 and an S > 0 such that for all x̂ ∈ E

satisfying

|〈x̂ − x̄, q̄〉E | < ǫ0,

there exists a trajectory-control pair {z,w} defined on [0, S] satisfying the con-

straints (4) and (5) that drives x̂ to x̄ in time S. That is, z(·) : [0, S] → E satisfies

z(t) = S(t)x̂ +
∫ t

0

S(t − s)Bw(s) ds

z(S) = x̄

z(t) ∈ X

wj (t) ∈ Uj (z(t)) j = 1, 2, . . . p.

Remark 5.1. Controllability issues in infinite dimensional systems are always

very difficult to verify. The above assumption, however, is somewhat weaker than

the usual controllability results. Further, since x̄ is a steady state, this could possibly

be verified through the use of known null controllability results.
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The next assumption we require is as follows:

Assumption 5.2. There exists a set of positive weights, rj > 0, such that

Assumption (3.1) holds and,

inf

∫ +∞

0

L0(x(t), y(t), v(t)) dt, (37)

where the infimum is taken over all pairs of admissible trajectory-control pairs,

{x,u} and {y, v} in which we additionally have, x(t) →w x̄ as t → +∞, is

bounded below.

Remark 5.2. This assumption insures that there is a global lower bound on the

integral functional

K(x, y, v) =
∫ +∞

0

L0(x(t), y(t), v(t)) dt

over all pairs of admissible trajectory-control pairs {x,u} and {y, v} in which we

additionally have, x(t) →w x̄ as t → +∞. Following the development given in

Carlson, Haurie, and Jabrane [2] this condition can be satisfied by considering the

infinite horizon optimal control problem in which the objective, up to time T > 0

is given by

∫ T

0

L(x(t), y(t), v(t))− 〈y,A∗q̄〉E − 〈Bv, q̄〉E dt

over all pairs of admissible-trajectory control pairs {x,u} and {y, v}. We further

observe that in the case of a single-player game, (i.e., the optimal control case con-

sidered in [2]), this hypothesis always is satisfied since the corresponding function

L0 is always non-negative by the Lagrange multiplier theorem.

Our final assumption is a turnpike assumption.

Assumption 5.3. For each admissible trajectory x : [0,+∞) → E satisfying

x(t)→w x̄ as t →+∞ we have that whenever {y, v} is an admissible trajectory-

control pair satisfying

∫ +∞

0

L0(x(t), y(t), v(t)) dt < +∞,

then necessarily one has y(t)→w x̄ as t →+∞.

Remark 5.3. This assumption is, of course, stronger than the conclusion of The-

orem 4.2. Nevertheless, in the light of this theorem, this assumption seems plau-

sible and as we shall see permits us to achieve our result.
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To provide sufficient conditions for an overtaking Nash equilibrium we consider

the set, denoted by S, of all admissible trajectories, x : [0,+∞)→ E satisfying

x(t) →w x̄ as t → +∞. We observe that this set is nonempty and convex by

hypothesis. Further, since all of the admissible trajectories are uniformly bounded

by (4) we may view this set as a subset of the Hilbert space, X defined as

X =
{

x : [0,+∞)→ E :

∫ +∞

0

e−t‖x(t)‖2
E dt < +∞

}

with inner product defined by

〈x, y〉X =
∫ +∞

0

e−t 〈x(t), y(t)〉E dt.

Further, we note that if x is an admissible trajectory it follows that

‖x‖X =
(∫ +∞

0

e−t‖x(t)‖2
E dt

) 1
2

≤ M,

in whichM is an upper bound for all of the admissible trajectories, giving us that S

is a bounded, and hence a relatively weakly compact subset of X . We now define

the following set-valued mapping B : S → 2S\{∅} as follows:

Definition 5.1. We say y∗ ∈ B(x) if there exists a control v∗(·) such that {y∗, v∗}
is an admissible trajectory-control pair such that y∗(t)→w x̄ as t →+∞ and

∫ +∞

0

L0(x(t), y
∗(t), v∗(t)) dt = inf

∫ +∞

0

L0(x(t), y(t), v(t)) dt < +∞

where the infimum is taken over all pairs of admissible trajectory-control pairs,

{y, v}.

Our reason for introducing this set-valued mapping is given in the following

result.

Theorem 5.1. If there exists an element x∗ ∈ S such that

x∗ ∈ B(x∗)

(i.e., x∗ is a fixed point of the mapping x → B(x)), then x∗ is an overtaking Nash

equilibrium for the dynamic game.

Proof. To prove this result let the admissible trajectory-control pair {x∗,u∗} be

such that x∗ ∈ B(x∗) and suppose that there exists an index j = 1, 2, . . . , p

and a corresponding pair of functions {yj , vj } such that {[x∗j , yj ], [u∗j , vj ]} is
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an admissible trajectory-control pair such that for some ǫ∗ > 0 there exists a

sequence {Tk}+∞k=0, Tk →+∞ as k→+∞ such that

∫ Tk

0

Lj (x
∗(t), u∗j (t)) dt >

∫ Tk

0

Lj ([x
∗j , yj ](t), vj (t)) dt + ǫ∗.

holds for each k = 1, 2, . . . . From this we obtain,

∫ Tk

0

L(x∗(t), [x∗j , yj ](t), [u
∗j , vj ](t)) dt

=
p∑

l=1

∫ Tk

0

rlLj ([x
∗j , [x∗j , yj ]l(t), [u

∗j , vj ]l(t)) dt

<

∫ Tk

0

L(x∗(t), x∗(t),u∗(t)) dt − rj ǫ∗.

Using the definition of L0 we get,

+rj ǫ∗ <
∫ Tk

0

L(x∗(t), x∗(t),u∗(t))− L(x∗(t), [x∗j , yj ](t), [u
∗j , vj ](t)) dt

=
∫ Tk

0

L0(x
∗(t), x∗(t),u∗(t))− L0(x

∗(t), [x∗j , yj ](t), [u
∗j , vj ](t)) dt

+
∫ Tk

0

[〈x∗(t),A∗q̄〉E + 〈Bu∗(t), q̄〉E]− [〈[x∗j , yj ](t),A∗q̄〉E

+ 〈B[u∗j , vj ](t), q̄〉E] dt

=
∫ Tk

0

L0(x
∗(t), x∗(t),u∗(t))− L0(x

∗(t), [x∗j , yj ](t), [u
∗j , vj ](t)) dt

+
∫ Tk

0

d

dt
〈(x∗(t)− [x∗j , yj ](t)), q̄〉 dt

=
∫ Tk

0

L0(x
∗(t), x∗(t),u∗(t))− L0(x

∗(t), [x∗j , yj ](t), [u
∗j , vj ](t)) dt

+ 〈(x∗(Tk)− [x∗j , yj ](Tk)), q̄〉.

We now divide our considerations into two cases. The first is when we have

lim
k→+∞

∫ Tk

0

L0(x
∗(t), [x∗j , yj ](t), [u

∗j , vj ](t)) dt = +∞.

In this case we have, due to the boundedness of all admissible trajectories, that the

right side of the above inequalities tends to −∞ as k → +∞. Clearly this is not
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possible since the left side is a fixed positive quantity independent of k. Therefore

we must assume that

lim
k→+∞

∫ Tk

0

L0(x
∗(t), [x∗j , yj ](t), [u

∗j , vj ](t)) dt < +∞.

In this case, the optimality of x∗ insures that there exists an index k̂ such that for

all k ≥ k̂
∫ Tk

0

L0(x
∗(t), x∗(t),u∗(t))− L0(x

∗(t), [x∗j , yj ](t), [u
∗j , vj ](t)) dt ≤ rj

ǫ∗

3
.

Further, Assumption 5.3, insures that we can also assume that whenever k > k̂ we

have

〈(x∗(Tk)− [x∗j , yj ](Tk)), q̄〉 ≤ rj (ǫ∗/3).

Combining these two results gives us

rj ǫ
∗ < (2/3)rj ǫ

∗,

an obvious contradiction, so that the desired result follows. �

As a consequence of this last result, we can establish the existence of an overtak-

ing Nash equilibrium by providing conditions under which the set-valued mapping

B(·) has a fixed point. To do this we require the following infinite dimensional gen-

eralization of the Kakutani Fixed Point Theorem given by Bohenblust and Karlin

[1] which we state here only for the case of a Hilbert space

Theorem 5.2. Let H be a weakly separable Hilbert space with S a convex,

weakly closed set in E. Let B : S → 2S\{∅} be a set-valued mapping satisfying

the following:

(1) B(x) is convex for each x ∈ S.

(2) The graph of B, {(x, y) ∈ S × S : y ∈ B(x)}, is weakly closed in H × H .

That is, if {xn} and {yn} are two sequences in S such that xn → x, yn → y,

weakly in H with xn ∈ B(yn), then necessarily we have x ∈ B(y).
(3)

⋃
x∈S B(x) is contained in a sequentially weakly compact set T .

Then there exists x∗ ∈ S such that x∗ ∈ B(x∗).

Proof. See Theorem 5 [1]. �

We now are ready to present our main result.
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Theorem 5.3. Under the general hypothesis of Section 2, and Assumptions (2.1)–

(5.3) there exists an overtaking Nash equilibrium for the infinite horizon infinite

dimensional dynamic game over the class of all admissible trajectory-control pairs

provided there exists at least one admissible trajectory-control pair, say {x̂, û}
satisfying x̂(t)→w x̄ as t →+∞.

Proof. In view of Theorem 5.1 it suffices to show that the set-valued mapping

B(·) has a fixed point. To do this we will use Theorem 5.2. We begin by observing

that, due to our convexity hypothesis, it is an easy matter to see that B(x) is convex

(giving us conditions (1) of Theorem 5.2) and that condition (3) of Theorem 5.2

holds. Therefore, it remains to show that B(x) 	= ∅ for each x ∈ S and that the

graph of this set-valued map is weakly closed. To show that for each x ∈ S we have

B(x) 	= ∅ we let {Tk} be an unbounded, strictly monotone sequence of positive

times such that

|〈x(Tk)− x̄, q̄〉| < ǫ0.

As a result of Assumption 5.1, there exists a trajectory-control pair, {zk,wk}defined

on [0, S] that drives the state x(Tk) to x̄. Consequently, we can construct the

following sequence of admissible trajectory-control pairs,

{x̃k(t), ũk(t)} =

⎧
⎪⎪⎨
⎪⎪⎩

{x(t), u(t)} if 0 ≤ t < Tk
{zk(t − Tk),wk(t − Tk)} if Tk ≤ t < Tk + S
{x̄, ū} if Tk + S ≤ t

.

Further it is an easy matter to see that x̃k → x as k → +∞ pointwise in E.

Moreover we also observe that since L0(x̄, y, v) ≥ 0, for each fixed k = 1, 2, . . . ,

for all T > Tk and admissible trajectory-control pair {y, v} we have,

∫ T

0

L0(x̃k(t), y(t), v(t)) dt =
∫ Tk

0

L0(x̃(t), y(t), v(t)) dt

+
∫ Tk+S

Tk

L0(zk(t − Tk), y(t), v(t)) dt

+
∫ T

Tk+S
L0(x̄, y(t), v(t)) dt

≤
∫ Tk

0

L0(x̃(t), y(t), v(t)) dt

+
∫ Tk+S

Tk

L0(zk(t − Tk), y(t), v(t)) dt

< +∞.
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This, when combined with Assumption 5.2, insures that the problem of minimizing

the functional

∫ +∞

0

L0(x̃k(t), y(t), v(t)) dt,

is well defined and that its infimum, over all admissible trajectory-control pairs

{y, v}, is finite. Thus, as a result of our convexity and growth hypothesis this

functional attains its minimum, say at {yk, vk}. Moreover we have that for all

T ≥ Tk ,
∫ T

0

L0(x̃k(t), yk(t), vk(t)) dt =
∫ Tk

0

L0(x̃(t), yk(t), vk(t)) dt

+
∫ Tk+S

Tk

L0(zk(t − Tk), yk(t), vk(t)) dt

+
∫ T

Tk+S
L0(x̄, yk(t), vk(t)) dt

< +∞,

which implies

∫ +∞

0

L0(x̄, yk(t), vk(t)) dt < +∞.

As a consequence of the turnpike theorem, Theorem 4.2, we have

yk(t)→w x̄ as t →+∞.

Therefore, we have yk ∈ B(xk) for each k = 1, 2, . . . . Now we observe that by

hypothesis the pairs {yk, vk} and {x̃k, ũk} are bounded sequences in the Hilbert

space E × F and therefore are weakly compact. This means that without loss of

generality we can assume that these sequences pointwise converge weakly in E×F

to functions {y∗, v∗} and {x,u} as k → +∞. Further, our convexity and growth

assumptions insure that the integral functional

{x, y, v} →
∫ +∞

0

L0(x(t), y(t), v(t)) dt

is weakly lower semi-continuous. Thus we have,

∫ +∞

0

L0(x(t), y
∗(t), v∗(t)) dt ≤ lim inf

k→+∞

∫ +∞

0

L0(x̃k(t), yk(t), vk(t)) dt.
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Further, since for each k and for any admissible trajectory-control pair {y, v}, we

have

∫ +∞

0

L0(x̃k(t), yk(t), vk(t)) dt ≤
∫ +∞

0

L0(x̃k(t), y(t), v(t)) dt,

it follows that

∫ +∞

0

L0(x(t), y
∗(t), v∗(t)) dt ≤

∫ +∞

0

L0(x(t), y(t), v(t)) dt,

implying that y∗ ∈ B(x) (i.e., B(x) 	= ∅) as desired. Finally we observe that an

argument similar to the previous one insures that the graph of B(·) is weakly closed.

Thus all of the conditions of Theorem 5.2 are satisfied and there exists a fixed point,

say x̂, of B(·). Appealing to Theorem 5.1 gives us the desired conclusion. �

6 A Simple Example

We conclude this paper with an elementary example to which the existence result

obtained above is applicable.

In this example we consider a two-player game in which each player has dyna-

mics governed by the following partial differential equation:

∂xi

∂t
= −∂xi

∂y
+ ui, t > 0, y ∈ [0, h], i = 1, 2

with initial condition

xi(0, y) = x0
i (y), y ∈ [0, h], i = 1, 2,

in which we assume that x0
i : [0, h] → R is a given initial state with the property

that x0
i (0) = 0. We further suppose that the boundary condition,

xi(t, 0) = 0, t ≥ 0

holds. Additionally we impose the capacity constraints

0 ≤ xi(t, y) ≤ αi, a.e. t ≥ 0; y ∈ [0, h]

and

0 ≤ ui(t, y) ≤ Ūi a.e. t ≥ 0; y ∈ [0, h].

Here we assume that αi > 0, and Ūi > 0 are fixed constants representing limita-

tions on each of the player’s state and controls.
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The objective of each player is to minimize an accumulated cost which is

described by the integral functional, up to time T > 0, by

J T
i (x1, x2, ui) =

∫ T

0

[∫ h

0

qi1(y)xi(t, y)
2 + qi2(y)x2(t, y)x1(t, y)

+ri(y)ui(t, y)2 dy
]
dt.

Here we assume that qi1 : [0, h] → [0,+∞), qi2 : [0, h] → [0,+∞), and

ri : [0, h] → [0,+∞) are continuous functions for i = 1, 2.

To put this example into the framework considered here we let Ei =
L2([0, h];R), with the usual norm and inner product, and view the state variable

for player i as a map xi : [0,+∞)→ Ei (i.e., xi(t)(y) = xi(t, y). Similarly we

let Fi = L2([0, h];R) (again with the usual inner product and norm) and assume

the control of each player is a map ui : [0,∞) → Fi . The dynamics of each

player may now be expressed as

ẋi(t) = Aixi(t)+ ui(t),

where Ai is the operator with domain

D(Ai) = {xi ∈ Ei :
∂xi

∂y
∈ Ei and xi(0) = 0}

defined by

(Aixi)(y) =
∂

∂y
xi(y).

It is a standard exercise to show that the operatorsAi are closed, densely defined and

generate a strongly continuous semigroup. Further due to the fact that the dynamics

are decoupled these facts carry over to the aggregate operator A = (A1, A2) with

domain D(A) = D(A1) × D(A2). The details can be extracted from a similar

example described in Carlson, Haurie, and Leizarowitz [3]. Further we note the

we may take

X = {(x1, x2) ∈ E1 × E2 : (x1(y), x2(y)) ∈ [0, α1]× [0, α2] a.e. y ∈ [0, h]}

and

Ui(x) = {(ui(·) ∈ Fi : ui(y) ∈ [0, Ûi] a.e. y ∈ [0, h]}.

With regards to the objectives of each player we note that we have Li : E1×E2×
Fi → R is given by

Li(x1, x2, ui) =
∫ h

0

qi1(y)xi(y)
2 + qi2(y)x2(y)xi(y)+ ri(y)ui(y)2 dy dt.
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The relevant convexity assumptions for these integrands is now insured by

assuming that the functions fi : [0, α1]× [0, α2]× [0, Ûi]× [0, h] → R, given by

fi(y, x1, x2, ui) = qi1(y)x2
i + qi2(y)x2x1 + ri(y)u2

i

are convex in the (xi, ui) arguments. The positivity assumptions on the functions

qi1(·) and ri(·) are sufficient to insure that this condition is satisfied.

It remains to demonstrate that the rest of the hypothesis are satisfied. We first

observe that due to the nonnegativity of each of the terms in Li it is an easy

matter to see that the growth hypotheses are satisfied. Further, it is also easy to see

that one solution to the steady state problem is (x̄, ū) = (0, 0). The uniqueness

of this steady state Nash equilibrium is obtained by requiring a strict diagonal

convexity hypothesis to hold. This condition may be realized by assuming that the

functions qi1 and ri are strictly positive on [0, h]. For q̄ we may take q̄ = 0 so

that we now have both Assumptions 1 and 2 satisfied. Further, Assumption 4 is

also satisfied since the objective of each player is nonnegative. It remains to show

that Assumptions 3 and 5 are satisfied. To see this we observe that for a given

fixed initial condition, x0 = (x1,0, x2,0) : [0, h] → R
2 any admissible control

u = (u1, u2) : [0,+∞) × [0, h] → R
2 generates a trajectory, for i = 1, 2, on

[0,+∞)× [0, h] given by (see Carlson, Haurie, Leizarowitz [3] for the details of

this representation):

xi(t, y) =
{
xi,0(y − t)+

∫ t
0 ui(s, y − t + s) ds for 0 ≤ t ≤ y

0 otherwise.

Thus when t > h the admissible trajectory satisfies xi(t, y) ≡ 0. This insures that

both Assumption 3 and Assumption 5 are satisfied. With assumptions 1 through

5 all satisfied we may now conclude that the above problem has an overtaking

open-loop Nash equilibrium.
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Abstract
In this paper the definition of cooperative game in characteristic function

form is given. The notions of optimality principle and solution concepts based

on it are introduced. The new concept of “imputation distribution procedure”

(IDP) is defined and connected with the basic definitions of time-consistency

and strong time-consistency. Sufficient conditions of the existence of time-

consistent solutions are derived. For a large class of games where these condi-

tions cannot be satisfied, the regularization procedure is developed and new c.f.

constructed. The “regularized” core is defined and its strong time-consistency

proved.

1 Introduction

In n-person differential games as in classical simultaneous game theory different

solution concepts are used. The most common approach is a non-cooperative set-

ting where as a solution the Nash Equilibrium is considered, and also other solu-

tions such as Stackelberg solution, Nash bargaining scheme, Kalai–Smorodinski

solution, are frequently used. At the same time not much attention is given to the

problem of time-consistency of the solution considered in each specific case. This

may follow from the fact that in most cases the Nash Equilibrium turns out to

be time-consistent, but not always as was shown in [11]. The time-consistency of

other above mentioned solutions take place in exceptional cases.

The problem becomes more serious when cooperative differential games are

considered. Usually in cooperative settings players agree to use such controls

(strategies) which maximize the sum of their payoffs. As a result the game then

develops along the cooperative trajectory (conditionally optimal trajectory). The

corresponding maximal total payoff satisfies Bellman’s Equation and thus is time-

consistent. But the values of characteristic function for each subcoalition of play-

ers naturally do not satisfy this property along a conditionally optimal trajectory.

The characteristic function plays a key role in construction of solution concepts

in cooperative game theory. And impossibility to satisfy Bellman’s Equation for

values of characteristic function for subcoalitions implies the time-inconsistency

of cooperative solution concepts. This was seen first in papers [2], [3], and in the

papers [10], [5], [9] it was proposed to introduce a special rule of distribution of
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the players gain under cooperative behavior over a time interval in such a way that

time-consistency of the solution could be restored in given sense.

In this paper we formalize the notion of time-consistency and strong time-

consistency for cooperative differential games, propose the regularization method

which makes it possible to restore classical simultaneous solution concepts so

that they became useful in dynamic game theory. We prove theorems concerning

strong time-consistency of regularized solutions and give a constructive method

of computing such solutions.

At the same time we do not include latest results published in [1], where the

evolution of characteristic function over time resulting as a solution of controlled

differential equations is considered.

2 Definition of Cooperative Differential Game in
Characteristic Function Form

We will investigate n-person differential games starting from an initial state x0 ∈
Rn at moment t0 ∈ R1 and prescribed duration T − t0 where T > t0 is a finite

number. To underline the dependence of the game from the initial state x0 and

duration T − t0 we will denote this game by Ŵ(x0, T − t0). The motion equations

have the form

ẋ = f (x, u1, . . . , un), x ∈ Rn, ui ∈ Ui, i = 1, . . . , n, (1)

x(t0) = x0 T <∞, t0,∈ R1, T ∈ R1. (2)

Here ui ∈ Ui is the control variable of player i andUi is a compact set. The payoff

function of player i is defined in the following way:

Ki(x0, T − t0; u1, . . . , un) =
∫ T

t0

hi(x(t))dt +Hi(x(T )), (3)

hi > 0, Hi(x) > 0, i = 1, . . . , n,

where hi(x), Hi(x) are given continuous functions and x(t) is the trajectory real-

ized in the situation (u1, . . . , un) from the initial state x0. In the cooperative dif-

ferential game we consider only open-loop strategies ui = ui(t), t ∈ [t0, T ],

i = 1, . . . , n of players.

Consider the cooperative form of the game Ŵ(x0, T − t0). In this formalization

we suppose that the players before starting the game agree to play u∗1, . . . , u
∗
n such

that the corresponding trajectory x∗(t) maximizes the sum of the payoffs

max
u

n∑

i=1

Ki(x0, T − t0; u1, . . . , un) =
n∑

i=1

Ki(x0, T − t0; u∗1, . . . , u∗n)

=
n∑

i=1

[∫ T

t0

hi(x
∗(t))dt +Hi(x∗(T ))

]
= v(N; x0, T − t0),
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where x0 ∈ Rn, T − t0 ∈ R1 are initial conditions of the game Ŵ(x0, T − t0)
and N is the set of all players in Ŵ(x0, T − t0). The trajectory x∗(t) is called

conditionally optimal. To define the cooperative game one has to introduce the

characteristic function. We will do this in a classical way. Consider a zero-sum

game defined over the structure of the game Ŵ(x0, T − t0) between the coalition

S as first player and the coalition N \ S as second player, and suppose that the

payoff of S is equal to the sum of payoffs of players from S. Denote this game

as ŴS(x0, T − t0). Suppose that the value v(S; x0, T − t0) of such game exists

(the existence of the value of zero-sum differential games is proved under very

general conditions).The characteristic function is defined for each S ⊂ N as value

v(S; x0, T − t0) of ŴS(x0, T − t0). From the definition of v(S; x0, T − t0) it

follows that v(S; x0, T − t0) is superadditive (see [13], [14]). It follows from the

superadditivity condition that it is advantageous for the players to form a maximal

coalition N and obtain a maximal total payoff v(N; x0, T − t0) that is possible

in the game. Purposefully, the quantity v(S; x0, T − t0) (S 	= N ) is equal to a

maximal guaranteed payoff of the coalition S obtained irrespective of the behavior

of other players, even though the latter form a coalition N \ S against S.

Note that the positiveness of payoff functions Ki , i = 1, . . . , n implies that of

characteristic function. From the superadditivity of v it follows that

v(S′; x0, T − t0) ≥ v(S; x0, T − t0)

for any S, S′ ⊂ N such that S ⊂ S′, i. e. the superadditivity of the function v in

S implies that this function is monotone in S.

The pair 〈N, v(S; x0, T − t0)〉, where N is the set of players, and v the charac-

teristic function, is called the cooperative differential game in the form of charac-

teristic function v. For short, it will be denoted by Ŵv(x0, T − t0).
Various methods for “equitable” allocation of the total profit among players are

treated as solutions in cooperative games. The set of such allocations satisfying an

optimality principle is called a solution of the cooperative game (in the sense of this

optimality principle). We will now define solutions of the game Ŵv(N; x0, T − t0).
Denote by ξi a share of the player i ∈ N in the total gain v(N; x0, T − t0).

Definition 2.1. The vector ξ = (ξ1, . . . , ξn), whose components satisfy the con-

ditions:

1. ξi ≥ v({i}; x0, T − t0), i ∈ N ,

2.
∑
i∈N ξi = v(N; x0, T − t0),

is called an imputation in the game Ŵv(x0, T − t0).

Denote the set of all imputations in Ŵv(x0, T − t0) by Lv(x0, T − t0).
Under the solution of Ŵv(x0, T − t0) we will understand a subset Wv(x0, T −

t0) ⊂ Lv(x0, T − t0) of imputation set which satisfies additional “optimality”

conditions.
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The equity of the allocation ξ = (ξ1, . . . , ξn) representing an imputation is that

each player receives at least maximal guaranteed payoff and the entire maximal

payoff is distributed evenly without a remainder.

3 Principle of Time-Consistency (Dynamic Stability)

Formalization of the notion of optimal behavior constitutes one of the fundamental

problems in the theory of n-person games. At present, for the various classes

of games, different solution concepts are constructed. Recall that the players’

behavior (strategies in noncooperative games or imputations in cooperative games)

satisfying some given optimality principle is called a solution of the game in the

sense of this principle and must possess two properties. On the one hand, it must

be feasible under conditions of the game where it is applied. On the other hand,

it must adequately reflect the conceptual notion of optimality providing special

features of the class of games for which it is defined.

In dynamic games, one more requirement is naturally added to the mentioned

requirements, viz. the purposefulness and feasibility of an optimality principle

are to be preserved throughout the game. This requirement is called the time-

consistency of a solution of the game (dynamic stability).

The time-consistency of a solution of differential game is the property that,

when the game proceeds along a “conditionally optimal” trajectory, at each instant

of time the players are to be guided by the same optimality principle, and hence

do not have any ground for deviation from the previously adopted “optimal”

behavior throughout the game. When the time-consistency is betrayed, at some

instant of time there are conditions under which the continuation of the initial

behavior becomes non-optimal and hence an initially chosen solution proves to be

unfeasible.

Assume that at the start of the game the players adopt an optimality princi-

ple and construct a solution based on it (an imputation set satisfying the chosen

principle of optimality, say the core, nucleolus, NM–solution etc.). From the def-

inition of cooperative game it follows that the evolution of the game is to be

along the trajectory providing a maximal total payoff for the players. When mov-

ing along this “conditionally optimal” trajectory, the players pass through sub-

games with current initial states and current duration. In due course, not only

the conditions of the game and the players’ opportunities, but even the players’

interests may change. Therefore, at an instant t the initially optimal solution of

the current game may not exist or satisfy players at this instant of time. Then,

at the instant t , players will have no ground to keep to the initially chosen “con-

ditionally optimal” trajectory. The latter exactly means the time-inconsistency

of the chosen optimality principle and, as a result, the instability of the motion

itself.

We now focus our attention on time-consistent solutions in the cooperative

differential games.
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Let an optimality principle be chosen in the game Ŵv(x0, T − t0). The solu-

tion of this game constructed in the initial state x(t0) = x0 based on the chosen

principle of optimality is denoted byWv(x0, T − t0). The setWv(x0, T − t0) is a

subset of the imputation set Lv(x0, T − t0) in the game Ŵv(x0, T − t0). Assume

that Wv(x0, T − t0) 	= ⊘. Let x∗(t), t ∈ [t0, T ] be the conditionally optimal tra-

jectory.

The definition suggests that along the conditionally optimal trajectory players

obtain the largest total payoff. For simplicity, we assume henceforth that such a

trajectory exists. In the absence of the conditionally optimal trajectory, we may

introduce the notion of “ǫ-conditionally optimal trajectory” and carry out the ne-

cessary constructions with an accuracy ǫ.

We will now consider the behavior of the setWv(x0, T −t0) along the condition-

ally optimal trajectory x∗(t). Towards this end, in each current state x∗(t) current

subgame Ŵv(x
∗(t), T − t) is defined as follows. In the state x∗(t), we define the

characteristic function v(S; x∗(t), T − t) as the value of the zero-sum differential

game ŴS(x
∗(t), T − t) between coalitions S and N \ S from the initial state x∗(t)

and duration T − t (as was done already for the game Ŵ(x0, T − t0)).
The current cooperative subgame Ŵv(x

∗(t), T − t) is defined as

〈N, v(S, x∗(t), T − t)〉. The imputation set in the game Ŵv(x
∗(t), T − t) is of the

form:

Lv(x
∗(t), T − t) =

{
ξ ∈ Rn | ξi ≥ v({i}; x∗(t), T − t), i = 1, . . . , n;

∑

i∈N
ξi = v(N; x∗(t), T − t)

}
,

where

v(N; x∗(t), T − t) = v(N; x0, T − t0)−
∫ t

t0

∑

i∈N
hi(x

∗(τ ))dτ.

The quantity

∫ t

t0

∑

i∈N
hi(x

∗(τ ))dτ

is interpreted as the total gain of the players on the time interval [t0, t] when the

motion is carried out along the trajectory x∗(t).
Consider the family of current games

{Ŵv(x∗(t), T − t) = 〈N, v(S; x∗(t), T − t)〉, t0 ≤ t ≤ T },

determined along the conditionally optimal trajectory x∗(t) and their solutions

Wv(x
∗(t), T −t) ⊂ Lv(x∗(t), T −t) generated by the same principle of optimality

as the initial solutionWv(x0, T − t0).
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It is obvious that the set Wv(x
∗(T ), 0) is a solution of terminal game

Ŵv(x
∗(T ), 0) and is composed of the only imputationH(x∗(T )) = {Hi(x∗(T )), i =

1, . . . , n}, where Hi(x
∗(T )) is the terminal part of player i’s payoff along the

trajectory x∗(t).

4 Time-Consistency of the Solution

Let the conditionally optimal trajectory x∗(t) be such thatWv(x
∗(t), T − t) 	= ⊘,

t0 ≤ t ≤ T . If this condition is not satisfied, it is impossible for players to

adhere to the chosen principle of optimality, since at the very first instant t , when

Wv(x
∗(t), T − t) = ⊘, the players have no possibility to follow this princi-

ple. Assume that in the initial state x0 the players agree upon the imputation

ξ0 ∈ Wv(x0, T − t0). This means that in the state x0 the players agree upon such

allocation of the total maximal gain that (when the game terminates at the instant

T ) the share of the ith player is equal to ξ0
i , i.e. the ith component of the imputation

ξ0. Suppose the player i’s payoff (his share) on the time interval [t0, t] is ξi(x
∗(t)).

Then, on the remaining time interval [t, T ] according to the ξ0 he has to receive the

gain ηti = ξ0
i −ξi(x∗(t)). For the original agreement (the imputation ξ0) to remain

in force at the instant t , it is essential that the vector ηt = (ηt1, . . . , ηtn) belongs to

the setWv(x
∗(t), T − t), i.e. a solution of the current subgame Ŵv(x

∗(t), T − t).
If such a condition is satisfied at each instant of time t ∈ [t0, T ] along the trajec-

tory x∗(t), then the imputation ξ0 is realized. Such is the conceptual meaning of

the time-consistency of the imputation.

Along the trajectory x∗(t) on the time interval [t, T ], t0 ≤ t ≤ T , the coalition

N obtains the payoff

v(N; x∗(t), T − t) =
∑

i∈N

[∫ T

t

hi(x
∗(τ ))dτ +Hi(x∗(T ))

]
.

Then the difference

v(N; x0, T − t0)− v(N; x∗(t), T − t) =
∫ t

t0

∑

i∈N
hi(x

∗(τ ))dτ

is equal to the payoff the coalitionN obtains on the time interval [t0, t]. The share

of the ith player in this payoff, considering the transferability of payoffs, may be

represented as

γi(t) =
∫ t

t0

βi(τ )

n∑

i=1

hi(x
∗(τ ))dτ = γi(x∗(t), β), (4)

where βi(τ ) is the [t0, T ] integrable function satisfying the condition

n∑

i=1

βi(τ ) = 1, βi(τ ) ≥ 0, t0 ≤ τ ≤ T , (i = 1, . . . , n), (5)
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From (4) we necessarily get

dγi

dt
= βi(t)

∑

i∈N
hi(x

∗(t)).

This quantity may be interpreted as an instantaneous gain of the player i at the

moment t . Hence it is clear the vector β(t) = (β1(t), . . . , βn(t)) prescribes distri-

bution of the total gain among the members of coalition N . By properly choosing

β(t), the players can ensure the desirable outcome, i.e. to regulate the players’

gain receipt with respect to time, so that at each instant t ∈ [t0, T ] there will be no

objection against realization of the original agreement (the imputation ξ0).

Definition 4.1. The imputation ξ0 ∈ Wv(x0, T − t0) is called time-consistent in

the game Ŵv(x0, T − t0) if the following conditions are satisfied:

1. there exists a conditionally optimal trajectory x∗(t) along which

Wv(x
∗(t), T − t) 	= ⊘, t0 ≤ t ≤ T ,

2. there exists such [t0, T ] integrable vector function β(t) = (β1(t), . . . , βn(t))

that for each t0 ≤ t ≤ T , βi(t) ≥ 0,
∑n
i=1 βi(t) = 1 and

ξ0 ∈
⋂

t0≤t≤T
[γ (x∗(t), β)⊕Wv(x∗(t), T − t)], (6)

where γ (x∗(t), β) = (γ1(x
∗(t), β), . . . , γn(x∗(t), β)), andWv(x

∗(t), T −t)
is a solution of the current game Ŵv(x

∗(t), T − t).

The sum ⊕ in the above definition has the following meaning: for η ∈ Rn and

A ⊂ Rn η ⊕ A = {η + a | a ∈ A}.
The cooperative differential game Ŵv(x0, T−t0) with side payments has a time-

consistent solution Wv(x0, T −t0) if all of the imputations ξ ∈ Wv(x0, T −t0) are

time-consistent.

The conditionally optimal trajectory along which there exists a time-consistent

solution of the game Ŵv(x0, T − t0) is called an optimal trajectory.

From the definition of time-consistency at the instant t = T we have ξ0 ∈
γ (x∗(T ), β) ⊕ Wv(x(T ), 0), where Wv(x

∗(T ), 0) is a solution of the current

game Ŵv(x
∗(T ), 0) which occurs at the last moment t = T on the trajectory

x∗(t), t ∈ [t0, T ], has a duration 0 and is made up of the only imputation

ξT = H(x∗(T )) = {Hi(x∗(T ))}, the imputation ξ0 may be represented as

ξ0 = γ (x∗(T ), β)+H(x∗(T )) or

ξ0 =
∫ T

t0

β(τ)
∑

i∈N
hi(x

∗(τ ))dτ +H(x∗(T )).

The time-consistent imputation ξ0 ∈ Wv(x0, T − t0) may be realized as follows.

From (6) at any instant t0 ≤ t ≤ T we have

ξ0 ∈ [γ (x∗(t), β)⊕Wv(x∗(t), T − t)], (7)
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where

γ (x∗(t), β) =
∫ t

t0

β(τ)
∑

i∈N
hi(x

∗(τ ))dτ

is the payoff vector on the time interval [t0, t], the player i’s share in the gain on

the same interval being

γi(x
∗(t), β) =

∫ t

t0

βi(τ )
∑

i∈N
hi(x

∗(τ ))dτ.

When the game proceeds along the optimal trajectory, the players on each time

interval [t0, t] share the total gain

∫ t

t0

∑

i∈N
hi(x

∗(τ ))dτ

among themselves, and

ξ0 − γ (x∗(t), β) ∈ Wv(x∗(t), T − t) (8)

so that the inclusion (8) is satisfied. Furthermore, (8) implies the existence of such

a vector ξ t ∈ Wv(x(t), T −t) that ξ0 = γ (x∗(t), β)+ξ t . That is, in the description

of the above method of choosing β(τ), the vector of the gains to be obtained by

the players at the remaining stage of the game

ξ t = ξ0 − γ (x∗(t), β) =
∫ T

t

βi(τ )h(x
∗(τ ))dτ +H(x∗(T ))

belongs to the setWv(x
∗(t), T − t).

We also have

ξ0 =
∫ T

t0

βi(τ )
∑

i∈N
h(x∗(τ ))dτ +H(x∗(T )).

The vector function

αi(τ ) = βi(τ )
∑

i∈N
h(x∗(τ ))dτ, i ∈ N

is called the imputation distribution procedure (IDP)

In general, it is fairly easy to see that there may exist an infinite number of vectors

β(τ) satisfying conditions (4), (5). Therefore the sharing method proposed here

seems to lack true uniqueness. However, for any vector β(τ) satisfying conditions

(4)–(5) at each time instant t0 ≤ t ≤ T the players are guided by the imputation

ξ t ∈ Wv(x∗(t), T − t) and the same optimality principle throughout the game,

and hence have no reason to violate the previously achieved agreement.
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Let us make the following additional assumption.

A. The vector ξ t ∈ Wv(x∗(t), T − t)may be chosen as a continuously differen-

tiable monotonic nonincreasing function of the argument t .

Show that by properly choosing β(t) we may always ensure time-consistency

of the imputation ξ0 ∈ Wv(x0, T − t0) under assumption A and the first condition

of the definition (i.e. along the conditionally optimal trajectory at each time instant

t0 ≤ t ≤ T Wv(x∗(t), T − t) 	= ⊘).

Choose ξ t ∈ Wv(x∗(t), T − t) to be a continuously differentiable nonincreasing

function of t , t0 ≤ t ≤ T . Construct the difference ξ0 − ξ t = γ (t), so that we get

ξ t+γ (t) ∈ Wv(x0, T −t0). Letβ(t) = (β1(t), . . . , βn(t)) be the [t0, T ] integrable

vector function satisfying conditions (4), (5). Instead of writing γ (x∗(t), β) we

will write for simplicity γ (t). Rewriting (4) in vector form we get

∫ t

t0

β(τ)
∑

i∈N
hi(x

∗(τ ))dτ = γ (t) :

differentiating with respect to t we get the following expression for β(t)

β(t) = 1∑
i∈N hi(x

∗(t))
· dγ (t)
dt

= − 1∑
i∈N hi(x

∗(t))
· dξ

t

dt
. (9)

Here the last expression follows from the equality

ξ0 = γ (t)+ ξ t .

Make sure that for such β(t) the condition (5) is satisfied. Indeed,

∑

i∈N
βi(t) = −

∑
i∈N (dξ

t
i /dt)∑

i∈N hi(x
∗(t))

= − (d/dt)v(N; x
∗(t), T − t)∑

i∈N hi(x
∗(t))

= −
(d/dt)

[∑
i∈N

(∫ T
t
hi(x

∗(τ ))dτ +Hi(x∗(T ))
)]

∑
i∈N hi(x

∗(t))

=
∑
i∈N hi(x

∗(t))∑
i∈N hi(x

∗(t))
= 1

(since
∑
i∈N ξ

t
i = v(N; x∗(t), T − t)).

From condition (3) we have hi, Hi > 0, i ∈ N , and since dξ t/dt ≤ 0, then

βi(τ ) ≥ 0.

We set the following theorem.

Theorem 4.1. If the assumption A is satisfied and

W(x∗(t), T − t) 	= ∅, t ∈ [t0, T ], (10)

solutionW(x0, T − t0) is time-consistent.
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Theoretically, the main problem is to study conditions imposed on the vector

function β(t) in order to insure the time-consistency of specific forms of solutions

Wv(x0, T − t0) in various classes of games.

Consider the new concept of strongly time-consistency and define time-

consistent solutions for cooperative games with terminal payoffs.

5 Strongly Time-Consistent Solutions

For the time consistent imputation ξ0 ∈ Wv(x0, T − t0), as follows from the

definition, for t0 ≤ t ≤ T there exists such [t0, T ] integrable vector function β(t)

and imputation ξ t (generally not unique) from the solutionWv(x
∗(t), T − t) of the

current game Ŵv(x
∗(t), T − t) so that ξ0 = γ (x∗(t), β) + ξ t . The conditions of

time-consistency do not affect the imputations from the setWv(x
∗(t), T −t)which

fail to satisfy this equation. Furthermore, of interest is the case when any imputation

from current solution Wv(x
∗(t), T − t) may provide a “good” continuation for

the original agreement, i.e. for a time-consistent imputation ξ0 ∈ Wv(x0, T − t0)
at any instant t0 ≤ t ≤ T and for every ξ t ∈ Wv(x∗(t), T − t) the condition

γ (x∗(t), β) + ξ t ∈ Wv(x0, T − t0), where γ (x∗(T ), β) + H(x∗(T )) = ξ0, is

satisfied. By slightly strengthening this requirement, we obtain a qualitatively new

time-consistency concept of the solutionWv(x0, T −t0) of the gameŴv(x0, T −t0)
and call it a strongly time-consistent.

Definition 5.1. The imputation ξ0 ∈ Wv(x0, T − t0) is called strongly time-

consistent (STC) in the game Ŵv(x0, T − t0), if the following conditions are sat-

isfied:

1. the imputation ξ0 is time-consistent;

2. for any t0 ≤ t1 ≤ t2 ≤ T and β0(t) corresponding to the imputation ξ0 we

have,

γ (x∗(t2), β
0))⊕Wv(x∗(t2), T − t2) ⊂ γ (x∗(t1), β0))⊕Wv(x∗(t1), T − t1).

(12)

The cooperative differential game Ŵv(x0, T − t0) with side payments has a

strongly time-consistent solution Wv(x0, T − t0) if all the imputations from

Wv(x0, T − t0) are strongly time-consistent.

6 Terminal Payoffs

In (3), let hi ≡ 0, i = 1, . . . , n. The cooperative differential game with terminal

payoffs is denoted by the same symbol Ŵv(x0, T − t0). In such games the payoffs

are made when the game terminates.
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Theorem 6.1. In the cooperative differential game Ŵv(x0, T − t0) with terminal

payoffsHi(x(T )), i = 1, . . . , n, only the vectorH(x∗) = {Hi(x∗), i = 1, . . . , n}
whose components are equal to the players’ payoffs at the end point of the condi-

tionally optimal trajectory may be time-consistent.

Proof. It follows from the time-consistency of the imputation ξ0 ∈ Wv(x0, T −t0)
that

ξ0 ∈
⋂

t0≤t≤T
Wv(x

∗(t), T − t).

But since the current game Ŵv(x
∗(T ), 0) is of zero duration, then therein

Lv(x
∗(T ), 0) = Wv(x∗(T ), 0) = H(x∗(T )) = H(x∗). Hence

⋂

t0≤t≤T
Wv(x

∗(t), T − t) = H(x∗(T )),

i.e. ξ0 = H(x∗(T )) and there are no other imputations. �

Theorem 6.2. For the existence of the time-consistent solution in the game with

terminal payoff it is necessary and sufficient that for all t0 ≤ t ≤ T

H(x∗(T )) ∈ Wv(x∗(t), T − t),

whereH(x∗(T )) is the players’ payoff vector at the end point of the conditionally

optimal trajectory x∗(t), with Wv(x
∗(t), T − t), t0 ≤ t ≤ T being the solutions

of the current games along the conditionally optimal trajectory generated by the

chosen principle of optimality.

This theorem is a corollary of the previous one.

Thus, if in the game with terminal payoffs there is a time-consistent imputation,

then the players in the initial state x0 have to agree upon realization of the vector

(imputation) H(x∗) ∈ Wv(x0, T − t0) and, with the motion along the optimal

trajectory x∗(t), at each time instant t0 ≤ t ≤ T this imputationH(x∗) belongs to

the solution of the current games Ŵv(x
∗(t), T − t).

As the Theorem shows, in the game with terminal payoffs only a unique impu-

tation from the set Wv(x0, T − t0) may be time-consistent, which is a highly

improbable event since this means, that imputationH(x∗(T )) belongs to the solu-

tions of all subgames along the conditionally optimal trajectory. Therefore, in such

games there is no point in discussing both the time-consistency of the solution

Wv(x0, T − t0) as a whole and its strong time-consistency.

7 Regularization

For some economic applications it is necessary that the instantaneous gain of player

i at the moment t , which by properly choosing β(t) regulates the ith player’s gain

receipt with respect to time
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βi(t)
∑

i∈N
hi(x

∗(t)) = αi(t),

is nonnegative (IDP, αi ≥ 0). Unfortunately this condition cannot be always guar-

anteed. In the same time we shall purpose a new characteristic function (c.f.)

based on the classical one defined earlier, such that solution defined in games with

this new c.f. would be strongly time-consistent and would guarantee nonnegative

instantaneous gain of player i at each current moment t .

Let v(S; x∗(t), T − t, ) S ∈ N be the c. f. defined in subgameŴ(x∗(t), T − t))
in section 1.2 using the classical maxmin approach.

We suppose that the function V (S; x∗(t), T − t) for every fixed S ⊂ N is

continuous on the time interval [t0, T ] (it is always true if the c.f. is defined as

the value of the associated zero-sum game played between the coalitions S and

N \ S). For the function V (N; x∗(t), T − t) (S = N) the Bellman’s equation

along x∗(t) is satisfied, i.e.

V (N; x0(t), T − t0) =
∫ t

t0

n∑

i=1

hi(x
∗(τ ))dτ + V (N; x∗(t), T − t). (12)

We get from (12),

V
′
(N; x∗(t), T − t) = −

[
n∑

i=1

hi(x
∗(τ ))

]
.

Define the new “regularized” function v(S; x0, T − t0), S ⊂ N by formula

v(S; x0, T − t0) = −
∫ T

t0

v(S; x∗(τ ), T − τ)v
′
(N; x∗(τ ), T − τ)
v(N; x∗(τ ), T − τ) dτ. (13)

And in the same manner for t ∈ [t0, T ]

v(S; x∗(t), T − t) = −
∫ T

t

v(S; x∗(τ ), T − τ)v
′
(N; x∗(τ ), T − τ)
v(N; x∗(τ ), T − τ) dτ. (14)

It can be proved that v is superadditive and v(N; x∗(t), T−t) = v(N; x∗(t), T−t)
Denote the set of imputations defined by characteristic functions v(S; x0(t), T −

t0), v(S; x∗(t), T − t), t ∈ [t0, T ] by L(x∗(t), T − t) and L(x∗(t), T − t) corre-

spondingly. Let ξ(t) ∈ L(x∗(t), T − t) be an integrable selector, t ∈ [t0, T ] (ξ(t)

is bounded, and if it is measurable on [t0, T ], then it is integrable), define

ξ = −
∫ T

t0

ξ(t)
v′(N; x∗(t), T − t)
v(N; x∗(t), T − t) dt, (15)

ξ(t) = −
∫ T

t

ξ(τ )
v′(N; x∗(τ ), T − τ)
v(N; x∗(τ ), T − τ) dτ, (16)

t ∈ [t0, T ].
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Definition 7.1. The set L(x0, T − t0) consists of vectors defined by (15) for all

possible integrable selectors ξ(t), t ∈ [t0, T ] with values in L(x∗(t), T − t).

Let ξ ∈ L(x0, T − t0) and the functions αi(t), i = 1, . . . , n, t ∈ [t0, T ] satisfy

the condition

∫ T

t0

αi(t)dt = ξ i, αi ≥ 0. (17)

The vector function α(t) = {αi(t)} defined by the formula (17) is called “imputa-

tion distribution procedure” (IDP) (see section 1.4). Define

∫  

t0

αi(t)dt = ξi( ), i = 1, . . . , n.

The following formula connects αi and βi (see section 1.4)

αi(t) = βi(t)
∑

i∈N
hi(x

∗(t)).

Let C(x0, T − t0) ⊂ L(x0, T − t0) be any of the known classical optimality

principles from the cooperative game theory (core, nucleolus,NM-solution, Shap-

ley value or any other OP ). Consider C(x0, T − t0) as an optimality principle in

Ŵ(x0, T − t0). In the same manner let C(x∗(t), T − t) be an optimality principle

in Ŵ(x∗(t), T − t), t ∈ [t0, T ].

The ST C of the optimality principle means that if an imputation ξ ∈ C(x0, T −
t0) and an IDP α(t) = {αi(t)} of ξ are selected, then after getting payoff by the

players, on the time interval [t0, ]

ξi( ) =
∫  

t0

αi(t)dt, i = 1, . . . , n,

the optimal income (in the sense of the optimality principle C(x∗( ), T −  ))
on the time interval [ , T ] in the subgame Ŵ(x∗( ), T − ) together with ξ( )

constitutes the imputation belonging to theOP in the original gameŴ(x0, T − t0).
The condition is stronger than time-consistency, which means only that the part

of the previously considered “optimal” imputation belongs to the solution in the

corresponding current subgame Ŵ(x∗( ), T − ).
SupposeC(x0, T − t0) = L(x0, T − t0) andC(x∗(t), T − t) = L(x∗(t), T − t),

then

L(x0, T − t0) ⊃ ξ( )+ L(x∗( ), T − )

for all  ∈ [t0, T ] and this implies that the set of all imputations L(x0, T − t) if

considered as solution in Ŵ(x0, T − t0) is strongly time consistent.
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Suppose that the set C(x0, T − t0) consists of a unique imputation – the Shap-

ley value. In this case from time consistency the strong time-consistency follows

immediately.

Suppose now that C(x0, T − t0) ⊂ L(x0, T − t0), C(x
∗(t), T − t) ⊂

L(x∗(t), T − t), t ∈ [t0, T ] are cores of Ŵ(x0, T − t0) and correspondingly of

subgames Ŵ(x∗(t), T − t).
We suppose that the sets C(x∗(t), T − t), t ∈ [t0, T ] are nonempty. Let

Ĉ(x0, T − t0) and Ĉ(x∗(t), T − t), t ∈ [t0, T ] be the sets of all possible vectors

ξ, ξ(t) from (15), (16) and ξ(t) ∈ C(x∗(t), T − t), t ∈ [t0, T ]. And letC(x0, T −
t0) and C(∗x(t), T − t), t ∈ [t0, T ] be cores of Ŵ(x0, T − t0), Ŵ(x∗(t), T − t)
defined for c.f. v(S; x0, T − t0), v(S; x∗(t), T − t).

Proposition 7.1. The following inclusions hold

Ĉ(x0, T − t0) ⊂ C(x0, T − t0), (18)

Ĉ(x∗(t), T − t) ⊂ C(x∗(t), T − t), (19)

t ∈ [t0, T ].

Proof. The necessary and sufficient condition for imputation ξ to belong to the

core C(x0, T − t0) is the condition

∑

i∈S
ξ i ≥ v(S; x0, T − t0), S ⊂ N.

If ξ ∈ Ĉ(x0, T − t0), then

ξ = −
∫ T

t0

ξ(t)
v′(N; x∗(t), T − t)
v(N; x∗(t), T − t) dt,

where ξ(t) ∈ C(x∗(t), T − t). Thus

∑

i∈S
ξi(t) ≥ v(S; x∗(t), T − t), S ⊂ N, t ∈ [t0, T ].

And we get

∑

i∈S
ξ i = −

∫ T

t0

∑

i∈S
ξ(t)

v′(N; x∗, T − t)
v(N; x∗, T − t) dt

≥ −
∫ T

t0

v(S; x∗(t), T − t)v
′
(N; x∗(t), T − t)
v(N; x∗, T − t) dt = v(S; x0, T − t0).

The inclusion (18) is proved similarly.
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Define a new solution in Ŵ(x0, T − t0) as Ĉ(x0, T − t0) which we will call

“regularized” subcore. Ĉ(x0, T − t0) is always time-consistent and strongly time-

consistent

Ĉ(x0, T − t0) ⊃
∫ t

t0

ξ(τ )
v′(N; x∗(τ ), T − τ)
v(N; x∗(τ ), T − τ) dτ ⊕ Ĉ(x

∗(t), T − t), t ∈ [t0, T ].

Here under a⊕A, where a ∈ Rn, A ⊂ Rn the set of all vector a + b, b ∈ A is

understood. The quantity

αi = −ξ(t)
v′(N; x∗(t), T − t)
v(N; x∗(t), T − t) ≥ 0

is IDP and is nonnegative. �

8 Applications to Associated Problems

Cooperative differential games with random duration. The dynamics of the games

is defined by (1) from initial state x0. But the duration of the game is a random

variable with distribution function F(t),

∫ ∞

t0

dF(t) = 1. (20)

The payoff has the form:

Ki(x0; u1, . . . , un) =
∫ ∞

t0

∫ t

t0

hi(x(τ ))dτdF (t), i ∈ N.

Denote this game by Ŵ(x0). The c.f. in Ŵ(x0) is introduced in the same manner

as in section 1.2. Denote by L(x0) the set of imputations and by C(x0) ⊂ L(x0)

any solution concept in Ŵ(x0). For each ξ ∈ C(x0) consider a vector function

α(t) = {αi(t)} such that

ξi =
∫ ∞

t0

∫ t

t0

αi(τ )dτdF (t). (21)

The vector function α(τ), τ ≥ t is called “imputation distribution procedure”

(IDP).

Let x∗(t), t ≥ t0 be the “conditionally optimal” trajectory in Ŵ(x0)maximizing

the sum of players’ payoffs. Consider subgames Ŵ(x∗(t)) along x∗(t), and corres-

ponding solutions C(x∗(t)). Note that the payoff function in a subgame Ŵ(x∗(t))
is defined as

Ki(x
∗(t); u1, . . . , un) =

1

1− F(t)

∫ ∞

t

∫  

t

hi(x(τ ))dτdF ( ), i ∈ N. (22)
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Denote by

γi( ) =
∫  

t0

∫ t

t0

αi(τ )dτdF (t), i ∈ N

the payoff allocated on the time interval [t0, ]. Then the time-consistency condi-

tion will have the form:

Definition 8.1. The solution C(x0) is called time-consistent if, for each ξ ∈
C(x0), there exists such IDP αi(τ ), τ ≥ t0, αi(τ ) ≥ 0, that

ξ i = γi( )+ (1− F( ))
(∫  

t0

αi(τ )dτ + ξ i
 
)
, (23)

where ξ
 = {ξ i

 } ∈ C(x∗( )).

If F( ) is differentiable, and ξ
 

is a differentiable selector of form C(x∗( ))
we get the following formula for αi( )

αi( ) =
F
′
( )

1− F( )ξ i
 − (ξ i

 
)
′
, i ∈ N. (24)

It is clear that the nonnegativeness of αi( ) can be guaranteed, if we can choose

ξ i
 

as a nonincreasing function of  ( ≥ t0). If this is impossible then the

regularization procedure is proposed similar to the one considered in section 1.7.

An analogous approach can be used for differential cooperative games with

uncertain payoffs.

Consider now games with discounted payoffs Ŵ(x0). Suppose the payoff func-

tion is defined as:

Ki(x0; u1, . . . , un) =
∫ ∞

t0

e−ρ(t−t0)hi(x(t))dt, i ∈ N, (25)

then considering the game Ŵ(x0) and the family of subgames Ŵ(x∗(t)), t ≥ t0
along the “conditionally optimal trajectory” with payoffs

Ki(x0; u1, . . . , un) =
∫ ∞

t

e−ρ(τ−t)hi(x(τ ))dt, i ∈ N,

we can introduce the sets of imputations L(x0), L(x
∗(t)), t ≥ t0 and the sets

of solutions C(x0) ⊂ L(x0), C(x
∗(t)) ⊂ L(x∗(t)), t ≥ t0 of the corresponding

subgames.

Let ξ ∈ C(x0), introduce IDP αi(t) as any function, satisfying

ξ i =
∫ ∞

t0

e−ρ(t−t0)αi(t)dt, i ∈ N. (26)
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The solution C(x0) is called time-consistent if for every ξ ∈ C(x0) there exist

such IDP α(t), α(t) ≥ 0, that

ξ i =
∫  

t0

e−ρ(t−t0)αi(t)dt + e−ρ( −t0)ξ
 

i , i ∈ N,

where ξ ∈ C(x∗( )).
If ξ is a differentiable selector then we get the following formula for IDP α(t)

αi(t) = ρξ i − (ξ
 

i )
′
.

In the paper [12] the case when C(x0) coincides with the Shapley value is con-

sidered. For a special environmental problem of pollution cost reduction with dis-

counted payoffs, the time-consistent Shapley value allocation on the time interval

[t0,∞), which is the IDP for the Shapley value, is computed [12].

In the case when non negativity of α cannot be guaranteed, a regularization

procedure similar to the one introduced in section 1.7 is proposed (see[4]).
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Abstract
The many-player game of selling an asset, introduced by Sakaguchi and

extended to monotone voting procedures by Yasuda, Nakagami and Kurano,

is reviewed. Conditions for a unique equilibrium among stationary threshold

strategies are given.
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1 Introduction

The theory of committee decisions is not well developed. Without some treat-

ment of committee decision problems, the Bayesian philosophical viewpoint is

not complete. We review an analysis of the problem of selection of a candidate

by a committee. This is essentially a game-theoretic version with many players of

the problem of selling an asset. A committee is charged with the duty of select-

ing a candidate for a position. Each member of the committee has his own way of

viewing a candidate’s worth, which may be related or somewhat opposed to the

viewpoints of the other members. Candidates appear sequentially.

The study of this problem was initiated by Sakaguchi [2] and continued in greater

depth in Sakaguchi [3,4], Kurano et al. [1], Yasuda et al. [6] and Szajowski and

Yasuda [5]. Here we look at the problem of uniqueness of perfect equilibria. This

problem arises in the simplest of settings. It may be considered as a study of the

equilibrium equations of Sakaguchi.

2 The Problem

Let m denote the number of committee members, referred to below as players,

and let M denote the set of all players M = {1, . . . , m}. The players sequen-

tially observe i.i.d. m-dimensional vectors, X1,X2, . . . , from a known distribu-

tion F(x) with finite second moments, E(|X|2) < ∞. After each observation,
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the players vote on whether or not to accept the present observation (stop) or

to continue observing. The players have possibly differing costs of observation.

Let c = (c1, . . . , cm) denote the m-vector of costs, with player i paying ci for

each observation. If at stage n, the players vote to accept the present observation,

Xn = (Xn1, . . . , Xnm), then the payoff to player i is Xni − nci for i = 1, . . . , m.

The voting decision is made according to the rules of a simple game. A coalition

is a subset of the players. Let C = {C : C ⊂ M} denote the class of all coalitions.

A simple game is defined by giving the characteristic function, φ(C), which maps

coalitions C ∈ C into the set {0, 1}. Coalitions C for which φ(C) = 1 are called

winning coalitions, and those for which φ(C) = 0 are called losing coalitions.

Let W = {C : φ(C) = 1} denote the class of winning coalitions and L = {C :

φ(C) = 0} denote the class of losing coalitions. These are assumed to satisfy the

properties, (1) M ∈ W , (2) ∅ ∈ L and (3) monotonicity: T ⊂ S ∈ L implies

T ∈ L; namely, subsets of losing coalitions are losing and supersets of winning

coalitions are winning.

A strategy for each player is a voting rule at each stage based on all past infor-

mation. As in Sakaguchi, we restrict attention to stationary threshold rules. For

player i, this rule is determined by a number ai , with the understanding that at

stage n player i votes to accept Xn if Xni > ai .

For a given observation, X = (X1, . . . , Xm), we denote the stopping set by

A = Aa1,... ,am(X). Thus,

A =
∑

C∈W

[⋂

i∈C
{Xi ≥ ai}

][⋂

i∈Cc
{Xi < ai}

]
. (1)

Let Vi = Vi(a1, . . . , am) denote player i’s expected return from such a joint

strategy. If P(A) = P(A(X)) = 0, then play never stops and Vi(A) = −∞ for

all i. If P(A) > 0, we may compute Vi using the optimality equation,

Vi = −ci + E[XiI (A)]+ Vi(1− P(A)),

which we may solve to find

Vi = (E[XiI (A)]− ci)/P (A) for i = 1, . . . , m. (2)

We analyze this as a non-cooperative game. We assume that E|X|2 < ∞. The

weaker assumption that E|X| < ∞ may be made but it requires the restriction

that the jointly chosen stopping rule be such that the expectation of negative parts

of all the returns be greater than −∞. This seems to require cooperation of the

players. With the stronger assumption, all stopping rules are allowed, even rules

that do not stop with probability one.

We seek Nash equilibria, that is, we seek vectors (a1, . . . , am) such that

Vi(a1, . . . , ai−1, ai, ai+1, . . . , am) = sup
a
Vi(a1, . . . , ai−1, a, ai+1, . . . , am)

(3)



Selection by Committee 205

for all i = 1, . . . , m. There may be many equilibria with P(A) = 0 where all

players receive−∞. (For example when unanimity is required, if any two players

refuse to stop, this is an equilibrium no matter what the other players do.) This is the

worst of all possible equilibria, and it is not a (trembling hand) perfect equilibria.

Such equilibria are not interesting, so we restrict attention only to equilibria for

which P(A) > 0.

3 The Equilibrium Equations

Several results from the theory of the house-hunting problem carry over to this

more general formulation.

Theorem 3.1. If a = (a1, . . . , am) is an equilibrium vector with finite equilib-

rium payoff V = (V1, . . . , Vm), then V is an equilibrium vector with the same

equilibrium payoff.

We would like to say that in any equilibrium, a = V. But there may exist an

ǫ > 0 such that P(Vi−ǫ < Xi < Vi+ǫ) = 0 in which case, any ai in the interval

(Vi − ǫ, Vi + ǫ) gives the same equilibrium payoff vector. All we can say is that

we may choose ai equal to Vi .

Theorem 3.2. At any equilibrium withP(A) > 0 and ai = Vi for i = 1, . . . , m,

we have

E[(Xk − ak)I (A)] = ck for k = 1, . . . , m. (4)

Equations (4) are necessary and sufficient for an equilibrium with P(A) > 0.

All such equilibria are perfect.

Moreover, if P(A) > 0, the left side of (4) is continuous in ak with the other ai ,

i 	= k fixed, and strictly decreasing from ∞ to 0 and possibly to −∞. This may

be seen using (1),

E[(Xk − ak)I (A)] =
∑

C∈W
k∈C

C\{k}/∈W

E

[
(Xk − ak)

∏

i∈C
I (Xi > ai)

∏

i /∈C
I (Xi ≤ ai)

]

+
∑

C∈W
k /∈C

E

⎡
⎢⎣(Xk − ak)

∏

i∈C
I (Xi > ai)

∏

i /∈C
i 	=k

I (Xi ≤ ai)

⎤
⎥⎦ .

(5)

In any case, for each k there will exist a unique solution for ak of equation (4)

with the other ai , i 	= k, fixed.
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The existence of equilibria for general simple games has been proved by Yasuda

et al. [6]. Here is an example to show that there may be more than one equilibrium

even if the Xi are independent. We take m = 2 and X1 and X2 independent, with

X1 being uniform on the interval (0, 1), andX2 taking the value 0 with probability

5/6 and the value 1 with probability 1/6. For both players the cost of observation

is 1/8. The voting game is taken to be unanimity; both players must agree on the

candidate. There are two perfect equilibria in threshold strategies. In the first,

Player 2 votes to accept every candidate, and Player 1 only votes for candidates

such that X1 > 1/2. The equilibrium payoff is (V1, V2) = (1/2,−1/12). In the

second equilibria, Player 1 votes to accept every candidate, and Player 2 only

votes for candidates such that X2 = 1. This has equilibrium payoff (V1, V2) =
(−1/4, 1/4). Clearly Player 1 prefers the first equilibrium and Player 2 the

second.

4 Uniqueness of Equilibria in the Independent,
Unanimous Consent Case

We assume from here on that theXi are independent, and that unanimous consent

is required to accept a candidate. We give a simple condition for the existence of

a unique equilibrium in threshold strategies. Under the unanimous consent voting

rule, the set A of (1) becomes simply

A =
⋂

i∈M
{Xi > ai}, (6)

and in the independent case, the equilibrium conditions (4) become

E[(Xk − ak)|Xk > ak]P(A) = ck for k = 1, . . . , m. (7)

Definition 4.1. A random variable X is said to have strictly decreasing residual

expectation if E[(X − a)|X > a] is a strictly decreasing function of a from ∞
when a = −∞, to 0 when a is equal to the right support point of X.

Without the word “strictly”, this is called “New better than used in expectation”.

Note that when X has decreasing residual expectation, then X is a continuous

random variable. This is because if X gives positive mass to a point x0, then

E[(X − a)|X > a] has a jump at the point x0. More generally, one can show that

X has decreasing density on its support, and its support is an interval (extending

possibly to +∞ but not to −∞).

Theorem 4.1. In the unanimous consent case, if theXi are independent and have

strictly decreasing residual expectation, then there exists a unique equilibrium in

threshold strategies.
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Proof. (Sketch of Proof)

From (7), all threshold equilibria must satisfy

1

ck
E(Xk − ak|Xk > ak) =

1

P(A)
for k = 1, . . . , m. (8)

In particular, this means that all E(Xk − ak|Xk > ak)/ck are equal. From the

hypothesis of strictly decreasing residual expectation, we may find for each θ

sufficiently large and each k = 1, . . . , m, a unique number ak(θ) such that

1

ck
E(Xk − ak(θ)|Xk > ak(θ)) = θ.

As θ decreases, each ak(θ) increases strictly and continuously, until one or perhaps

several of the ak(θ) reach infinity. But as this occurs,P(A(θ))will decrease strictly

and continuously to zero. Therefore there exists a unique value θ0 such that θ0 =
1/P (A(θ0)). �

5 The Exponential Case

The exponential distribution is on the boundary of the set of distributions with

decreasing residual expectation since the residual expectation is constant on the

support. Suppose all the Xi have exponential distributions. Since the utilities of

the players are determined only up to location and scale, we take without loss

of generality all the distributions to have support (0,∞) and to have mean 1.

Then

E(Xk − ak|Xk > ak) =
1 if ak ≥ 0,

1− ak if ak < 0.

Suppose without loss of generality that the ci are arranged in non-decreasing order.

If there is a unique smallest ci , that is if c1 < c2, then there is a unique solution

to equations (7), and it has the property that a2 through an are negative. If c1 < 1,

then a1 is determined from (7) by

1 = c1

P(X1 > a1)
or a1 = log

(
1

c1

)

and for i = 2, . . . , n,

1− ai =
ci

P(X1 > a1)
or ai = −

ci − c1

c1
.

In this equilibrium, we see a well-known phenomenon. In committee decisions,

the person who values time the least has a strong advantage. This is the committee

member who is most willing to sit and discuss at length small details until the
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other members who have more useful ways of spending their time give in. In this

example, Player 1 dominates the committee; all the other members accept the first

candidate that is satisfactory to Player 1, who uses an optimal strategy as if the

other players were not there. In equilibrium, this committee has the structure of a

dictatorship.

If c1 > 1 in this example, then all players accept the first candidate to appear.

This is agreeable to all committee members, who are using an optimal strategy as

if the other players were not there.

If all ck are equal and less than 1, any set of ai such that
∏n
i=1(1 − Fi(ai)) is

equal to the common value of the ck is in equilibrium. We see that without the

condition that the distributions have strictly decreasing residual expectation, there

may be a continuum of equilibria.

This phenomenon is not specific to the exponential distribution. If the

Xi are i.i.d. with non-decreasing residual expectation on its support, and if

c1 < min{c2, . . . , cm}, then there is an equilibrium with Player I using an optimal

strategy as if the other players were not there, and the other players accepting any

candidate agreeable to Player 1.

In the exponential case this equilibrium is the unique perfect equilibrium. For

other distributions with non-decreasing residual expectation, this equilibrium may

not be unique. Take for example the inverse power law with density f (x) =
αx−(α+1) on (1,∞) with α = 3 (so that EX = 3/2 and E(X2) < ∞). Suppose

m = 2, c1 = 1/12, and c2 = 1/8. The equilibrium where Player 1 dominates

has equilibrium payoff (
√

6,− 3
4
(2−

√
6)) = (2.4495,−.3471). There is another

equilibrium where Player 2 dominates that has equilibrium payoff (5/6, 2).
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Abstract
A stopping game problem is formulated by cooperating with fuzzy stopping

time in a decision environment. The dynamic fuzzy system is a fuzzification

version of a deterministic dynamic system and the move of the game is a fuzzy

relation connecting between two fuzzy states. We define a fuzzy stopping time

using several degrees of levels and instances under a monotonicity property,

then an “expectation” of the terminal fuzzy state via the stopping time. By

inducing a scalarization function (a linear ranking function) as a payoff for the

game problem we will evaluate the expectation of the terminal fuzzy state. In

particular, a two-person zero-sum game is considered in case its state space

is a fuzzy set and a payoff is ordered in a sense of the fuzzy max order. For

both players, our aim is to find the equilibrium point of a payoff function. The

approach depends on the interval analysis, that is, manipulating a class of sets

arising from α-cut of fuzzy sets. We construct an equilibrium fuzzy stopping

time under some conditions.
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1 Introduction

Optimal stopping on stochastic processes contributes to an essential problem in the

sequential decision problem. It is a simple and interesting one because its decision

has only two forms, that is, stop or continue. Their applications by many authors

are well-known to various fields, economics, engineering etc. The game version

of the stopping problem was originated by Dynkin [2] and then Neveu [3] whose

pioneering work is named Dynkin Game. See [13,11,5] for more references. The

results are described clearly and are very attractive, however, we cannot avoid an

uncertainty modeling the real problem.

On the other hand the fuzzy theory was founded by Zadeh [17] and then there

have been many papers on applications and modeling for extending the results of

the classical systems. For example, the fuzzy random variable was studied by Puri

and Ralescu in [9].

Here we will discuss a stopping problem concerned with dynamical fuzzy

systems. The main discussion is regarding the following two points: One is to

define a game value in the zero-sum matrix game under fuzzification and the

next is to formulate a fuzzy stopping game using this fuzzy game value for the

sequence.

Dynamic fuzzy systems [6] are an extension of Markov decision processes

induced by fuzzy configuration. That is, the transition law depending on the state

and the action corresponds to a fuzzy relational equation.

In Section 1 the formulation of the fuzzy dynamic system (FDS) and the fuzzy

stopping time (FST) are described in order to define a composition of FDS and

FST. This base process corresponds to each player’s payoff and will be evaluated

using the following scalarization called a linear ranking function. In Section 2

we define a game value of a matrix whose elements are fuzzy numbers. A fuzzy

stopping model is formulated in Section 3, provided by the previous notions. Also

the equilibrium strategy of the model and its game value are obtained under a

suitable assumption.

1.1 Preliminaries on Fuzzy Sets

A brief sketch of the notation using here is given as follows: A fuzzy set ã =
ã(x) : x ∈ R → [0, 1] on R is normal, upper semi-continuous, fuzzy convex such

that ã(λx + (1− λ)y) ≥ min{̃a(x), ã(y)} for λ ∈ [0, 1]. It may be called a fuzzy

number instead of fuzzy set because we are considering the real number of the

space R. The operation of sum + and a scalar product · for fuzzy sets are defined

by (̃a + b̃)(x) := supx=x1+x2
{̃a(x1) ∧ b̃(x2)} and (λ · ã)(x) := ã(x/λ) if λ >

0, := 1{0}(x) if λ = 0, where ∧ = min and 1{·} means the characteristic function.

The α-cut (α ∈ [0, 1]) of the fuzzy set ã is denoted by

ãα := {x ∈ E | ã(x) ≥ α} (α > 0) (1)
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and ã0 := cl{x ∈ E | ã(x) > 0}, where ‘cl’ denotes the closure of a set. We

frequently use the α-cut in order to define the model and analyze an existence of

strategies.

If the operations +, · for any non-empty closed intervals A,B in R are defined

as A + B := {x + y | x ∈ A, y ∈ B}, λ · A := {λx | x ∈ A} and especially

A + ∅ = ∅ + A := A and λ · ∅ := ∅, then the following two properties are

known.

(1) (Interchanges) Interchanging the operation for fuzzy sets and α-cut is useful in

the following discussion. (̃a+ b̃)α = ãα+ b̃α and (λ · ã)α = λ · ãα (α ∈ [0, 1])

holds.

(2) (Relation between α-cuts and a fuzzy set) The relation between a fuzzy set

and its α-cut ã(x) = supα{α ∧ 1ãα (x)}, x ∈ R, holds.

The following construction of a fuzzy set from a family of subsets was given

by Zadeh [17]. So when the family of subsets is given, it can be constructed as a

fuzzy set provided the condition are satisfied.

Proposition 1.1. (Representation Theorem) For a given family of {Mα} in R, if

(i) α ≤ β ⇒ Mα ⊃ Mβ , (ii) αn ↑ α ⇒ Mα =
⋂
nMαn , then there exists a fuzzy

set M̃(x) such that

M̃(x) = sup
α
{α ∧ 1Mα (x)} (2)

for x ∈ R.

There are special fuzzy sets, whose α-cuts become closed intervals as follows:

(i) Interval case: There exist two real numbers such that

ãα = {x ∈ R | ã−α ≤ x ≤ ã+α },

where ã+α = [̃a]+α = sup{x |̃a(x) ≥ α} and ã−α = [̃a]−α = inf{x |̃a(x) ≥ α}.
(ii) Triangular-type symmetric L-fuzzy number: (a) L(x) = L(−x), (b) L(x) =

1 ⇐⇒ x = 0, (c) L(x) ↓ 0 (x ր∞), (d) its support is finite.

For an example, if

ã(x) :=
{
L((m− x)/k) if, x ≥ m
L((x −m)/k) otherwise,

where L(x) := max{1− |x|, 0}, then its α-cut equals to

ãα = {x ∈ R |m− (1− α)k ≤ x ≤ m+ (1− α)k}.

The number m is called a center and k is a spread.
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1.2 Fuzzy Dynamic System (FDS)

A fuzzy dynamic system is a sequence of fuzzy states generated by the pair of

an initial state s̃(x) and a convex fuzzy relation q̃(x, y). The state space herein

is R = (−∞,∞) of real numbers and an initial fuzzy set is a fuzzy number

s̃ = s̃(x), x ∈ R. These are assumed to be given.

Then a finite sequence {s̃t ; t = 1, 2, . . . , N} is generated by the fuzzy transition

lawQ recursively as

s̃1 := s̃,

s̃t+1 := Q(̃st ) := sup
x∈R

{̃s(x) ∧ q̃(x, y)}, (3)

where q̃ = q̃(x, y) : R × R → [0, 1] is a convex fuzzy relation, that is, a fuzzy

number defined by two variables, which satisfies

q̃(λx1 + (1− λ)x2, λy1 + (1− λ)y2) ≥ q̃(x1, y1) ∧ q̃(x2, y2) (4)

for x1, x2, y1, y2 ∈ R and λ ∈ [0, 1].

We call the sequence {̃st , t = 1, 2, . . . , N} a fuzzy dynamic system.

1.3 Fuzzy Stopping Time (FST)

A fuzzy stopping time σ̃ = σ̃ (t) on a time-index set t ∈ {1, 2, . . . , N} is

(a) a fuzzy number (set) on {1, 2, . . . , N},

(b) and non-increasing, that is,

σ̃ (t) ≥ σ̃ (s) for 1 ≤ t < s ≤ N (5)

with σ̃ (1) = 1. The interpretation of a fuzzy stopping time σ̃ means a degree

of continuity, explicitly as the next three kinds

• σ̃ (t) = 1 is to continue at time t ,

• σ̃ (t) = α (0 < α < 1) is an intensity of degree for continuity with level α

and degree for stopping with level 1− α,

• σ̃ (t) = 0 is to stop at time t .

Since the real value σ̃ (t) for t ∈ {1, 2, . . . N} should decrease with time, we

impose the requirement of (b). By the definition of α-cut for σ̃ , clearly

σ̃α = {1, 2, . . . , σα} (6)

provided that σα := max{t ∈ N | σ̃ (t) ≥ α} for 0 < α and σ0 := cl {t ∈ N |
σ̃ (t) > 0} so that σ̃α(0 ≤ α ≤ 1) is a connected subset of {1, 2, . . . , N}.
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1.4 Composition of FDS and FST

Now we consider, by using α-cut and then a representation theorem, a composition

of {s̃t }, {σ̃ (t)} for t = 1, 2, . . . , N which are the fuzzy dynamic system (FDS)

and the fuzzy stopping time(FST) respectively.

Because α-cut of a fuzzy set s̃ on R equals a closed interval, denoted by the

superscript ()−, ()+,

s̃α = [̃s−α , s̃
+
α ].

Conversely, if a family [̃s−α , s̃
+
α ], 0 ≤ α ≤ 1, of bounded closed sub-intervals in

R is given, we can construct a fuzzy number s̃ = s̃(x), x ∈ R by

s̃(x) := sup
α∈[0,1]

{α ∧ 1[̃s−α ,̃s
+
α ](x)}, x ∈ R.

Definition 1.2. A composed fuzzy system s̃σ̃ = s̃σ̃ (x), x ∈ R for a pair of a

fuzzy dynamic system and a fuzzy stopping time (s̃t , σ̃ (t)), t = 1, 2, . . . , N , is

defined in the following two steps:

Step 1. For each α, if α-cut of a fuzzy stopping time σ̃ is {1, 2, . . . , t}, i.e. σ̃α =
{1, 2, . . . , t}, then we define α-cut of a composed fuzzy system s̃σ̃ by

(̃sσ̃ )α := s̃σ̃ ,α := s̃t,α = [̃s−t,α, s̃
+
t,α]. (7)

Step 2. By letting Sα := s̃σ̃ ,α, α ∈ [0, 1], the presentation theorem is applied to a

family of Sα:

s̃σ̃ (x) := sup
α∈[0,1]

{α ∧ 1Sα (x)}, x ∈ R. (8)

Thus a composed fuzzy system s̃σ̃ of FDS {̃st ; t = 1, 2, . . . , N} and FST

{σ̃ (t); t = 1, 2, . . . , N} is obtained.

2 Game Value for Fuzzy Matrix Game

The usual sequential decision problems consist of several decisions but the sim-

plest one is two cases, that is, Stopping problem – 2-decision (Stop, Conti). Con-

sidering the straightforward version in a two-person zero sum game for players

PLI (max), PLII (min), one may adapt the following problem: When either of

the player declares “stop”, then the system stops and each can get rewards. In case

of this stop rule the next three cases occur,

Decision table of (PLI , PLII ) =
(
(Stop, Stop) (Stop,Conti)

(Conti, Stop) Next

)
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and the corresponding value of the matrix game (zero sum) is

vt = val
(
r(S,S) r(S,C)

r(C,S) vt+1

)
, t = 1, 2, . . .

where vt is a payoff at time t and val means a value of the matrix provided their

payoffs r(·,·) are given.

From now we will consider the fuzzy version of this sequential decision problem.

First define a value of matrix whose elements are fuzzy numbers.

2.1 Fuzzy Game Value

Definition 2.1. For a matrix Ã with each (i, j) element ãij = ãij (x), x ∈ R, is

a fuzzy number, define

ṽal(Ã) = ṽal(Ã)(x) = ṽal
(
ã11 ã12

ã21 ã22

)
(x) (9)

as a map x ∈ R �−→ [0, 1] in the following steps.

Step 1. For 0 ≤ α ≤ 1, let the α-cut of each element
(
ãij
)
α

:= [a−ij , a
+
ij ] and

define the α-cut of the matrix by

Ãα :=
(
(̃aij )α

)
=
(

[a−11, a
+
11] [a−12, a

+
12]

[a−21, a
+
21] [a−22, a

+
22]

)
.

Step 2. For each i, j , two real numbers a−ij , a
+
ij ∈ (̃aij )α , consider each value of

the matrix game

val
(
a−ij

)
and val

(
a+ij

)

as minj maxi

(
a±ij

)
= maxi minj

(
a±ij

)
in the usual sense.

Step 3. Using these values, define a closed interval, denoted by val(Ãα), as

val(Ãα) :=
[
val

(
a−ij

)
, val

(
a+ij

)]
=
[
val

(
a−11 a

−
12

a−21 a
−
22

)
, val

(
a+11 a

+
12

a+21 a
+
22

)]

for each α.

Step 4. Construct a fuzzy set (number) ṽal(Ã) on R from a family of {val(Ãα); 0 ≤
α ≤ 1} as

ṽal(Ã)(x) := sup
α∈[0,1]

{α ∧ 1val(Ãα)(x)}

for x ∈ R.
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Proposition 2.1. From the definition of ṽal, it holds that

(
ṽal(Ã)

)
α
= val(Ãα). (10)

Proof. From the definition of the α-cut of ṽal, the result is immediately obtained.

�

A fuzzy max order (Ramı́k and R̆imánek [10]), between fuzzy numbers is a

partial order which defined by the order for interval of α-cut in fuzzy numbers.

Definition 2.2. For two fuzzy numbers in R, b̃ / ã if and only if the next

inequality b̃−α ≤ ã−α and b̃+α ≤ ã+α hold in both for all α.

Proposition 2.2. (Special case with order of elements) If Ã =
(
ã b̃

c̃ d̃

)
with

b̃ / ã / c̃ (11)

where / means a fuzzy max order, then

ṽal(Ã) =

⎧
⎪⎨
⎪⎩

b̃ if d̃ / b̃
d̃ if b̃ / d̃ / c̃
c̃ if c̃ / d̃.

(12)

Proof. The proof depends on the usual case that a matrix game with each element

is a real number. Because of assumption (11) the game has a pure strategy and

the element “̃a” / (Stop,Stop) does not become an equilibrium. So this result is

extended easily to the interval version and this fuzzy value. �

2.2 A Linear Ranking Function (Scalarization)

In this section we will discuss the evaluation for a fuzzy set. This leads us to define

an objective function and an equilibrium strategy for each player.

The first is to consider a function of the scalarization (evaluation) from an interval

to a real number. Let a map g from an interval in R to R which satisfies

(i) g(A+ B) = g(A)+ g(B),
(ii) g(λA) = λg(A), λ > 0,

(iii) A = [a1, a2] ⇒ a1 ≤ g([a1, a2]) ≤ a2.

This map is called a linear ranking function (Fortemps and Roubens [4]) and it

is adapted to the correspondence from the α-cut of a fuzzy number to its reduced-

scalar.

Lemma 2.1. The following three assertions are equivalent.

(a) A map g is a linear ranking function.



218 Y. Yoshida, M. Yasuda, M. Kurano, and J. Nakagami

(b) (Affine property) For λ ≥ 0, μ,

g(λ[0, 1]+ μ) = λg([0, 1])+ μ.

(c) By letting k := g([0, 1]),

g([a1, a2]) = a1(1− k)+ a2k.

Lemma 2.2. If ã / b̃, then ‖̃a‖g ≤ ‖b̃‖g where

‖̃a‖g :=
∫ 1

0

g(̃aα) dα. (13)

3 A Fuzzy Stopping Game and Equilibrium Strategies

Our stopping model for the zero-sum case is based on FDS in Section 1.2 and the

linear ranking function in Section 2.2 for its evaluation in order to define an objec-

tive function and discuss an equilibrium strategy. The data are generated sequen-

tially to define the model by fuzzy transition lawsQ, FDS {̃r t(·,·); t = 1, 2, . . . , N}.
A stopping strategy is a pair of FSTs σ̃I , σ̃II defined by (5). Associated with a stop-

ping strategy, we consider a payoff function and thus an equilibrium of the integral

(16).

(1) Initial fuzzy state defined on R:

r̃(S,S), r̃(C,S), r̃(S,C)

where r̃(·,·) = r̃(·,·)(x), x ∈ R.

(2) Fuzzy translation law:

Q(S,S), Q(C,S), Q(S,C)

where fuzzy translation lawsQ(·,·) are generated by some convex fuzzy rela-

tions q̃(·,·)(x, y), x, y ∈ R.

(3) FDS {̃r t(·,·); t = 1, 2, . . . , N} generated byQ similar to (3):

r̃ t(S,S), r̃
t
(C,S), r̃

t
(S,C)

where

{
r̃ t(·,·) := Q(·,·)̃r t−1

(·,·) , t = 2, 3, . . . , N,

r̃1
(·,·) := r̃(·,·).

(14)

(4) Stopping strategy: Two FSTs σ̃I , σ̃II for each player defined by (5).
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(5) Payoff function: R̃(σ̃I , σ̃II ) whose α-cuts are

R̃(σ̃I , σ̃II )α :=

⎧
⎪⎨
⎪⎩

r̃ t(C,S),α if t = σ̃I,α ≤ σ̃II,α,
r̃ t(S,C),α if t = σ̃II,α ≤ σ̃I,α,
r̃ t(S,S),α if t = σ̃I,α = σ̃II,α.

(15)

(6) Objective functions:

min
σ̃II

max
σ̃I

‖R̃(σ̃I , σ̃II )‖g and max
σ̃I

min
σ̃II

‖R̃(σ̃I , σ̃II )‖g

where

‖R̃(σ̃I , σ̃II )‖g :=
∫ 1

0

g(R̃(σ̃I , σ̃II )α)dα (16)

with a given linear ranking function g similar to (13).

Thus we have defined a stopping game problem for dynamic fuzzy systems and

we shall look for the equilibrium of (16). In order to avoid analytical difficulty, the

game values for the zero-sum matrix are restricted within only pure strategies, that

is, this is enough to consider the class of FST. Refer to [13]. Explicitly we need

the following assumption, which is assumed in several papers [3,5] as

Assumption 3.1. (Dynkin Game) For each t ,

r̃ t(S,C) / r̃ t(S,S) / r̃ t(C,S). (17)

Consider the next in backward induction

ṽt = ṽal
(
r̃ t(S,S) r̃

t
(S,C)

r̃ t(C,S) ṽt+1

)
, t = N − 1, . . . , 2, 1, (18)

by ṽal in a fuzzy sense of (9) and

ṽN := r̃N(S,S).
Lemma 3.1. (i) For t = N − 1, . . . , 2, 1, and each α,

g(̃vt,α) = val
(
g(̃r t(S,S),α) g(̃r

t
(S,C),α)

g(̃r t(C,S),α) g(̃vt+1,α)

)
(19)

by the scalarization. Here val means in the normal usage.

(ii) For t = N − 1, . . . , 2, 1,

‖̃vt‖g = val
(
‖̃r t(S,S)‖g ‖̃r t(S,C)‖g
‖̃r t(C,S)‖g ‖̃vt+1‖g

)

=

⎧
⎪⎪⎨
⎪⎪⎩

‖̃r t(S,C)‖g if ‖̃vt+1‖g ≤ ‖̃r t(S,C)‖g
‖̃vt+1‖g if ‖̃r t(S,C)‖g ≤ ‖̃vt+1‖g ≤ ‖̃r t(C,S)‖g
‖̃r t(C,S)‖g if ‖̃r t(C,S)‖g ≤ ‖̃vt+1‖g.

(20)
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Definition 3.1. For each α,

σ ∗I,α := inf{1 ≤ t ≤ N | g(̃vt,α) ≤ g(̃r t(S,C),α)},
σ ∗II,α := inf{1 ≤ t ≤ N | g(̃vt,α) ≥ g(̃r t(C,S),α)},

(21)

and define

σ̃ ∗I = σ̃ ∗I (t) := sup
α∈[0,1]

{α ∧ 1[0,σ ∗I,α](t)},

σ̃ ∗II = σ̃ ∗II (t) := sup
α∈[0,1]

{α ∧ 1[0,σ ∗II,α](t)}
(22)

for t = 1, 2, . . . , N .

The next assumption is too technical. However we have to induce the class of

strategy under the fuzzy configuration as a class of FST that needs to be well

defined as (5).

Assumption 3.2. (Regularity of strategy) Each epoch of σ ∗I,α, σ
∗
II,α in (21)

decrease monotonically in α ∈ [0, 1].

Theorem 3.1. Under Assumptions 3.1 and 3.2,

sup
σ̃I

inf
σ̃II

‖R̃(σ̃I , σ̃II )‖g = inf
σ̃II

sup
σ̃I

‖R̃(σ̃I , σ̃II )‖g (23)

holds and its equilibrium strategy σ̃ ∗I,α, σ̃
∗
II,α for each player satisfies

‖R̃(σ̃ ∗I , σ̃ ∗II )‖g = ‖̃v1‖g. (24)

Proof. The proof is immediately obtained from the previous assumptions and

lemmas. �

Remark 3.1. Here we do not show a concrete example, however, there are many

examples in the crisp case, that is, α = 1. Thus the assumptions are satisfied in

the ordinary case.

Remark 3.2. An infinitely planned horizon case, should be considered a fixed

point concerned with the fuzzy relational equation (18) of ṽal. Details are not

discussed in this paper.
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Abstract
The paper is concerned with two-person nonzero-sum stopping games in

which pairs of randomized stopping times are game strategies. For a general

form of reward functions, existence of Nash equilibrium strategies is proved

under some restrictions for three types of games: quasi-finite-horizon, random-

horizon and infinite-horizon games.

1 Introduction and Preliminaries

Let (�,F, P ) be a probability space and {Fn, n ∈ N} an increasing sequence

of sub-σ -fields of F , N = {1, 2, . . . }. There are given two sequences of trivari-

ate random variables {(Xin, Y in,W i
n), n ∈ N}, i = 1, 2, defined on (�,F, P ) and

{Fn, n ∈ N} adapted. They represent players’ rewards associated with their appro-

priate decisions.

We will need the conditions

(A1) E
(

sup
n∈N

|Xin|
)
<∞, E

(
sup
n∈N

|Y in|
)
<∞,

(A2) E
(

sup
n∈N

|W i
n|
)
<∞, for i = 1, 2.

LetM denote the set of stopping times τ with respect to {Fn, n ∈ N},N = N ∪
{∞}, F∞ = σ({Fn, n ∈ N}), i.e. τ : �→ N and {ω ∈ � : τ(ω) = n} ∈ Fn, for

any n ∈ N . Ohtsubo (1987, 1991) considered the following two-person nonzero-

sum non-cooperative stopping game. There are two players who choose stopping

times τ1 ∈ M and τ2 ∈ M as their strategies respectively. Then, the reward for the

player i, i = 1, 2, is given by

Zi(τ1, τ2) = Xiτi I{τi<τj } + Y
i
τj
I{τj<τi } +

+W i
τi
I{τi=τj<∞} + lim sup

n→∞
W i
nI{τ1=τ2=∞}, (1)
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where IA denotes the indicator function of the set A in F . The aim of each of the

players is to make his mean reward as large as possible. So, they look for a Nash

equilibrium strategy (̂τ1, τ̂2) ∈ M ×M of the game G = (M ×M,V 1, V 2) pre-

sented in a normal form, where players’ payoff functionsV i are their mean rewards

V i(τ1, τ2) = E(Zi(τ1, τ2)), i = 1, 2. (2)

Thus, for any strategy (τ1, τ2) fromM ×M we have

V 1(̂τ1, τ̂2) ≥ V 1(τ1, τ̂2) and V 2(̂τ1, τ̂2) ≥ V 2(̂τ1, τ2).

The game G is a generalization of the Dynkin stopping problem (1969) and its

Neveu modification (1975). Dynkin considered a zero-sum stopping game with

some constraints on stopping times: the player 1 (player 2) could choose only

stopping times with odd (even) values. Many variations of Dynkin’s game were

investigated in a series of papers. A broad survey of stopping games is given in

Nowak and Szajowski (1999). In general, without some special assumptions on

reward sequences {(Xin, Y in,W i
n), n ∈ N}, i = 1, 2, the game G may not have a

Nash equilibrium strategy. For instance, let us consider the following conditions,

for i = 1, 2, n ∈ N ,

(C3) Xin ≥ W i
n ≥ Y in, a.s.,

(C4) Xin ≤ W i
n ≤ Y in, Xin < Y

i
n, a.s.,

(C5) Ain ⊂ Ai+1
n , where Ain = {ω ∈ � : Xin ≥ E(Xin+1|Fn)},

(C6) X1
n = X2

n = W 1
n , Y 1

n = Y 2
n = W 2

n , a.s.

Ohtsubo (1987, 1991) obtained existence of a Nash equilibrium strategy for

each of the below cases:

(a) Assumptions (A1) and (C3).

(b) Assumptions (A1), (C4) and (C5).

(c) Assumptions (A1), (C4) and an assumption on the existence of a sequence of

bivariate random variables satisfying some kind of a Bellman’s type equation

in the two-person game situation.

Ferenstein (1992, 1993, 2001) obtained existence of an equilibrium strategy

under Assumptions (A1), (A2) and (C6) which is a constraint on a structure of

players’ rewards (and an additional assumption that subsequent rewards are func-

tions of a homogeneous Markov chain). Existence results for the finite-horizon

game with reward sequences (C6) were established in Enns and Ferenstein (1987).

Bobecka and Ferenstein (2001) proved that one may weaken the assumptions

by Ohtsubo (1987) to obtain existence of a Nash solution. Namely, it suffices to

assume (C3) and for n ∈ N , i = 1, 2,

E|Xin| <∞, E|Y in| <∞ and E

(
sup
n∈N
(Xin)

+
)
<∞,

instead of the strong Assumption (A1).
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Without assumptions of type (C3)–(C6), one may get existence theorems for

a larger class of game strategies, namely randomized stopping times. For such

strategies, Yasuda (1986) obtained existence of a Nash equilibrium of a zero-sum

game assuming additionally that rewards are discounted in time. Recently, Rosen-

berg et al. (2001) proved that one may skip discounting and that still the zero-sum

randomized stopping game has a value under the single integrability Conditions

(A1), (A2). In this paper we will obtain existence theorems for nonzero-sum

randomized stopping games of three types: some generalization of finite-horizon

games (called quasi-finite-horizon games), games with random horizons, and

infinite-horizon games with reward sequences approaching zero as n tends to

infinity. In a quasi-finite-horizon case we assume that players’ strategies are suit-

able subclasses of randomized stopping times. In all above cases we assume that

Fn, n ∈ N , are generated by at most countable sets of events. To prove our the-

orems we will use a general result of game theory, namely the following theorem

(Nash (1951), Fan (1966)).

Theorem 1.1. Suppose that for a two-person non-zero-sum game G = (S1 ×
S2, H1, H2) the following assumptions are fulfilled:

(i) S1, S2 are nonempty compact convex subsets of a linear separated topological

space E.

(ii) Functions Hi : S1 × S2 → R, i = 1, 2, are continuous.

(iii) H1(·, s2), H2(s1, ·) are quasi-concave, for any sj ∈ Sj , j = 1, 2.

Then, the game G has a Nash equilibrium strategy.

2 The Model and Main Theorems

For randomized stopping games investigated in this paper we admit two repre-

sentations of players’ strategies: randomized stopping strategies or randomized

stopping times. We assume in the sequel, without loss of generality, that the under-

lying probability space (�,F, P ) on which all considered random variables are

defined is rich enough to allow randomization.

Denote by " the set of randomized stopping times. Let us recall the notion of

randomized stopping time as in Chow et al. (1971), similarly in Ferguson (1967).

Namely, τ ∈ " iff there exists a filtration {Un}n∈N such that the conditions (a)–(c)

below are satisfied.

(a) Fn ⊂ Un, for n ∈ N ,

(b) P(A | Fn) = P(A | Un), a.s., A ∈ F∞, n ∈ N ,

(c) τ is a stopping time with respect to {Un}n∈N .

Players observe subsequent events in Fn, n ∈ N , and their decisions either to

quit the game or to continue it are independent. Thus, let the set of game strategies

"×" contain pairs of randomized stopping times τ1, τ2 which are conditionally
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independent given Fn, for any n ∈ N . Under the strategy (τ1, τ2) the payoff for

the player i is V i(τ1, τ2), defined by (1) and (2), i = 1, 2.

LetS be the set of randomized stopping strategies, i.e. the set of {Fn}n∈N adapted

random sequences s = {pn}n∈N such that

0 ≤ pn ≤ 1 and
∑

n∈N
pn = 1, a.s. (3)

For an randomized stopping strategy s = {pn}n∈N , pn is to be interpreted as

conditional probability that stopping occurs at time n, given the observations in Fn.

Let (s1, s2) ∈ S × S, si = {pin}n∈N , i = 1, 2. Then, let us define the player’s i

payoff as follows

Hi(s1, s2) = E
(∑

n∈N
(Xinp

i
n(1− p

j

1 − . . .− p
j
n)+

+ Y inp
j
n(1− pi1 − . . .− pin))+

∑

n∈N
W i
np
i
np
j
n

)
, i 	= j, (4)

whereW i
∞ = lim sup

n→∞
W i
nI{τ1=τ2=∞}.

Proposition 2.1. (i) For (s1, s2) ∈ S× S there exists (τ1, τ2) ∈ "×" such that

Hi(s1, s2) = V i(τ1, τ2), i = 1, 2. (5)

(ii) For (τ1, τ2) ∈ "×" there exists (s1, s2) ∈ S × S such that the equality (5)

is fulfilled.

Proof. (i) Construction of randomized stopping times τ1, τ2 corresponding to

s1, s2 is presented in Yasuda (1986) (also, similarly in Irle (1995) and Rosen-

berg et al. (2001)). Let us suppose, without loss of generality, that there are inde-

pendent random sequences {A1
n}n∈N , {A2

n}n∈N of i.i.d. random variables deter-

mined on (�,F, P ) with uniform distributions on [0,1] and independent on F∞.

Let Un be the σ -field generated by Fn, A
1
1, . . . , A

1
n, A

2
1, . . . , A

2
n. For a strategy

si = {pin}n∈N ∈ S let us define p̃in = pin/
∑
k≥n p

i
k , n ∈ N , i = 1, 2, and stopping

times τi with respect to the filtration {Un, n ∈ N} as follows

τi = inf{n ≥ 1 : Ain ≤ p̃in}.

Then, τi , i = 1, 2, are randomized stopping times since (a)–(c) are easily fulfilled.

For any n ∈ N we have, a.s.,

P(τi = n | F∞) = P(τi = n | Fn) = pin.

Hence, from (1), one may calculate

V i(τ1, τ2) = E(Zi(τ1, τ2)) = Hi(s1, s2).
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(ii) Let (τ1, τ2) ∈ "×". For i = 1, 2, define si = {pin}n∈N so that

pin = P(τi = n|Fn), a.s., n ∈ N.
Now, (3) is satisfied so si ∈ S. {Fn}n∈N conditional independence of τ1, τ2 gives

us (5). �

Because of Proposition 2.1 we may analyze games with players’ strategies either

from " × " or S × S depending on the convenience. First, we will examine the

game for which probabilities of stopping at n, for sufficiently large n, are bounded

from above. It may be called a quasi-finite-horizon randomized stopping game

since it is natural to introduce the following definition.

Definition 2.1. Let r = {rn}n∈N be a sequence of random variables {Fn}n∈N
adapted with finite second moments and such that E

(∑∞
n=1 r

2
n

)
< ∞. Let, for

some given natural L, the subset of randomized stopping strategies SLr ⊂ S be as

follows

SLr = {s = {pn}n∈N ∈ S : pn ≤ rn, a.s., for n ≥ L}.

The game (SLr ×SLr , H1, H2) is called quasi-finite-horizon randomized stopping

game.

Existence of a Nash equilibrium of a quasi-finite-horizon randomized stopping

game is obtained below under the following assumption on the observed filtration.

(A3) For any n ∈ N , Fn is generated by at most countable set of events

{Bn1 , . . . , Bnkn} from F , kn ≤ ∞.

Theorem 2.1. Suppose that Assumptions (A1), (A2), (A3) are fulfilled. Then, the

game (SLr × SLr , H1, H2) has a Nash equilibrium strategy.

Similar game to the quasi-finite-horizon one is a random-horizon game for which

we have the following result

Theorem 2.2. Suppose that Assumptions (A1), (A2), (A3) are fulfilled. Let K

be an nonnegative integer valued random variable, independent on {Fn}n∈N , and

E(K) < ∞. Suppose that players’ rewards and payoffs, for (τ1, τ2) ∈ " × ",

i = 1, 2, are defined as follows

ZiK(τ1, τ2) = Xiτi I{τi<τj ,τi≤K} + Y
i
τj
I{τj<τi ,τj≤K} +W i

τi
I{τi=τj≤K},

V iK(τ1, τ2) = E(ZiK(τ1, τ2)).

Then, the game ("×",V 1
K , V

2
K) has a Nash equilibrium strategy.

For an infinite-horizon case we have

Theorem 2.3. Suppose that Assumptions (A1), (A2), (A3) are satisfied and the

sequences {Xin}n∈N , {Y in}n∈N , {W i
n}n∈N tend to 0 as n → ∞, in probability, for

i = 1, 2. Then, the game ("×",V 1, V 2) has a Nash equilibrium strategy.
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3 Proofs of the Theorems

In the proofs of our theorems we will show that the assumptions of Theorem 1.1

are fulfilled.

LetE denote the space of random sequences {ξn}n∈N which are {Fn}n∈N adapted

and have finite expectations of sums of squares of their elements:E
(∑

n∈N ξ
2
n

)
<

∞. E equipped with the inner product 〈ξ, η〉 =
∑
n∈N ξnηn is a Hilbert space.

Note that randomized stopping strategy sets introduced in the previous section

satisfy inclusions SLr ⊂ S ⊂ E. First, we will state results needed in the proof of

Theorem 2.2.

Lemma 3.1. Let Assumption (A3) be satisfied. Then, SLr is compact in E.

Proof. Let r = {rn}n∈N ∈ E, L be fixed natural. SLr is a bounded subset of E

since for p = {pn}n∈N ∈ SLr we have

‖p‖2 = E

⎛
⎝∑

n∈N
p2
n

⎞
⎠ ≤ E

⎛
⎝∑

n∈N
pn

⎞
⎠ = 1.

Moreover, it will occur easy to show that SLr is closed. Let pk = {pkn}n∈N ∈ SLr ,

k = 1, 2, . . . , and p = {pn}n∈N ∈ E be such that

‖pk − p‖2 = E

⎛
⎝∑

n∈N
(pkn − pn)2

⎞
⎠→ 0 as k→∞.

Hence, there exists subsequence of naturals {kj } such that
∑
n∈N (p

kj
n −pn)2 → 0

as j →∞, a.s., so for any n we have p
kj
n → pn as j →∞, a.s. Therefore, pn is

Fn-measurable, 0 ≤ pn ≤ 1 and pn ≤ rn for n ≥ L, a.s. To prove that p ∈ SLr it

remains to show that
∑
n∈N pn = 1, a.s. For any j andM we may write

p
kj
1 + . . .+ pkjM +

∑

M<n∈N
p
kj
n = 1,

which gives us, a.s.,

p1 + . . .+ pM + lim sup
j→∞

∑

M<n∈N
p
kj
n = 1

and in consequence
∑
n∈N pn = 1 since the limit above is

∑
M<n∈N pn for 0 ≤

p
kj
n ≤ rn, n ≥ L,

∑
n∈N rn <∞, a.s., andM may be taken arbitrarily large.

Now, let us note that SLr is weakly compact in E since it is a bounded closed

and convex subset of E.
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To show that SLr is compact it is sufficient to prove that weak convergence

implies the convergence is norm in E. So, suppose that pk = {pkn}n∈N ∈ SLr and

pk converges weakly to p = {pn} ∈ SLr as k→∞. Thus, for any h ∈ E we have

〈h, pk − p〉 → 0 as k→∞, (6)

sinceE is Hilbert space. Moreover, note that because of Assumption (A3), for any

k and n there exists the sequence of reals αkj,n, j = 1, . . . , kn, such that we have,

a.s.,

pkn − pn =
kn∑

j=1

αkj,nIBnj
. (7)

Thus, from (6) and (7), for any n and j ≤ kn, we have αkj,n→ 0 as k→∞. Now,

let us write, for anyM ,

‖pk − p‖2 =
M∑

n=1

kn∑

j=1

(αkj,n)
2P(Bnj )+ E

⎛
⎝ ∑

M<n∈N
(pkn − pn)2

⎞
⎠ .

Hence, ‖pk − p‖2 → 0, as k → ∞, since the expectation on the right side of

the above equality may be arbitrarily small if one takes sufficiently large M for

pk ∈ SLr , while the first term on the right side tends to 0 as k→∞ thanks to the

dominated convergence theorem. �

Lemma 3.2. Let {Xn}n∈N be a sequence of random variables {Fn}n∈N adapted

such that E(supn∈N |Xn|) <∞. Let p = {pn}n∈N , q = {qn}n∈N ∈ SLr and let

J1(p, q) = E

⎛
⎝∑

n∈N
Xnpnqn

⎞
⎠ ,

J2(p, q) = E

⎛
⎝∑

n∈N
Xnpn(1− q1 − . . .− qn)

⎞
⎠ .

Then, the functions Ji : SLr × SLr → R, i = 1, 2, are continuous.

Proof. Let pk = {pkn}n∈N , qk = {qkn}n∈N ∈ SLr , k = 1, 2, . . . be sequences

converging top, q in SLr , respectively, as k→∞. We will show that J1(p
k, qk)→

J1(p, q) as k→∞. For any naturalM let us rewrite J1(p
k, qk) as follows

J1(p
k, qk) = E

(
M∑

n=1

Xnp
k
nq
k
n

)
+ E

⎛
⎝ ∑

M<n∈N
Xnp

k
nq
k
n

⎞
⎠ . (8)
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Now, to obtain the required convergence it is sufficient to apply the dominated

convergence theorem to both terms on the right side of (8). Namely, using the

lemma assumptions it is easy to see that we have, for anyM and k,

lim
k→∞

E

(
M∑

n=1

Xnp
k
nq
k
n

)
= E

(
M∑

n=1

Xnpnqn

)
,

and

lim
M→∞

∣∣∣∣∣∣
E

⎛
⎝ ∑

M<n∈N
Xnp

k
nq
k
n

⎞
⎠
∣∣∣∣∣∣
≤ lim
M→∞

E

⎛
⎝ ∑

M<n∈N
|Xn|r2

n

⎞
⎠ = 0,

which together with (8) gives us continuity of J1(·, ·). The same reasoning assures

continuity of J2(·, ·). �

Proof of Theorem 2.1. It is sufficient to note that the assumptions of Theo-

rem 1.1 are satisfied under the assumptions of Theorem 2.1. Namely, (i) is ful-

filled since nonempty strategy sets S1 = S2 = SLr are convex and compact in

the light of Lemma 3.1, (ii) is the consequence of Formula (4) and Lemma 3.2.

(iii) is straightforward since, for any p, q ∈ SLr , the functions H1(·, q) : SLr → R

and H2(p, ·) : SLr → R are linear, so they are quasi-concave, i.e. the sets

{p ∈ SLr : H1(p, q) > t} and {q ∈ SLr : H2(p, q) > t} are convex for any real t .

Proof of Theorem 2.2. Let (τ1, τ2) ∈ "×" and si = {pin}n∈N ∈ S, i = 1, 2,

be such that we have, for any n ∈ N , a.s.,

pin = P(τi = n|Fn).

Let us denote Gn = P(K > n), n = 1, 2, . . .

Then, one may obtain

V iK(τ1, τ2) = E(Xiτi I{τi<τj ,τi≤K} + Y
i
τj
I{τj<τi ,τj≤K} +W i

τi
I{τi=τj≤K})

= E
(∑

n∈N
(Gn−1X

i
np
i
n(1− p

j

1 − . . .− p
j
n)

+Gn−1Y
i
np
j
n(1− pi1 − . . .− pin)+Gn−1W

i
np
i
np
j
n

)
, i 	= j.

(9)

Thus, V iK(τ1, τ2) := HKi (s1, s2). Hence, according to Proposition 2.1, it is suffi-

cient to show that the game (S × S,HK1 , HK2 ) has a Nash equilibrium strategy.

Similarly, as in the proof of Lemma 3.1 we obtain that S is weakly compact in

E and that the functions H1(·, s2), H2(s1, ·) are quasi-concave, for any sj ∈ Sj ,
j = 1, 2.
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To complete the proof it is sufficient to show that the payoff functions HKi :

S × S → R, i = 1, 2, are weakly continuous since it assures the assumptions

of Theorem 1.1 are fulfilled. Hence, because of the form of HKi , given in (9), it

remains to prove that the functions Jl(p, q), p, q ∈ S, l = 1, 2, below are weakly

continuous:

J1(p, q) = E
(∑

n∈N
Gn−1Xnpnqn

)
,

J2(p, q) = E
(∑

n∈N
Gn−1Xnpn(1− q1 − . . .− qn)

)
,

where p = {pn}n∈N , q = {qn}n∈N , {Xn}n∈N is a sequence of univariate random

variables {Fn}n∈N adapted such that E(supn∈N |Xn|) <∞.

Let (pk, qk) ∈ S × S, k = 1, 2, . . . , be a sequence converging weakly to

(p, q) ∈ S × S. We will show that J1(p
k, qk) → J1(p, q) as k → ∞. For any

naturalM let us rewrite J1(p
k, qk) as follows

J1(p
k, qk) = E

(
M∑

n=1

Gn−1Xnp
k
nq
k
n

)
+ E

( ∑

M<n∈N
Gn−1Xnp

k
nq
k
n

)
. (10)

Note that using the dominated convergence theorem we obtain, for any k,

lim
M→∞

∣∣∣∣∣E
( ∑

M<n∈N
Gn−1Xnp

k
nq
k
n

)∣∣∣∣∣ ≤ lim
M→∞

E

(
sup
n∈N

|Xn|
∑

M<n∈N
Gn−1

)
= 0,

(11)

since
∑
n∈N Gn = E(K) <∞. Hence, it is sufficient to show the equality below

lim
k→∞

E

(
M∑

n=1

Gn−1Xnp
k
nq
k
n

)
= E

(
M∑

n=1

Gn−1Xnpnqn

)
. (12)

Now, let us note that according to Assumption (A3) we have (7) and, similarly, for

any natural n there exists the sequence of reals βkj,n, j = 1, . . . , kn, such that we

have, a.s.,

qkn − qn =
kn∑

j=1

βkj,nIBnj
, (13)

and βkj,n→ 0 as k→∞, for any j ≤ kn, in view of the weak convergence of the

sequence {qk}. Thus, the expectation on the left hand side of (12) may be rewritten,
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after simple algebra, as follows

E

(
M∑

n=1

kn∑

j=1

Gn−1Xnα
k
j,nβ

k
j,nIBnj

)
+ E

(
M∑

n=1

Gn−1Xnqn(p
k
n − pn)

)

+ E
(
M∑

n=1

Gn−1Xnpnq
k
n

)
.

Now, (12) is fulfilled since in the above formula the last term tends to the right

side of (12) and the first two terms tend to 0 as k→∞, since the sequences {pk}
and {qk} converge weakly to p and q respectively, as k→∞, and one may apply

the dominated convergence theorem.

Weak continuity of J1 is the consequence of (10), (11) and (12). In a similar

way we prove that J2 is weakly continuous. The proof is completed.

Proof of Theorem 2.3. The proof follows the lines of the proof of Theorem 2.2.
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Abstract
We survey recent results on the existence of the value in zero-sum stopping

games with discrete and continuous time, and on the existence of ε-equilibria

in nonzero-sum games with discrete time.

1 Introduction

Stopping games have been introduced by Dynkin [4] as a generalization of opti-

mal stopping problems, and later used in several models in economics and man-

agement science, such as optimal equipment replacement, job search, consumer

purchase behavior, research and development (see Mamer [11] and the references

therein), and the analysis of strategic exit (see Ghemawat and Nalebuff [7] or Fine

and Li [5]).

The basic setting is as follows. The game is defined by two processes a and b,

defined on a probability space (�,A,P), endowed with a filtration F. Two players

are allowed to stop at any time. The payoff to player 1 is given by one of the

two processes depending on who stopped first. Formally, the two players choose

stopping times σ and τ and player 1 receives from player 2 the amount

E
[
aσ1σ<τ + bτ1τ≤σ,τ<+∞

]
.
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Much work has been devoted to the study of this zero-sum game, both in a discrete-

time and in a continuous-time framework. In discrete time, Dynkin [4] proved the

existence of the value under an assumption that at any stage only one of the two

players is allowed to stop, and Neveu [13] proved the existence of the value under

the assumption a ≤ b. After those seminal contributions, most of the literature

focused on continuous-time games, in the context of the general theory of stochastic

processes. Bismut [1] proved the existence of the value under the assumption

a ≤ b and an assumption known as Mokobodsky’s hypothesis (in addition, several

regularity assumptions are needed). The latter assumption was later removed, see

e.g. Lepeltier and Maingueneau [10]. Some authors also worked in the diffusion

case, see e.g. Cvitanić and Karatzas [3]. Finally, most work involves a symmetrized

payoff function

γ (σ, τ ) = E
[
aσ1σ<τ + bτ1τ<σ + cσ1σ=τ<+∞

]
,

where c is a third given process, under the assumption a ≤ c ≤ b. This list of

references is by no means exhaustive.

Comparatively few studies deal with nonzero-sum (two-player) stopping games.

For such games, a, b, c are R2-valued processes, and the i-th coordinate is the

payoff to player i, see e.g. Mamer [11], Morimoto [12], Hideo [8], and Ohtsubo

[14],[15].

When the players are restricted to stopping times, the value need not exist in

general, even if the processes are nonrandom and constant. For instance, for the

stopping game in discrete time defined by an = bn = 1 and cn = 0, one has

sup
σ

inf
τ
γ (σ, τ ) = 0 while inf

τ
sup
σ
γ (σ, τ ) = 1.

The purpose of this paper is to survey recent work on stopping games that aim at

obtaining the existence of the value under no-order conditions on the processes

a, b and c, by suitably convexifying the set of strategies of the players.

The paper is organized as follows. Section 2 contains a brief discussion of the

appropriate convexification. Sections 3 and 4 present results on zero-sum games

respectively, for discrete time and continuous time models. In both cases, the proof

is sketched in the simple case of deterministic payoff functions. Finally, Section 5

discusses a result for two-player nonzero-sum stopping games with deterministic

payoff functions.

2 Randomized Stopping Times

This section contains a brief discussion of the proper way of convexifying the

set of stopping times. A more extensive treatment can be found in Rosenberg

et al.[16], or Touzi and Vieille [22]. We follow the logic of behavior strategies and

enlarge the set of strategies by allowing a player to stop, at any stage, with positive

probability.



Stopping Games – Recent Results 237

In discrete time, this leads to the following notion. A strategy (of player 1) is

a F-adapted process x = (xn) with values in [0, 1]. xn is to be interpreted as the

probability that player 1 stops the game at stage n, conditional on the game being

still alive at that stage. In computing the payoff induced by a pair of strategies

(x, y), one assumes that the randomizations performed by the players in the various

stages are mutually independent, and independent from the payoff processes. Thus,

a strategy x that corresponds to the stopping time σ is

xn =
{

0 on σ > n,

1 on σ ≤ n.

In continuous time, this leads to the following notion. A strategy (of player 1) is

a right-continuous, non-decreasing adapted process (Ft ) with Ft ∈ [0, 1] for each

t . Here, Ft may be interpreted as the probability that player 1 will have stopped

before time t (including t). Thus, the strategy that corresponds to a stopping time

σ is the process (Ft ) defined as Ft = 1σ≤t . The payoff associated with the two

strategies (Ft ) and (Gt ) can be written as

γ (F,G) = E

[∫

[0,∞)
a(1−G)dF +

∫

[0,∞)
b(1− F)dG+

∑

0≤t<∞
ct�Ft�Gt

]
,

where �Ft = Ft − Ft− is the jump of F at time t .

The alternative standard way of convexifying the set of stopping times is to

follow the logic of mixed strategies and to define a strategy as, loosely speaking,

a probability distribution over stopping times. The equivalence between mixed

strategies and behavior strategies holds under fairly general assumptions, see Kuhn

[9]. For a discussion specific to the case of stopping games and to the above notions,

see Touzi and Vieille [22].

3 Zero-Sum Games in Discrete Time

We deal here with zero-sum stopping games in discrete time. We first describe the

setup and the result in a precise way, then give an overview of the proof.

Let (�,A,P) be a probability space, and (Fn) be a filtration over (�,A,P)

(the information available at stage n). Let (an), (bn), (cn) be adapted processes,

defined over (�,A,P). We assume

sup
n
|an|, sup

n
|bn|, sup

n
|cn| ∈ L1(P). (1)

By properly enlarging the probability space (�,A,P), one can assume w.l.o.g.

that it supports a double sequence (Xn, Yn)
∞
n=0 of iid variables, uniformly dis-

tributed over [0, 1], such that, for each n: (i) (Xn, Yn) is independent of the process

(ak, bk, ck)k; (ii) (Xn, Yn) is Fn+1-measurable, and independent of Fn.Xn and Yn
are used by the players in their randomizations.
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Define the stopping game as follows. A strategy for player 1 (resp. player 2)

is a [0, 1]-valued adapted process x = (xn) (resp. y = (yn)). Given strategies

(x, y), define the stopping stages of players 1 and 2 by θ1 = inf{n ≥ 0, Xn ≤ xn},
θ2 = inf{n ≥ 0, Yn ≤ yn}, and set

θ = min(θ1, θ2). (2)

Thus, θ is the stage at which the game stops.

We set

r(x, y) = aθ1 1θ1<θ2 + bθ2 1θ2<θ1 + cθ1 1θ1=θ2<+∞.

The payoff of the game is γ (x, y) = E(r(x, y)).

The game has a value v ∈ R if

v = sup
x

inf
y
γ (x, y) = inf

y
sup

x
γ (x, y).

It is convenient to introduce discounted payoffs, as in Yasuda [23]. For λ ∈ (0, 1],

the λ-discounted evaluation is given by

γλ(x, y) = λE
[
(1− λ)θ+1r(x, y)

]
. (3)

The game has a λ-discounted value vλ ∈ R if

vλ = sup
x

inf
y
γλ(x, y) = inf

y
sup

x
γλ(x, y).

Yasuda [23] proved the existence of the discounted value vλ, by adapting Shapley’s

[17] argument.

Theorem 3.1. (Rosenberg et al. [16]) Every stopping game such that (1) holds

has a value v. Moreover, v = limλ→0 vλ.

We sketch below the proof in the deterministic case; that is, the payoff at each

stage n depends only on n. Thus, an, bn, cn are real numbers. The proof for the

general case builds upon the ideas described below.

We denote by Gn the game that starts at stage n. Gn is similar to the original

game, but players are restricted to the use of strategies that stop before stage n

with probability 0. In particular, G0 coincides with G.

We denote by vn(λ) the λ-discounted value ofGn, for each n ∈ N and λ ∈ (0, 1].

Define vn(0) = lim supλ→0 vn(λ). We shall prove that supx infy γ (x, y) ≥ v0(0).

By exchanging the roles of the two players, one immediately deduces

inf
y

sup
x
γ (x, y) ≤ lim inf

λ→0
v0(λ),
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which implies both conclusions of the theorem, since

sup
x

inf
y
γ (x, y) ≤ inf

y
sup

x
γ (x, y).

As usual, vn(λ) satisfies a recursive equation (dynamic programming principle),

that here takes the form

vn(λ) = (1− λ) sup
x∈[0,1]

inf
y∈[0,1]

{(1− x)(1− y) vn+1(λ)

+x(1− y) an + y(1− x) bn + xy cn} (4)

By possibly taking a subsequence (λp) that converges to zero, we may assume

that vn(0) = limλ→0 vn(λ). We let xn(λ) achieve the supremum in (4), and let

xn(0) denote any limit point of (xn(λ)) as λ goes to zero. Thus, one has for each

y ∈ [0, 1] and every λ ≥ 0,

(1− λ)(xn(λ)y vn+1(λ)+ xn(λ)(1− y) an + (1− y)xn(λ) bn
+ (1− xn(λ))(1− y) cn) ≥ vn(λ). (5)

This can be rephrased by introducing the process (̃vn(λ))n defined, for λ ≥ 0, by

ṽn(λ) =
{
vn(λ) n ≤ θ,
rθ n > θ,

where rθ is equal to aθ , bθ or cθ depending on whether θ1 < θ2, θ1 > θ2 or

θ1 = θ2 < +∞. Note that ṽn(λ) depends on (x, y), through the value of θ . Though

(vn(λ)) is a sequence of numbers, (̃vn(λ)) is a process, the randomness being

caused by the random choices of the players. Whenever useful, we shall write

ṽ
x,y
n (λ) to emphasize which strategies are used.

Inequality (5) can be rephrased as follows: for every choice of strategy y, and

for each λ ≥ 0, the process ((1 − λ)min(n,θ)ṽn(λ)) is a submartingale, provided

that player 1 uses the strategy xλ := (xn(λ)).
In particular, the process (̃vn(0)) is a submartingale under the pair of strategies

(x0, 0), where 0 is the strategy of player 2 that never stops. Thus, it converges,

P-a.s., to some random variable ṽ∞.

We now split the discussion in two parts. Assume first that, under the pair

(x0, 0), θ is P-a.s. finite. In that case, θ is also P-a.s. finite for (x0, y), whatever be

y. Thus, for each y, the limit ṽ∞ coincides with rθ . The submartingale property

of ṽn(0) then implies that γ (x0, y) = E
[
ṽ

x0,y
∞

]
≥ v0(0). Since y is arbitrary,

infy γ (x0, y) ≥ v0(0).

Assume now that θ = +∞ with positive probability, and let ε > 0 be given.

On the event {θ = +∞}, ṽn(0) = vn(0) for each n ∈ N. Therefore, the sequence

of numbers (vn(0)) is convergent, say to v∞. If v∞ ≤ 2ε,

γ (x0, y) = E
[
rθ1θ<+∞

]
≥ E

[
ṽ

x0,y
∞

]
− ε ≥ v0(0)− 2ε,

hence infy γ (x0, y) ≥ v0(0)− 2ε.
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The tricky case is when v∞ > 2ε. We chooseN ∈ N such that |vn(0)− v∞| ≤ ε
for each n ≥ N . We define a strategy of player 1 as follows. We first construct two

sequences (λp, sp) (possibly of finite length) by the following recursive device:

• Choose λ1 ∈ (0, 1] such that vN (λ1) > vN (0)− ε2; set

s1 = inf
{
n ≥ N, vn(λ1) ≤ ε2

}
.

• For p ≥ 1, choose λp+1 ∈ (0, 1] such that vsp (λp+1) ≥ vsp (0)− ε2 and set

sp+1 = inf
{
n ≥ sp, vn(λp+1) ≤ ε2

}
.

We let x be the strategy that coincides with x0 up to stage s0 = N , and with xλp+1

from stage sp up to stage sp+1. Consider what may happen between the two stages

sp and sp+1, assuming that the game was not stopped before stage sp. Whatever

be the strategy y used by player 2, the process (1 − λp+1)
min(n,θ)ṽn(λp+1) is a

submartingale between sp and sp+1. Thus, ṽn(λp+1) increases on average by a

factor of 1/(1− λp+1) from one stage to the following, prior to min(θ, sp+1).

Since vn(λp+1) ≥ ε − ε2 for n ≤ min(θ, sp+1) and all quantities are bounded, it

must be that min(θ, sp+1) is finite.

Since vsp+1
(λp+1) ≤ ε2, the probability that θ < sp+1 (conditioned on θ ≥ sp)

is bounded away from zero, and the payoff to player 1, conditioned on θ ≤ sp+1,

is at least vsp (λp+1) ≥ v∞ − ε − ε2.

These observations imply that θ < +∞ P-a.s. under (x, y), for each y, and

γ (x, y) ≥ v∞ − 2ε ≥ vN − 2ε. Since (̃vn(0)) is a submartingale under (x0, y),

this implies that γ (x, y) ≥ v0(0)− 2ε.

4 Zero-Sum Games in Continuous Time

We deal here with zero-sum stopping games in continuous time and with finite

horizon. Let (�,F,P) be a complete probability space, and T > 0 a fixed terminal

time. Let a = {at , 0 ≤ t ≤ T }, b = {bt , 0 ≤ t ≤ T } and c = {ct , 0 ≤ t ≤ T } be

real-valued processes, satisfying the integrability condition

E

[
sup
t
|at | + sup

t
|bt | + sup

t
|ct |

]
< +∞ , (6)

and we denote by F the P-augmentation of the filtration generated by the processes

a, b and c.

We denote by V+ the set of adapted, right-continuous, non-decreasing processes,

with values in [0, 1]. For F,G ∈ V+, we set

γ (F,G) = E

[∫

[0,∞)
a(1−G)dF +

∫

[0,∞)
b(1− F)dG+

∑

0≤t<∞
ct�Ft�Gt

]
.
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Theorem 4.1. (Touzi and Vieille [22]) Assume that: (i) (a, b, c) satisfy the inte-

grability condition (6), (ii) the game has a finite horizonT , (iii) a and b are (càdlàg)

semimartingales with trajectories continuous at T , (iv) c ≤ b. Then

sup
F∈V+

inf
G∈V+

γ (F,G) = inf
G∈V+

sup
F∈V+

γ (F,G),

i.e., the stopping game has a value.

Note that the assumptions on the processes are not symmetric on the two players.

The basic idea of the proof is to apply Sion’s [19] minmax Theorem to the payoff

function γ : V+ × V+→ R. Define

S =
{
(Ft ),E

[∫ T

0

F 2
t dt

]
< +∞

}
.

The set S is a Hilbert space when endowed with the scalar product E
[∫ T

0 FtGtdt
]
,

and V+ is a subset of S , compact for the weak topology σ(S,S). However, Sion’s

Theorem does not apply directly since the payoff function γ does not have enough

continuity properties.

This difficulty is circumvented by applying the Sion’s Theorem to restricted

strategy spaces. Define

V1 =
{
(Ft ) ∈ V+, (Ft ) has continuous trajectories, P-a.s.

}

and

V2 =
{
(Gt ) ∈ V+,GT = 1 on {bT < 0 < aT } and �GT = 0 on {bT > 0}

}
,

and let S =
{
(Ft ),E

[∫ T
0 F

2
t dt + F 2

T

]
< +∞

}
. The space S is a Hilbert space

when endowed with the scalar product E
[∫ T

0 FtGtdt + FTGT
]
. One can check

that V2 is compact for the weak topology σ(S,S). Moreover, γ is separately

continuous on V1 × V2 for the strong topology. Hence, by Sion’s Theorem

sup
V1

inf
V2

γ (F,G) = inf
V2

sup
V1

γ (F,G).

The restriction on player 1’s strategies is imposed in order to have continuity of

γ . The restriction on player 2’s strategies is imposed in such a way that restricting

the strategy spaces to V1 and V2 respectively entails no loss for the players:

sup
V1

inf
V2

γ (F,G) = sup
V1

inf
V+
γ (F,G), and inf

V2

sup
V1

γ (F,G) = inf
V2

sup
V+
γ (F,G).

(7)
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Let us discuss these two equalities in the non-random case. Thus, a, b and c are

right-continuous functions defined on [0, T ], and continuous at T . The proof in

the general case is obtained by elaborating upon the ideas that follow.

The first equality is immediate: let (Ft ) ∈ V1, and (Gt ) ∈ V+ be given. Thus,

F : [0, T ] → [0, 1] is a continuous, non-decreasing function, whileG : [0, T ] →
[0, 1] is a right-continuous, non-decreasing function. Let G̃ : [0, T ] → [0, 1] be

the function that agrees with G on [0, T ), and where G̃T is equal to GT− or to 1

depending whether bT > 0 or bT ≤ 0. Plainly, G̃ belongs to V2. On the other hand,

γ (F, G̃)− γ (F,G) =
{
(1− FT )bT (1−GT ) if YT ≤ 0,

−(1− FT )bT�GT if YT > 0.

In both cases, it is non-positive, which establishes the first equality.

As for the second equality in (7), let G ∈ V2 and F ∈ V+ be given. By using

an argument similar to the one of the previous paragraph, we may assume that F

is continuous at T in case aT > 0, bT ≥ 0. Let (F n) be a sequence of continuous

non-decreasing functions such that F nt → Ft− for each t ∈ [0, T ]. Using the

assumption c ≤ b, one can check that lim sup γ (F n,G) ≥ γ (F,G), which yields

the second equality.

5 Non Zero-Sum Games in Discrete Time

We conclude by presenting a result on two-player non zero-sum stopping games in

discrete time. We show how a simple application of Ramsey’s Theorem, combined

with a result of Flesch et al. [6], imply the existence of an ε-equilibrium in the

deterministic case.

We let here (an), (bn) and (cn) be three bounded sequences in R2, and let ρ be a

uniform bound on the payoffs. The setup of Section 3 then reduces to the following.

A strategy of player 1 is a sequence x = (xn) in [0, 1], where xn is the probability

that player 1 will choose to stop in stage n, if the game was not stopped before.

The payoff of the game is defined to be

γ (x, y) = E
[
r(x, y)

]
,

as in Section 3, except that here γ (x, y) ∈ R2.

Theorem 5.1. (Shmaya et al. [18]) For each ε > 0, the stopping game has an

ε-equilibrium (x∗, y∗); that is, a pair of strategies that satisfies:

γ 1(x, y∗) ≤ γ 1(x∗, y∗)+ ε and γ 2(x∗, y) ≤ γ 2(x∗, y∗)+ ε for each x, y.

Note that if payoffs are not uniformly bounded, an ε-equilibrium need not exist.

(As a counter example, take the game defined by ain = bin = n − 1, cin = n − 2

for every i = 1, 2, and every n ∈ N.) Moreover, even when payoffs are bounded a
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0-equilibrium need not exist (e.g. ain = bin = n/(n+ 1), cin = (n− 1)/n for every

i = 1, 2, and every n ∈ N).

Fix ε > 0 once and for all, and an ε-discretization Z of the set [−ρ, ρ]2; that is,

Z is a finite set such that for every u ∈ [−ρ, ρ]2 there is z ∈ Z with ‖z− u‖ < ε.
For every two positive integers k < l we define a periodic stopping gameG(k, l)

as follows:

an(k, l) = ak+(n mod l), bn(k, l) = bk+(n mod l) and cn(k, l) = ck+(n mod l).

This is “the game that starts at stage k and restarts at stage l.” We denote by

γk,l(x, y) the payoff function in the game G(k, l).

The gameG(k, l) may be analyzed as a particular stochastic game Ŵ(k, l) with

absorbing states. To see this, assume for example k = 0 and l = 2, and consider

the stochastic game Ŵ(0, 2) described by the matrix

b0
∗ b1

∗

a0
∗ c0

∗ a0
∗

a1
∗ b0

∗ c1
∗

In this game player 1 chooses a row and player 2 chooses a column. The first line

corresponds to the pure strategy never stop, the second and third ones to the pure

strategies stop in stage 0 and stop in stage 1. The columns are to be interpreted

symmetrically for player 2. The meaning of an asterisked entry is that the game

moves to an absorbing state (i.e., ends) as soon as such an entry is played.

Thus, each stage of Ŵ(0, 2) corresponds to two stages (a period) of G(0, 2).

Using Flesch et al. [6], the game Ŵ(k, l) has a stationary ε-equilibrium, or

equivalently, for each ε > 0, the game G(k, l) has a periodic ε-equilibrium

(x(k, l), y(k, l)), with period l − k.
For each k < l, we choose z(k, l) ∈ Z such that

‖γ (x(k, l), y(k, l))− z(k, l)‖ < ε.

For every pair of non-negative integers we attached an element in Z – a color. By

Ramsey’s Theorem (see, e.g., Bollobás [2]) there is an infinite set K ⊆ N ∪ {0}
and z ∈ Z such that z(k, l) = z for every k, l ∈ K , k < l.

In particular, there exists an increasing sequence of non-negative integers k1 <

k2 < · · · such that for every j ∈ N, z(kj , kj+1) = z.
We define a profile (x, y) from stage k1 on by concatenating the profiles

(x(ki, ki+1), y(ki, ki+1)) :

(x, y) coincides with (x(ki, ki+1), y(ki, ki+1)) from stage ki up to stage ki+1 − 1.

To complete the construction before stage k1, we recall that every finite-stage game

has an equilibrium. The profile (x, y) coincides between stages 0 and k1 − 1 with
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an equilibrium in the k1-stage game, whose payoffs are (an, bn, cn)n<k1
if the play

is stopped prior to stage k1, and is z otherwise. There is no difficulty in proving that

(x, y) is an ε-equilibrium of the stopping game, starting from stage k1.
1 Moreover,

the expected payoff, conditioned that the game was not stopped before stage k1,

is, up to ε, z. It follows that (x, y) is an ε-equilibrium of the stopping game.

Extensions to more than two players are limited. We actually proved that if every

periodic deterministic game admits an ε-equilibrium, then every non-periodic

deterministic game admits an ε-equilibrium. Using the technique of Solan [20]

instead of that of Flesch et al. [6], one can prove that every three-player periodic

deterministic game admits an ε-equilibrium (though it needs not be periodic). One

can then prove that every three-player deterministic stopping game admits an ε-

equilibrium.

Unfortunately, it is currently not known whether every n-player periodic deter-

ministic stopping game admits an ε-equilibrium, for n ≥ 4. For more details, see

Solan and Vieille [21].

To generalize this proof to general two-player stopping games, one needs to

generalize Ramsey’s Theorem to a stochastic setup, and to show that a concatena-

tion of ε-equilibria in periodic non-deterministic games yields an ε′-equilibrium,

for some ε′ > 0 that goes to 0 as ε goes to 0. Whereas Ramsey’s Theorem can be

generalized to a stochastic setup, it is not clear yet how to achieve the second goal.
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Abstract
We consider stopping games for Markov chains in the formulation intro-

duced by Dynkin [6]. Two players observe a Markov sequence and may stop

it at any stage. When the chain is stopped the game terminates and Player 1

receives from Player 2 a sum depending on the player who stopped the chain

and on its current state. If the game continues infinitely, then Player 1 gets “the

payoff at infinity” depending on the “limiting” behavior of the chain trajectory.

We describe the structure of solutions for a class of stopping games with

a countable state space and nonnegative payoffs. The payoff is equal to zero

if Player 1 stops the chain but not Player 2. These solutions require using of

randomized stopping rules. We study an extent of dependence of the value

for these games on the “the payoff at infinity”. It turns out that this extent

is determined with the “limiting” behavior of payoffs and with the transition

structure of the chain.

1 Introduction

Stopping games are generalizations of optimal stopping problems for stochastic

processes (see e.g. [15]) for the case when several decision makers with different

goals are involved.

We consider the game formulation of stopping problem for a homogeneous

Markov chain going back to Dynkin [6]. Two players observe the Markov sequence

xn, n = 0, 1, . . . , with the state space X. Four real-valued functions

a11, a12, a21, c : X→ R

are given over X.

Each player may stop the chain at any stage n. When the chain is stopped the

game is finished and Player 1 wins from Player 2 the sum, depending on the player

who stopped the chain and on its current state x. The payoff a11(x) corresponds to

simultaneous stopping at the state x. The payoffs a12(x) and a21(x) correspond to

∗This study was supported by grant 01-06-80279 of the Russian Foundation of Basic

Research which is gratefully acknowledged.



248 V. Domansky

stopping by Player 1 and Player 2 only. If the game continues infinitely Player 1

gets limn→∞c(xn).
We denote by Ŵc(x) the game, depending on the initial state x and on the limit

payoff c, distinguishing the latter parameter. Below we give some reasons for it.

Strategies of players for the game Ŵc(x) are randomized stopping times τ and σ

for the chain. Let T and ' be the sets of strategies of Players 1 and 2 correspond-

ingly.

Denote the expected gain of Player 1 for the gameŴc(x) under strategies τ ∈ T ,

σ ∈ ' by Kc(τ, σ |x):

Kc(τ, σ |x) = Ex(I[τ=σ<∞]a11(xτ )+ I[τ<σ ]a12(xτ )

+ I[τ>σ ]a21(xσ )+ I[τ=σ=∞]limn→∞c(xn)).

At any stage of the game, players should compare their gains resulting from

immediate stopping with their expected gains in the case of continuation of obser-

vations under the assumption that both of them use their optimal strategies later on.

Dynamic programming considerations imply that the upper and the lower value

functions vc(x) and vc(x) of the gameŴc(x) should satisfy the optimality equation

that is a game analogue of the Wald–Bellman equation:

vc(x) = val

∥∥∥∥
a11(x) a12(x)

a21(x) a22(x, vc)

∥∥∥∥ = val[aij (x, vc)]. (1)

Here, for integrable function u over X,

a22(x, u) = Pxu = E[u(x1)|x0 = x],

aij (x, u) = aij (x) for all pairs (i, j) 	= (2, 2). We denote the value of a matrix

game with the payoff matrix [aij ] by val[aij ].

Thus, the value of a stopping game is a fixed point of the operator T , functioning

over the set of integrable functions according to formula

T u(x) = val[aij (x, u)].

In general, such fixed point is not unique and its choice depends on “the payoff at

infinity” c. Notice that the function c is not taken into account with the equation

(1) by itself.

Algorithms for finding the value vc(x) are based on iterations of the operator

T , applied to a properly chosen initial function w0
c (x), depending on “the payoff

at infinity” c. Thus, the crucial point of the analysis of stopping games under

consideration turns to be the determining domains of attraction for the operator T .

These domains depend both on the payoff structure and on the transition structure

of the chain.

Generally, one should employ mixed strategies to resolve the equation (1). Mixed

behavior strategies determine randomized stopping rules.
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In Dynkin’s model, at each stage there is only one player who may stop the

chain. There is a partition X = X1 ∪ X2 of the state space X such that Player 1

can stop at the stage n if xn ∈ X1 and Player 2 can stop if xn ∈ X2. If the game

continues infinitely Player 1 gets zero. This model can be reduced to the described

model putting a21(x) = ∞ for x ∈ X1 and a12(x) = −∞ for x ∈ X2.

Later, the class of stopping games was extended by allowing the players to stop

simultaneously, replacing the discrete time by the continuous time etc. See [11],

[7], [2], [1], [9]. These works suppose that the payoffs satisfy inequalities

a12(x) ≤ a11(x) ≤ a21(x). (2)

Inequalities (2) result in solvability of optimality equations with use of pure strate-

gies only. Namely, for any function u the matrices [aij (x, u)] have saddle points

either at (2, 1), or at (1, 2), or at (2, 2). So, there is no need to use randomized

stopping rules.

In the works of Yasuda [18] and Rosenberg, Solan, Vieille [13], the assump-

tion (2) is dropped, but, as before, if the game continues infinitely Player 1

gets zero. It allows obtaining the values and the ε-optimal strategies of players

for these games as the limits of values and ε-optimal strategies for discounted

games.

Here, we drop both the assumptions (2) and the assumption c = 0. We investigate

solvability of optimality equations by means of mixed strategies and the impact of

“the payoff at infinity” c on the choice of solution.

We describe solutions for a special class of stopping games Ŵc(x) with a count-

able state space. The payoffs are nonnegative with a12(x) = 0. Thus, the pre-

determined stopping at any fixed stage yields Player 1 zero gain. Moreover, any

strategy stopping the chain brings him zero, since Player 2 can refrain from stop-

ping for arbitrary long time risking the “payoff at infinity” c only. To lose less than

c Player 2 must stop the chain with positive probability.

In Section 2, we examine the games with zero payoffs a21(x) and a12(x). We

analyze the structure of randomized stopping rules and give sufficient conditions

for the value of such game to be equal to zero.

In Section 3, we continue to analyze the games with zero payoffs a21(x) and

a12(x). We prove that the value of such game is more than zero if all states of the

chain are transient and the potential of the function a11(x)
−1 is finite. We give the

bounds for values and for optimal randomized stopping times by means of these

potentials.

In Section 4, we examine the games with positive payoffs a21(x). For these

games we obtain bounds for values and for optimal randomized stopping times

using the results of Section 2.

In Section 5, we consider games Ŵc(x) for the trivial chain with deterministic

transitions p(x, x + 1) = 1. In this case the estimates given in Sections 2 and 3

provide the exact values of the gamesŴc(x). Several numerical examples illustrate

the obtained results.
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For conclusion, it should be noted that there are various other approaches to

game-theoretic setting of stopping problems. According to one of them Player

1 selects a stopping time and Player 2 picks a distribution of the process (see

[14], [8],). Another approach assumes that players independently observe different

stochastic processes. The players’ payoffs depend on the whole combination of

states where the processes are stopped (see e.g. [3], [12], [10]).

Another setting of stopping problem with two players sequentially observing

the same process assumes that the payoff function depends on the states chosen by

both players, and the player who chooses the state later is informed of the choice

of his opponent (see e.g. [17]). This game may be reduced to the above described

setting.

2 Games with Zero Payoffs a21 and a12. The Case vc = 0

We consider stopping games Ŵc(x) with a countable state space X. The transition

probabilities of Markov chain xn, n = 0, 1, . . . , are given with the infinite transi-

tion matrix P = [p(x, y)], x, y ∈ X.

In this section, we assume that payoffs satisfy the following conditions:

a21(x) = a12(x) = 0, a11(x) = a(x) > 0, c(x) > 0, ∀x ∈ X.

Under these conditions the optimality equations (1) for the value vc(x) of the game

Ŵc(x) can be written as

vc(x) =
a(x) · Pvc(x)
a(x)+ Pvc(x)

, (3)

where Pvc(x) =
∑
y∈X p(x, y) · vc(y).

Let L+ be the class of nonnegative functions f over X such that

Ex

[
sup
n
f (xn)

]
<∞, ∀x ∈ X. (4)

Suppose c ∈ L+. It follows that

ĉ(x) = Ex limn→∞c(xn) <∞, ∀x ∈ X.

The function ĉ(x) is a P -harmonic function, i.e., P ĉ(x) = Exĉ(x1) = ĉ(x).

Therefore, limn→∞ ĉ(xn) exists Px-a.s., and the equality limn→∞ ĉ(xn) =
limn→∞c(xn)holds. Thus, limn→∞c(xn) can be replaced with limn→∞ ĉ(xn). Fur-

ther, we assume that either c is aP -harmonic function, satisfying Ex limn→∞ c(xn)
<∞ for all x ∈ X, or c = ∞ for all x ∈ X.

Any solution vc of the equation (3) satisfies the inequalities 0 ≤ vc ≤ Pvc, i.e.,

vc is a nonnegative P -subharmonic function. Evidently, vc(x) ≤ c(x), since the

strategy σ(x) = 0 for all x ∈ X ensures Player 2 the loss c(x).
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Let τ be a stationary strategy, given by function τ(x). Here τ(x) is the conditional

probability to stop in the case of falling into x:

τ(x) = P(τ = n|τ ≥ n; xn = x).

Consider the Markov chain Xτ with state space X ∪ {d} and with transition prob-

abilities

pτ (x, y) = (1− τ(x))p(x, y), pτ (x, d) = τ(x), pτ (d, d) = 1,

resulting from the initial chain if the strategy τ is used. Falling into the absorbing

state d may be regarded as a break of the chain, corresponding to stopping of the

initial chain by the strategy τ . We put a(d) = c(d) = 0. For x, y ∈ X, we have

p(n)τ (x, y) = Px({τ ≥ n} ∩ {xn = y}),

where p
(n)
τ (x, y) is the element of n-step transition matrix P nτ . It follows that, for

the strategy n of Player 2, prescribing to stop at the step n,

Kc(τ, n|x) =
∑

y∈X
Px({τ = n} ∩ {xn = y})a(y)

=
∑

y∈X
Px({τ ≥ n} ∩ {xn = y})P(τ = n|τ ≥ n; xn = y)a(y)

=
∑

y∈X
p(n)τ (x, y)τ (y)a(y) = Eτx[τ(xn)a(xn)],

where Eτx is the expectation with respect to the chain Xτ with x0 = x.

Similarly, for the strategy∞, given by σ0(x) = 0, for all x ∈ X,

Kc(τ,∞|x) = Eτx

[
lim
n→∞

c(xn)
]
,

and, if the strategy τ stops the chain, i.e. if Pτx{limn→∞ xn = d} = 1, then

Kc(τ,∞|x) = 0.

It yields that, for any strategy σ ∈ ', the payoff function Kc(τ, σ |x) can be

written as

Kc(τ, σ |x) = Eτx[τ(xσ )a(xσ ) · I[σ<∞] + lim
n→∞

c(xn) · I[σ=∞]].

Therefore, the best answer of Player 2 to the strategy τ is the solution of the

minimizing stopping problem for the chain Xτ with the current payoff f (x) =
τ(x)a(x) for x ∈ X, f (d) = 0, and with the “payoff at infinity” limn→∞ c(xn)
(recall that c is P -harmonic function). Let W τ

c (x) be the value of this stopping

problem. Note that if the strategy τ stops the chain, then the best answer is∞ and

W τ
c (x) = 0 for any c.
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Recall that L+ is the class of positive functions satisfying (4). It is known (see

e.g. [15]) that if f, c ∈ L+, then the value of the minimizing stopping problem

with the current payoff f and with the P -harmonic “payoff at infinity” c is equal

to the maximal P τ -subharmonic minorant of the function min(f (x), c(x)).

In the same way, the best answer of Player 1 to the strategy σ is the solution

of the maximizing stopping problem for the chain Xσ with the current payoff

f (x) = σ(x)a(x) for x ∈ X, f (d) = 0, and with the P -harmonic “payoff at

infinity” c(x). Let W σ
c (x) be the value of this stopping problem. Observe that if

the strategy σ stops the chain, then the best answer of Player 1 should stop the

chain as well.

If both functions f and c are bounded from below, then the value of the max-

imizing stopping problem with the current payoff f and with the P -harmonic

“payoff at infinity” c is equal to the minimal P σ -superharmonic majorant of the

function max(f (x), c(x)).

Proposition 2.1. Let R be the set of all recurrent states. Then, for any state x

such that R is accessible from x Px-a.s., and for any function c, the value vc(x) is

equal to zero.

Proof. For any ε > 0 the strategy σ(y) = ε · a(y)−1 for y ∈ R, σ(x) = 0 for all

x /∈ R stops the chain. It guarantees Player 2 the loss not exceeding ε against any

strategy of Player 1, stopping the chain, and the loss zero against the strategy “not

to stop at all”. �

It follows that for the value of the game vc(x) to be positive the chain should

remain in the set X − R of transient states with positive probability.

Further, we suppose that all states of the chain are transient. Consequently, for

any initial state x, the expectation of sojourn time at any state y is finite, i.e., the

potential matrix

G(x, y) =
∞∑

n=0

p(n)(x, y)

is finite for all x, y ∈ X. Here p(n)(x, y) is the element of n-step transition matrix

P n, and P 0 is an identity matrix.

Let S(x) denote the potential of the function a(y)−1 for the initial state x:

S(x) =
∑

y∈X
G(x, y)a(y)−1. (5)

Proposition 2.2. If S(x) = ∞, then, for any payoff at infinity c, the value vc(x)

is equal to zero.

Proof. For any ε > 0 the strategy σ(y) = ε · a(y)−1 for all y ∈ X stops the

chain. It provides Player 2 a loss not exceeding ε against any strategy of Player

1, stopping the chain, and a loss equal to zero against the strategy “not to stop at

all”. �
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3 Games with Zero Payoffs a21 and a12. The Case vc > 0

It follows from Proposition 2.2 that, for the value of the game to be positive, the

function S(x) given by (5) should be finite for all x ∈ X. Further, in this section, we

show that, in this case, for any limiting payoff c such that Ex(limn→∞ c(xn))−1 <

∞, the game has the value vc(x) not equal to zero.

Consider the superharmonic function

uc(x) = S(x)+ hc(x),
where the harmonic function hc(x) is defined as

hc(x) = Ex

(
lim
n→∞

c(xn)
)−1

.

Observe that for any c > 0, including c = ∞, the function uc(x) satisfies the

equation

uc(x) = a(x)−1 +
∑

y∈X
p(x, y)uc(y). (6)

As limn→∞ S(xn) = 0 because S is potential, the function uc(x) satisfies the

following “boundary condition at infinity”:

lim
n→∞

uc(xn) =
(

lim
n→∞

c(xn)
)−1

. (7)

Assuming that the value vc(x) > 0, we may rewrite optimality equations (3) as

vc(x)
−1 = a(x)−1 +

(∑

y∈X
p(x, y)vc(y)

)−1

. (8)

Notice that equations (6) and (8) are rather similar.

Let wc(x) = (uc(x))−1. Taking into account (7), we obtain

lim
n→∞

wc(xn) = lim
n→∞

c(xn). (9)

Consider the stationary strategy τc of Player 1 given by

τc(x) = wc(x) · a(x)−1, ∀x ∈ X.
Proposition 3.1. If c <∞, then

inf
σ
Kc(τc, σ |x) = wc(x),

i.e., the strategy τc guarantees Player 1 the payoff wc(x) in the game Ŵc(x).

Proof. Let us show that, for all x ∈ X, the inequalities

wc(x) ≤ (1− τc(x))
∑

y∈X
p(x, y)wc(y) =

∑

y∈X
pτc (x, y)wc(y) (10)

hold, i.e., that wc(x) is a subharmonic function with respect to the chain Xτc .



254 V. Domansky

In fact, taking into account (6), we obtain

1− τc(x) = (uc(x))−1 ·
∑

y∈X
p(x, y)uc(y) = wc(x) ·

∑

y∈X
p(x, y)wc(y)

−1.

Consequently,

(1− τc(x))
∑

y∈X
p(x, y)wc(y) = wc(x) ·

∑

y∈X
p(x, y)wc(y)

−1
∑

y∈X
p(x, y)wc(y)

≥ wc(x) ·
∑

y∈X
p(x, y)wc(y)

−1

×
(∑

y∈X
p(x, y)wc(y)

−1

)−1

= wc(x).

Consider the minimizing stopping problem for the chain Xτc with the current

payoff τc(x)a(x) = wc(x) for x ∈ X, and with the “payoff at infinity” limn→∞
c(xn).

It follows from (9) that limn→∞ c(xn) can be replaced by limn→∞w(xn). As

wc(x) < c(x), it follows that wc ∈ L+. The function wc(x) is its own maximal

subharmonic minorant. The value of this minimizing stopping problem is equal to

wc(x), and the best answer of Player 2 to the strategy τc is “to stop immediately”.

Consequently, the strategy τc provides the gain not less than wc(x) against any

strategy of Player 2. �

Remark. It follows from (10) that the best answer of Player 1 to the strategy

σc(x) = wc(x) · a(x)−1 is “not to stop at all”, resulting in

Kc(∞, σc|x) = Eτx

[
lim
n→∞

wc(xn)
]
.

Here wc(x) ≤ Kc(∞, σc|x) ≤ c(x).

Proposition 3.2. Let S(x) <∞ and 0 < Ex(limn→∞ c(xn))−1 <∞ for all x ∈
X; then there exists a solution vc of equation (3), satisfying boundary conditions

(9); the function vc(x) is defined by

vc(x) = lim
n→∞

T (n)wc(x),

where the operator T u for u : X→ R is given by

T u(x) =
a(x) ·

∑
y∈X p(x, y) · u(y)

a(x)+
∑
y∈X p(x, y) · u(y)

.

Proof. As follows from Proposition 3.1

wc(x) = min
'
Kc(τc, σ |x),
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and therefore the sequence T (n)wc(x) represents the sequential results of improve-

ment of the strategy τc. It follows that the sequence T (n)wc(x) is non-decreasing

and monotonically converges to vc(x). The function vc(x) is a solution of equation

(3) satisfying boundary conditions (9). �

Remark. It can be shown that T is a contracting operator over the set of func-

tions, satisfying boundary conditions (9), in the metrizable topology of pointwise

convergence. It follows that

lim
n→∞

T (n)wc(x) = lim
n→∞

T (n)c(x) = vc(x),

and the function vc(x) is a unique solution of equation (3) satisfying boundary

conditions (9).

Theorem 3.1. Let S(x) < ∞ and 0 < Ex(limn→∞ c(xn))−1 < ∞ for all

x ∈ X; then the game Ŵc(x) has the value vc(x), the stationary strategies τ ∗c and

σ ∗c given by

τ ∗c (x) = σ ∗c (x) = vc(x) · a(x)−1, ∀x ∈ X,

are optimal strategies.

Proof. It is easy to verify that vc(x) is bounded harmonic function with respect

to the chain Xτ
∗
c with sub-stochastic transition probabilities

pτ∗c (x, y) = (1− τ
∗
c (x))p(x, y),

resulting from the initial chain if the strategy τ ∗c is used. It follows that

vc(x) = min
σ∈'

Kc(τ
∗
c , σ |x).

Analogously, vc(x) is a bounded harmonic function with respect to the chainXσ
∗
c ,

and, consequently,

vc(x) = max
τ∈T

Kc(τ, σ
∗
c |x).

�

Theorem 3.2. Let S(x) < ∞ for all x ∈ X; then the game Ŵ∞(x) with the

payoff at infinity c(x) = ∞ has the value v∞(x), satisfying the inequalities

a(x) > v∞(x) > S(x)
−1 = w∞(x);

the stationary strategy σ ∗∞ given by

σ ∗∞(x) = v∞(x) · a(x)−1, ∀x ∈ X,

is optimal; Player 1 has only ε-optimal strategies.



256 V. Domansky

Proof. Analogously to the proof of Theorem 3.1, v∞(x) is a bounded from below

harmonic function with respect to the chain Xσ ∗∞ , and, consequently,

v∞(x) = max
τ∈T

K∞(τ, σ
∗
∞|x).

On the other hand, as the function v∞(x) is not bounded from above, the sym-

metric result is incorrect. The strategy τ ∗∞ stops the chain. Consequently, the strat-

egy σ(x) = 0 of Player 2, prescribing not to stop the chain at all, provides him the

loss zero against τ ∗∞. Nevertheless, the strategy τ ∗c for sufficiently large c provides

Player 1 the gain arbitrary close to v∞(x). �

4 Games with Positive Payoffs a11(x) and a21(x)
and with Zero Payoff a12(x)

Here we analyze the gamesŴc(x)with payoffs satisfying the following conditions:

a11(x) = a(x) > a21(x) = b(x) ≥ 0, a12(x) = 0.

For the games under consideration, the optimality equation (3) takes the form

vc(x) =
a(x)

∑
y∈X p(x, y)vc(y)

a(x)− b(x)+
∑
y∈X p(x, y)vc(y)

if b(x) ≤
∑

y∈X
p(x, y)vc(y)

and

vc(x) =
∑

y∈X
p(x, y)vc(y) if b(x) >

∑

y∈X
p(x, y)vc(y).

It follows that 0 ≤ vc ≤ Pvc, i.e., vc is a nonnegative P -subharmonic function.

Evidently, vc(x) ≤ c(x), since the strategy σ(x) = 0 for all x ∈ X ensures Player

2 the loss c(x). Consequently, there is a unique Riesz decomposition vc(x) =
hc(x)− πc(x), where hc(x) is a harmonic function,

hc(x) = lim
n→∞

P nvc(x) = Ex lim
n→∞

vc(xn),

satisfyinghc(x) ≤ c(x). The functionπc(x) is a potential of a nonnegative function

Pvc(x)− vc(x),

πc(x) = G(x, y)(Pvc(y)− vc(y)).

It satisfies limn→∞ P nπc(x) = 0.

Below we formulate several assertions allowing the estimation of the value vc(x)

of the game Ŵc(x) on the basis of results of the preceding section. The proofs are

omitted, being rather close to the proofs of the preceding section.

Let Rα ⊂ X be a recurrent class of states of the chain. Then the harmonic

function c(x) is equal to a constant cα for all states x ∈ Rα .
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Proposition 4.1. For any state x ∈ Rα ,

vc(x) = min(cα, inf
Rα
b(x)).

This proposition reduces the analysis of these games to the case, where all states

of the chain are transient and the potential matrix G(x, y) =
∑∞
n=0 p

(n)(x, y) is

finite for all x, y ∈ X.

In this case, along with the game Ŵc(x) we can consider the game Ŵ0
c (x) with

the payoff b equal to zero. If the potentialGa−1 of the function a(y)−1 is finite and

this game satisfies the conditions of Theorem 3.1, then we obtain v0
c (x) ≤ vc(x) ≤

c(x), where v0
c (x) is the value of the game Ŵ0

c (x). In this case, for any sufficiently

large limiting payoff c, the game has the value vc(x) not equal to zero and satisfying

the “boundary condition at infinity” limn→∞ vc(xn) = limn→∞ c(xn).
Let W−

c (x) be the value of the minimizing stopping problem with the current

payoff b(x) and the “payoff at infinity” c(x):

W−
c (x) = inf

σ∈'
Ex[b(xσ ) · I[σ<∞] + lim

n→∞
c(xn) · I[σ=∞]].

The functionW−
c (x) is a P -subharmonic function. It satisfies the equation

W−
c (x) = min(b(x), c(x), PW−

c (x)),

and the following “boundary condition at infinity”:

lim
n→∞

W−
c (xn) = min(limn→∞b(xn), lim

n→∞
c(xn)).

Thus, if limn→∞b(xn) > limn→∞ c(xn), then the strategy σ(x) = 0 becomes

the optimal answer of Player 2 to the strategy τ(x) = 0. Consequently,

limn→∞ vc(xn) = limn→∞ c(xn).
In the converse case, if limn→∞b(xn) ≤ limn→∞ c(xn), then the following

problem arises: Is it possible for Player 2 to stop the chain and simultaneously

ensure himself a loss not exceeding c?

Define the strategy σc by

σc(x) = c(x) · a(x)−1 if b(x) ≤ c(x) < a(x),

σc(x) = 1 if a(x) ≤ c(x), and σc(x) = 0 if b(x) > c(x).

Proposition 4.2. The strategy σc stops the chain (Px-a.s.) iff the potential Sc(x)

of the function σc(y) for the initial state x

Sc(x) =
∑

y∈X
G(x, y)σc(y)

is infinite.
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The maximal harmonic minorant (c∧ d) of two harmonic functions c and d is the

harmonic function given by

(c ∧ d)(x) = Ex lim
n→∞

min(c(xn), d(xn)) = lim
n→∞

P n min(c, d)(x).

Similarly, the minimal harmonic majorant (c∨d) of two harmonic functions c and

d is the harmonic function given by

(c ∨ d)(x) = Ex lim
n→∞

max(c(xn), d(xn)) = lim
n→∞

P n max(c, d)(x).

Proposition 4.3. If for a certain function d the strategy σd stops the chain, then,

for any function c,

vc(x) = v(c∧d)(x) ≤ (c ∧ d)(x).
If the strategies σc and σd stop the chain, then the strategy σ(d∧c) also stops the

chain.

Let C+ be the set of all harmonic functions c such that the strategy σc stops

the chain. Since the set of harmonic functions possesses a lattice structure, we can

define the greatest lower bound c+ of the set C+. The harmonic function c+(x)
satisfies 0 ≤ c+(x) ≤ ∞.

Proposition 4.4. The function c+ is a unique harmonic function such that for

any ε > 0 the strategy σ(1+ε)c+ stops the chain, and the strategy σ(1−ε)c+ does not

stop the chain.

It follows from Propositions 4.3 and 4.4 that it is sufficient to consider the games

Ŵc(x) with c ≤ c+.

Proposition 4.5. If the strategy σc does not stop the chain, then the value vc(x)

of the game Ŵc(x) satisfies the inequality

vc(x) ≥ c(x) · (Sc(x)+ 1)−1 = wc(x).
Theorem 4.1. For any c ≤ c+ the value of the game Ŵc(x) is given by

vc(x) = lim
n→∞

T (n)c(x).

If the strategy σc does not stop the chain, then the value vc(x) of the game Ŵc(x)

satisfies

vc(x) = lim
n→∞

T (n)wc(x),

the optimal stationary strategies are given by

τ ∗c (x) = vc(x) ·
(∑

y∈X
p(x, y)vc(y)

)−1

, σ ∗c (x) = vc(x) · a(x)−1, ∀x ∈ X.

If the strategy σc stops the chain, then each of the players may have no optimal

strategies.
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5 Games with Deterministic Transitions

Here we consider the games Ŵc(x) for the chain with the state space being the

set of positive integers X = {1, 2, . . . } and with trivial transition probabilities

p(x, x + 1) = 1. For this case we can determine the exact values of the games

Ŵc(x). For more details see [5].

In this case harmonic functions are constants c ∈ (0,∞), the potential matrix

is G(x, y) = 1 for x ≤ y, G(x, y) = 0 for x > y, and the potential of a(y)−1 is

S(x) =
∞∑

y=x
a(y)−1.

Example 5.1. Let the payoffs be a(y) = y(y + 1), b(y) = 0. We have

S(x) =
∞∑

y=x

1

y(y + 1)
= 1

x
.

For c ∈ (0,∞), the value of the game

vc(x) =
xc

x + c .

The optimal strategies are given by

τc(y) = σc(y) =
c

(y + 1)(y + c) , for y ≥ x.

In particular,

v1(x) =
x

x + 1
,

τ1(y) = σ1(y) =
1

(y + 1)2
, for y ≥ x.

Therefore, we get for the probability of non-stop

Px(τ1 = ∞) = Px(σ1 = ∞) =
∞∏

y=x

(
1− 1

(y + 1)2

)
= x

x + 1
= v1(x).

For c = ∞, the value of the game

v∞(x) = x.

The optimal strategies are given by

τ∞(y) = σ∞(y) =
1

y + 1
, for y ≥ x.
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So, the probability of non-stop is

Px(τ∞ = ∞) = Px(σ∞ = ∞) =
∞∏

y=x

y

y + 1
= 0.

Thus, the strategy τ∞ does not guarantee Player 1 the gain v∞(x) = x. However,

the strategy τc for sufficiently large c is an ε-optimal strategy.

Example 5.2. Let

a(x) = x, b(x) = 0, for x = k(k + 1) , b(x) = 1, for x 	= k(k + 1) ,

where k is a positive integer.

For this game c+ = 1. If c ≤ 1, then the game is equivalent to the previous

one. For k(k + 1) ≤ x < (k + 1)(k + 2) the value of the game Ŵc(x) is equal to

ck/(c + k), the optimal strategies are given by

τc(y) = σc(y) = 0, for y 	= i(i + 1)

τc(y) = σc(y) =
c

(i + 1)(i + c) , for y = i(i + 1) ≥ x.

For any c ≥ 1 the value of the game does not depend on c and is less than 1.

Example 5.3. Consider the game Ŵc(x) with

a(x) = x, b(x) = x

x + 1
.

For this game c+ = 1. If c < 1, then for x ≥ c/(1 − c) the value of the game

Ŵc(x) is equal to c, the optimal strategies are given by

τc(y) = σc(y) = 0, for y ≥ c/(1− c).

The value and the mixed optimal strategies for x < c/(1 − c) can be found by

means of backward induction.

For any c ≥ 1, the value vc(x) of the game Ŵc(x) is equal to

(
x ·

∞∑

y=x

1

y2

)−1

.

Observe that

vc(x + 1) >
x

x + 1
= b(x),

i.e. the matrix of optimality equation does not have saddle point (2, 2).
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Example 5.4. Let

a(x) = x(x + 1), b(x) = x

(x + 1)
.

For this game c+ = ∞. If c < 1, then for x ≥ c/(1 − c) the value of the game

Ŵc(x) is equal to c, the optimal strategies are given by

τc(y) = σc(y) = 0, for y ≥ c/(1− c).

The value and the mixed optimal strategies for x < c/(1 − c) can be found by

means of backward induction.

For c ≥ 1, the value of the game Ŵc(x) is given by vc(x) = (x + 1)/x

(
∑∞
y=x(1/y

2)+(1/c))−1. Observe that vc(x+1) ≥ v1(x+1) = (x + 2)/(x + 1)

(
∑∞
y=x+1(1/y

2)+ 1)−1 > x/(x + 1) = b(x), i.e. the matrix of optimality equa-

tion in fact does not have saddle point (2, 2).
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Abstract
A zero-sum game version of the full-information best choice problem is

considered. Two players observe sequentially a stream of iid random variables

(objects) from a known continuous distribution appearing according to some

renewal process with the object of choosing the largest one. The horizon of

observation is a positive random variable independent of objects. The obser-

vation of the random variables is imperfect and the players are informed only

whether the object is greater than or less than some levels specified by both of

them. Each player can choose at most one object. If both want to accept the

same object, a random assignment mechanism is used. If some Player accepts

an object, the other Player can change his level and continues the game alone.

A similar game with discrete time and random number of objects is considered

as a dual problem. The normal form of the game is derived. For the Poisson

stream and the exponential horizon the value of the game and the form of the

equilibrium strategy are obtained. In discrete-time case a game with geometric

number of objects is completely solved.

1 Introduction

The following zero-sum game version of the continuous-time full-information

best choice problem is considered. Two players observe sequentially a stream of

objects being iid random variables from a known continuous distribution appearing

according to some renewal process. The aim is to choose the best (the largest)

object and this decision about choosing must be made before a moment T , which

is a positive random variable independent of objects. The random variables cannot

be perfectly observed. Each time a random variable is sampled the sampler is

informed only whether it is greater than or less than some level he specified. Each

Player can choose at most one object. Neither recall nor uncertainty of selection is

allowed. After each sampling, players take a decision for acceptance or rejection

of the object. If both want to accept the same object, priority is given to the player

specified by a random assignment mechanism. At the moment when one Player

has accepted an object, the other one can change his level and continues the game

alone.
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A class of suitable strategies and a gain function for the problem is constructed.

The natural case of the Poisson renewal process with parameterλ and exponentially

distributed T with parameter μ is examined in detail. The game value and the

optimal strategy depends on λ and μ by p = μ/(μ+ λ) only.

The results of the paper extend those obtained in the paper by Porosiński &

Szajowski [4], which considered a similar problem where the priority was given

to a specified player.

2 The Priority Game with Imperfect Observation

Let ξ1, ξ2, ξ3, . . . be a sequence of iid random variables from a common known

continuous distribution F defined on a probability space (�,F,P). ξ ’s appear

according to some renewal process and ρn stand for the length of the time interval

between ξn−1 and ξn (for convenience it is assumed ξ0 = 0 by definition), i.e.

ρ1, ρ2, ρ3, . . . are iid positive random variables with a continuous distributionG.

A positive random variable T with a distribution H represents the moment, when

the observation is terminated. All ξ ’s, ρ’s and T are independent.

The sequence of random variables is sequentially sampled one by one by two

decision makers (players). However, the observation is imperfect and the exact real-

ized values are not known. Players specify only their level of sensitivity (impres-

sionability) and they are able to know whether the observed random variable is

greater than or less than their prescribed levels, chosen individually. After ξn is

observed, players have to accept or reject the object. If only one player wants to

accept ξn, he gets the object. If both wants to accept, a random mechanism chooses

one of them to benefit and they know this. One can say that Players have ran-

dom priority in accepting a realization. When one player accepts an object, then

the other investigates the sequence of future realizations, having the opportunity

of accepting one of them. After the first acceptance, the player, who has not yes

accepted an object, can change his level of sensitivity (i.e. can modify his strategy).

Neither recall nor uncertainty of selection is allowed. The aim of the players is to

choose the best object (the maximal one).

The problem is modeled as a two-person zero-sum game. The continuous-time

zero-sum game related to the full-information best choice problem with imperfect

observation, has been solved by Porosiński & Szajowski [2]. Since changes in the

specified levels determining the strategies of the players appear during the games

presented here, then the structure of the strategy sets and the form of the gain

functions are different from those considered by Porosiński & Szajowski [2].

Let

Sn = ρ1 + . . .+ ρn, n = 1, 2, . . . , S0 = 0, (1)

N(t) = max{n ≥ 0 : Sn ≤ t}, t ≥ 0. (2)

So Sn is the waiting time of the n-th object andN(t) is the total number of ξ ’s that

appear up to time t . At the moment when ξn is observed, all previous values of ξ ’s
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and ρ’s are known and also it is known whether the moment T follows or not, i.e.

the σ -field of information is

Fn = σ {ξ1, . . . , ξn, ρ1, . . . , ρn, χ{T>S1}, . . . , χ{T>Sn}}, n = 1, 2, . . . ,

where χA stands for the indicator function of the event A.

Let S be the set of stopping times with respect to {Fn}∞n=0. Since the observation

is imperfect,

S0 = {τ ∈ S : τ = inf{n ≤ N(T ) : ξn ≥ x}, x ∈ R}

is the class of strategies for the one-person decision problem. This set of strategies

is not appropriate for the two-person game, since the behavior of the player, who

remains in the game after the first acceptance, depends on the information available

when the first acceptance was made. Moreover, in the case when both Players want

to choose the same object, priority is given by a lottery described by a random

variable ηwith uniform distribution on [0, 1] and a number π ∈ [0, 1], i.e. Player 1

benefits if η ≤ π , otherwise Player 2 gets the object.

The following modification of the strategy set solves this problem (see Szajow-

ski [5]). Let

S0
k = {τ ∈ S0 : τ ≥ k}

(
and S0 = S0

0

)
. Define the strategy set

Ti =
{(
σ i0,

{
σ in
})

: σ i0 ∈ S0, σ in ∈ S0
n+1 for n ≥ 1

}
,

i = 1, 2, for Player 1 and 2 respectively. When Player 1 chooses x ∈ T1 and

Player 2 chooses y ∈ T2 then the effective stopping times

τ1 = σ 1
0 χ
{
σ 1

0<σ
2
0

}
∪
{
σ 1

0=σ 2
0 ,η≤π

} + σ 1

σ 2
0

χ{
σ 1

0>σ
2
0

}
∪
{
σ 1

0=σ 2
0 ,η>π

},

τ2 = σ 2
0 χ
{
σ 1

0>σ
2
0

}
∪
{
σ 1

0=σ 2
0 ,η>π

} + σ 2

σ 1
0

χ{
σ 1

0≤σ 2
0

}
∪
{
σ 1

0=σ 2
0 ,η≤π

}

are defined for both of them.

Since the aim is to choose the best object, let

f (x, y) = P(ξτ1 = max{ξ1, . . . , ξN(T )})− P(ξτ2 = max{ξ1, . . . , ξN(T )})

be the payoff function.

From now on, without loss of generality, we assume that the observed random

variables come from the standard uniform distribution (to study the general case,

put F(ξn) instead of ξn).

Definition 2.1. A pair (x∗, y∗) ∈ T1×T2 is an equilibrium point in the considered

game, if for every x ∈ T1 and y ∈ T2 we have f (x, y∗) ≤ f (x∗, y∗) ≤ f (x∗, y).
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In fact, Players choose their levels of sensitivity at the beginning of the game and

they keep these strategies up to the first acceptance. If Player 1 accepts an object

first, at that moment Player 2 may change his strategy by choosing a new level. He

knows only the strategy of Player 1 (the exact value of chosen object is unknown)

and he uses this information when he decides which level to choose. Similarly, if

Player 2 accepts an object first, then Player 1 changes his strategy based on his

knowledge about decision process so far.

Let Player 1 and Player 2 choose the levels x ∈ [0, 1] and y ∈ [0, 1] respectively.

Player 1 gets+1 when he accepts the first ξs ≥ x (if ξs < y or ξs ≥ y and the lottery

chooses Player 1) and all further objects are less than ξs or when Player 2 accepts

the first ξs ≥ y (if ξs < x and Player 1 changes his level to xs = xs(y, x) or ξs ≥ x,

the lottery chooses Player 2 and Player 1 chooses new level xs = xs(x∨y, 1)) and

the first, after ξs , object ξt ≥ xs is also greater than ξs and there is no object greater

than ξt later. Since this is a zero-sum game, Player 1 gets −1 when Player 2 gets

+1 (and, in the description ot winning events for Player 1, x is interchanged with

y and “Player 1” with “Player 2”). In other cases, the payoff for Player 1 is 0.

Since the conditional distribution of ξ , given ξ ∈ [a, b], is uniform on [a, b], the

level xs(a, b) [ys(a, b)] is the optimal strategy in one-person best choice problem

for Player 1 [Player 2] given N(T ) ≥ s, when the opponent has chosen an object

ξs ∈ [a, b) according to the uniform distribution. In this way, the strategies x =
(x, {xn}) ∈ T1 , y = (y, {yn}) ∈ T2 are constructed and the problem is reduced to

the zero-sum game on the unit square (S0 is equivalent to the interval [0, 1]), with

the payoff function being the expected value of Player 1’s gain.

3 Equivalent Game on Unit Square

The payoff function f (x, y) for the strategies x = (x, {xn}) ∈ T1 , y = (y, {yn}) ∈
T2 can be written as a function of x and y in the form

f (x, y, π) =
∞∑

n=1

fn(x, y, π) P (N(T ) = n), (3)

where fn(x, y, π) denotes the payoff to Player 1, when the levels (x, y) are chosen

and N(T ) = n.

Then for x < y we have

fn(x, y, π) =
n∑

s=1

xs−1

∫ y

x

ξn−ss dξs + π
n∑

s=1

xs−1

∫ 1

y

ξn−ss dξs

+ (1− π)
n∑

t=2

t−1∑

s=1

xs−1

∫ 1

y

xt−s−1
sy1 dξs

∫ 1

xsy1∨ξs
ξn−tt dξt

−
n∑

t=2

t−1∑

s=1

xs−1

∫ y

x

yt−s−1
sxy dξs

∫ 1

ysxy∨ξs
ξn−tt dξt
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− (1− π)
n∑

s=1

xs−1

∫ 1

y

ξn−ss dξs

− π
n∑

t=2

t−1∑

s=1

xs−1

∫ 1

y

yt−s−1
sy1 dξs

∫ 1

ysy1∨ξs
ξn−tt dξt (4a)

and for x ≥ y
fn(x, y, π) =

n−1∑

s=1

n∑

t=s+1

ys−1

∫ x

y

xt−s−1
syx dξs

∫ 1

xsyx∨ξs
ξn−tt dξt

+ π
n∑

s=1

ys−1

∫ 1

x

ξn−ss dξs

+ (1− π)
n−1∑

s=1

n∑

t=s+1

ys−1

∫ 1

x

xt−s−1
sx1 dξs

∫ 1

xsx1∨ξs
ξn−tt dξt

−
n∑

s=1

ys−1

∫ x

y

ξn−ss dξs − (1− π)
n∑

s=1

ys−1

∫ 1

x

ξn−ss dξs

− π
n−1∑

s=1

n∑

t=s+1

ys−1

∫ 1

x

yt−s−1
sx1 dξs

∫ 1

ysx1∨ξs
ξn−tt dξt , (4b)

where xsab = xs(a, b), ysab = ys(a, b).
Based on the distributions of T and the processN(t), the distribution of the total

number of objects can be found

P(N(T ) = n) =
∫ ∞

0

P(Sn ≤ t, Sn+1 > t)dH(t) (5)

=
∫ ∞

0

dH(t)

∫ t

0

P(ρn+1 > t − s)dG∗n(s),

where G∗n stands for the distribution of Sn.

Due to the form of the payoff function, it is very difficult to obtain the optimal

levels (x, y) explicitly, even if the distributions ofG andH are fixed. Nevertheless,

in the natural case considered below, the solution has a very simple form.

4 A Poisson Stream of Objects

LetG be exponential with parameter λ. Thus (N(t))t∈[0,+∞) is the Poisson process

with parameter λ. Moreover, let T have an exponential distribution with parameter

μ. In this case the probability that exactly N objects appear up to time T , given

by (5), can be calculated as

P(N(T ) = n) =
∫ ∞

0

(∫ t

0

e−λ(t−s)
λn

(n− 1)!
sn−1e−λsds

)
μe−μtdt

= μλn

(λ+ μ)n+1
.
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In this case, the levels xs(a, b)
df= xab, ys(a, b)

df= yab do not depend on the

moment s, because the distribution ofN givenN ≥ s is geometric with parameter

p
df= μ/(λ+μ) for each s. This enables us to change the order of summation in (3).

After summing and integrating the payoff function f (x, y, π) is transformed to a

function f̄ (s, t, π) of new coordinate variables s = p/(1− qx), t = p/(1− qy)
(this transformation [0, 1]× [0, 1] onto [p, 1]× [p, 1] preserves monotonicity) of

the form

f̄ (s, t, π) (6)

=
{
s (ḡ(s, t, tst )+ πḡ(t, 1, tt1)− (1− π)ḡ(t, 1, st1)) if s < t,

t (−ḡ(t, s, sts)+ πḡ(s, 1, ts1)− (1− π)ḡ(s, 1, ss1))) if s ≥ t,
where ss1, sts, st1, ts1, tst , tt1 are images of xx1, xyx, xy1, yx1, yxy, yy1 respec-

tively, and

ḡ(A, B, u)

=

⎧
⎪⎨
⎪⎩

lnB − lnA− u ((1+ lnB)/B − (1+ lnA)/A) if p ≤ u < A,
lnB − lnA− u(1+ lnB)/B + u ln u/A+ 1 if A ≤ u < B,
lnB − lnA+ u(1/A− 1/B) ln u if B ≤ u ≤ 1.

Since Player 1 [Player 2] wants to choose his levels ss1, sts, st1, [ts1, tst , tt1] to

maximize [minimize] f̄ (s, t, π), we have to find the u∗ = u∗(A,B) for which

minu∈[p,1] ḡ(A, B, u) is achieved. Such an optimal u∗ has the following form (cf

Porosiński & Szajowski [3]): u∗ = exp (−1+ A(1+ lnB)/B) if B ≥ e−1 and

u∗ = e−1 if B < e−1.

In this way the game is transformed to a zero-sum game on [p, 1] × [p, 1],

with the gain function, obtained from (6) by putting ss1 = ts1 = u∗(s, 1), sts =
u∗(t, s), tst = u∗(s, t), st1 = tt1 = u∗(t, 1), of the following form

f̄ (s, t, π)

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

s

(
ln t − ln s −

(
1

s
− 1

t

)
e−1 + (2π − 1)

(
1− ln t − 1

t
et−1

))

if s < t < e−1,

s

(
ln t − ln s + 1− 1

s
e−1+s(1+ln t)/t + (2π − 1)

(
1− ln t − 1

t
et−1

))

if t ≥ s ∨ e−1,

t

(
ln t − ln s −

(
1

s
− 1

t

)
e−1 + (2π − 1)

(
1− ln s − 1

s
es−1

))

if t ≤ s < e−1,

t

(
ln t − ln s − 1+ 1

t
e−1+t (1+ln s)/s + (2π − 1)

(
1− ln s − 1

s
es−1

))

if s ≥ t ∨ e−1.
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Since the relation f̄ (s, t, π) + f̄ (t, s, 1 − π) = 0 follows, we restrict our con-

siderations to π ∈ [0.5, 1] and from now on we shorten notation, writing f̄ (s, t)

instead of f̄ (s, t, π).

The existence and form of equilibrium for such a game can be found in

Parthasarathy & Raghavan [1].

Table 1: The solution of the game with random
priority π for the Poisson stream of objects
with parameter λ, the exponential horizon with
parameter μ and μ/(λ+ μ) ≤ t∗

π s∗ t∗ v(π)

0.5 0.3679 0.3679 0
0.6 0.3627 0.3292 0.0387
0.75 0.3579 0.2785 0.0894
0.9 0.3548 0.2356 0.1323
1 0.3533 0.2107 0.1571

Theorem 4.1. Let F(x, y) be continuous function on the unit square [0, 1] ×
[0, 1] and let F(x, y) be concave in x for each y. Then the zero-sum game Ŵ =
([0, 1], [0, 1], F (x, y)) has an equilibrium of the form (Ia, βIc + (1 − β)Id) for

some 0 ≤ a, c, d, β ≤ 1, where Ia stands for the distribution concentrated at a.

Let us consider the function f̄ (s, t) on the unit square. It is continuous in both

variables, concave on s and has (as a function of s) a unique maximum for every

fixed t . Equating to zero the partial derivatives of the function f̄ (s, t) we find

the point (s∗, t∗) in a triangle t < s < e−1, which is the unique solution of the

equations

e−1 − s + (2π − 1)(es−1 − s − ses−1) = 0,

e−1 − s − s(ln t − ln s)+ (2π − 1)(es−1 − s + s ln s) = 0. (7)

At the point (s∗, t∗) there is a saddle point of f̄ (s, t) on the unit square. Accord-

ingly, the pair of strategies (s∗, t∗) fulfils the minimax conditions mint f̄ (s
∗, t) =

maxs mint f̄ (s, t)
df= v(π), maxs f̄ (s, t

∗) = mint maxs f̄ (s, t) = v(π). Player 1

has an optimal pure strategy s∗ ∈ (0, e−1] and Player 2 has an optimal pure

strategy t∗ = (s∗)2π exp
(
(2π − 1)es

∗−1
)
, where t∗ < s∗. The game value is

v(π) = f̄ (s∗, t∗) = (s∗− t∗)e−1/s∗+ (2π−1)t∗. This solution on [0, 1]× [0, 1]

is also valid on [p, 1] × [p, 1] for p ≤ t∗ because only the domain of the gain

function f̄ (s, t) is dependent on p (the form given by (6) is independent of p).

For p > t∗ the players have to modify their strategies according to the properties

of f̄ (s, t) on [p, 1]× [p, 1].

For the main problem, based on the auxiliary game, we can formulate the fol-

lowing solution.
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Proposition 4.1. Let π ∈ [0.5, 1] and let (s∗, t∗) be a unique solution of (7).

For the Poisson stream of objects with parameter λ and the exponential horizon

with parameter μ, if μ/(λ + μ) ≤ t∗, there exists a solution of the game having

the following form. The optimal level for Player 1 is x∗ = 1 − (μ(1− s∗))/λ s∗
and the optimal level for Player 2 is y∗ = 1− (μ(1− t∗))/λ t∗. The game value

v(π) = (s∗ − t∗)e−1/s∗ + (2π − 1)t∗ is independent of λ and μ.

The small p case seems to be natural. Small μ/(λ + μ) yields the expected

number of objectsEN = λ/μ to be big enough. The conditionp ≤ t∗ is equivalent

to EN ≥ 1/t∗ − 1, and this lower bound is rather small, e.g. 1.72, 2.04, 3.01

and 3.75 for π equal to 0.5, 0.6, 0.85 and 1 respectively. The problem for π = 1

considered here should be treated as an asymptotic case, but, if there is no random

priority, the lottery mechanizm is needless and the problem is better modeled in

Porosiński & Szajowski [4].
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Abstract
A mathematical model of competitive selection of the applicants for a post is

considered. There are N applicants with similar qualifications on an interview

list. The applicants come in random order and their salary demands are distinct.

Two managers, I and II, interview them one at a time. The aim of the manager

is to obtain the applicant who demands minimal salary. When both managers

want to accept the same candidate, then some rule of assignment to one of the

managers is applied. Any candidate hired by a manager will accept the offer

with some given probability. A candidate can be hired only at the moment

of his appearance and can be accepted at that moment. At each moment n

one candidate is presented. The considered problem is a generalization of the

best choice problem with uncertain employment and its game version with

priority or random priority. The general stopping game model is constructed.

The algorithms of construction of the game value and the equilibrium strategies

are given. An example is solved.

Key words. optimal stopping problem, game variant, Markov process, random

priority, secretary problem

AMS Subject Classifications. 60G40, 62L15, 90D15.

1 Introduction

This paper deals with the mathematical model of competitive selection of the

applicants for a post. There areN applicants of similar qualification on an interview

list. The applicants come in a random order and their salary demands are distinct.

Two managers, called Player 1 and Player 2, interview them one at a time. The

aim of the manager is to obtain the applicant who demands minimal salary. When

both managers want to accept the same candidate, then some rule of assignment
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to one of the managers is applied. Any candidate hired by the manager will accept

the offer of job with some given probability. A candidate can be hired only at the

moment of his appearance and can be accepted at that moment. At each moment n

one candidate is presented. The considered problem is related both to the uncertain

employment considered by [12] and to the competitive optimal stopping problem

with priority (see [4]) or more generally with random priority of the players (see

[7], [14]).

Let us formulate the optimal stopping problem with uncertain employment con-

sidered by Smith [12] (see also [15]) in a rigorous way. Let a homogeneous Markov

process (Xn,Fn,Px)
N
n=0 be defined on probability space (�,F,P)with fixed state

space (E,B). Define the gain function f : E → ℜ. Let MN be a set of sequences

μ̄ = {μn}Nn=0 of {0, 1}-valued random variables such thatμn is Fn-measurable for

every n. Let {ηn}Nn=0 be a sequence of i.i.d. r.v. with the uniform distribution on

[0, 1], independent of {Xn}Nn=0 and μ̄ and let α = {αn}Nn=0 be the sequence of real

numbers, αn ∈ [0, 1]. Define τα(μ̄) = inf{n ≥ 0 : μn = 1, ηn ≤ αn}. In the opti-

mal stopping problem with uncertain employment the aim is to find μ̄∗ such that

Exf (Xτα(μ̄∗)) = sup
μ̄∈MN

Exf (Xτα(μ̄)) for all x ∈ E

and to determine the function v(x) = Exf (Xτα(μ̄∗)). We can look at the above

problem as a problem of one decision-maker who wants to accept, on the basis

of sequential observation, the most profitable state of the Markov process which

appears in the realization but the solicited state is available with some probability

only. The availability is unknown before solicitation. If the decision-maker has

made an unsuccessful stop he can choose any next state under the same rules. The

availability is described by the sequence α.

In a bilateral approach each player can get at most one of the states from the

realization of the Markov chain. Since there is only one random sequence {Xn}Nn=0

in a trial, at each instant n only one player can obtain a realization xn of Xn.

Both players together can accept at most two objects. The problem of assigning

the objects to the players when both want to accept the same one can be solved

in many ways. In [2] Dynkin assumed that for odd n Player 1 can choose xn and

for even n Player 2 can choose. Other authors solve the problem by more or less

arbitrary definition of the payoff function. Sakaguchi [11] considered some version

of the bilateral sequential games related to the no-information secretary problem

with uncertain employment. The paper investigated the two-person non-zero-sum

games with one or two sets of N objects under the conditions of the secretary

problem. In the case of one set of objects it can happen that both players attempt

to accept the same object. In this case players have half success which is taken

into account in the payoff function. Another approach assumes a priority for one

decision-maker (see papers by Sakaguchi [10], Enns & Ferenstein [3], Radzik &

Szajowski [6], Ravindran & Szajowski [9]) or the random priority (the paper by

Fushimi [5], Radzik & Szajowski [7] and Szajowski [14]).
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The model of competitive choice of the required object with the uncertain

employment and random priority has been formulated and preliminary results have

been obtained by Szajowski [13]. At each momentn the state of the Markov process

xn is presented to both players. If the players have not already made an acceptance

there are the following possibilities. If only one of them would like to accept the

state then he tries to take it. In this moment a random mechanism assigns avail-

ability to the state (which can depend on the player and the moment of decision n).

Model A. This is the approach which has been considered by the authors in [8].

(i) If both of them are interested in this state then at first the random device

chooses the player who will first solicit the state. The availability of the

state is similar to the situation when only one player want to take it.

(ii) If a state is not available for the player chosen by the random device then

the observed state at moment n is lost as in the case when both players

reject it. The next state in the sequence is interviewed.

Model B. The model differs from Model A only in the case when both players

would like to accept the same state. So that point (i) is the same.

If the random device chooses Player 1 and the state is not available

for him (lottery decides about that) then the observed state at moment n

is solicited by Player 2. The state is available for him as in the situation

when only Player 2 tries to take it (the random experiment decides about

it). If the state is not available then it is lost and the next state in the

sequence is interviewed.

Model C. The model differs from Model A and B in the case when both players

would like to accept the same state. This model admits that if the state

is not available for the player chosen by the device then the other player

is able to solicit the state.
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Figure 1: The schemes of decision processes

Fig. 1 presents the scheme of the decision process in each model. The lottery

PL assigns the priority to the players. The random devices IL and IIL describe
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availability of the state to Player 1 and Player 2 respectively. In Model B there is

a door between IL and IIL which can be opened from the room IL. In Model C

the door handles are from both sides.

This paper deals with the extended model described in the point Model C. In

Section 2 the formal description of a two-step random assignment is given. The

algorithms solution of the game related to the model described in Section 2 is

presented in Section 3. The examples are solved in Section 4.

2 Two-Step Random Assignment

Let (Xn,Fn,Px)
N
n=0 be a homogeneous Markov chain defined on a probability

space (�,F,P)with state space E×E and letf1 : E×E → ℜ andf2 : E×E → ℜ
be B × B real-valued measurable functions. The horizon N is finite. Player i

(i ∈ {1, 2}) observes the Markov chain and tries to maximize his payoff defined by

the function fi . Each realization xn of Xn can be accepted by at most one player

and neither player can accept more than one realization of the chain. It is assumed

there is a lottery, which decides which player has priority when both players wish

to accept the same realization. Also, it is assumed that if a player wishes to accept

a realization xn ofXn and has priority, then that player obtains that realization with

some probability that is strictly non-zero and strictly less than one (i.e. uncertain

employment). If a player has not accepted any of the previous realizations at stage

n, then he has two options. The first is to solicit the observed state of the process,

the second is to reject it. Once a player has accepted one of the realizations, then

he no longer takes part in the game.

If both players wish to accept the same realization, then the lottery chooses

which player has priority. Let ({ǫn}Nn=0, {αn}Nn=0) be the description of the lot-

tery, where ǫi , i = 0, 1, . . . , N are a sequence of i.i.d r.v.s from the [0, 1] uni-

form distribution and the αi , i = 0, 1, . . . , N are real numbers, αi ∈ [0, 1].

When both players wish to accept the same realization xn of Xn, then Player 1

has priority if ǫn ≤ αn, otherwise Player 2 has priority. Similarly, the lottery

({ηin}Nn=0, {βin}Nn=0) describes the availability of the nth realization of the chain to

the ith player. When only Player 1 (Player 2) accepts state x (y) then Player 1

obtains g1(x) = supy∈E f1(x, y) (g2(y) = infx∈E f1(x, y)) by assumption. Sim-

ilarly, when only Player 1 (Player 2) accepts state x (y) then Player 2 obtains

g3(x) = infy∈E f2(x, y) (g4(x) = supx∈E f2(x, y)). If neither player accepts a

realization, then they both gain 0.

Let �N be the aggregation of sequences σ = {ωn}Nn=0 of {0, 1}-valued random

variables such that ωn is Fn-measurable, n = 0, 1 . . . , N . If a player uses σ , then

σn = 1 means that he declares willingness to accept the realization xn of Xn. If

σn = 0, then the player is not interested in accepting the realization xn. Denote

�Nk = {σ : σ0 = 0, σ1 = 0, . . . , σk−1 = 0}. Let "Nk and ŴNk be copies of

�Nk (�
N = �N0 ). One can define the sets of strategies "

N = {(λ, {σ 1
n}) : λ ∈

"N , σ 1
n ∈ "Nn+1∀n} and Ŵ

N = {(γ , {σ 2
n}) : γ ∈ ŴN , σ 2

n ∈ ŴNn+1∀n} for Players 1
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and 2 respectively. The strategies λ and γ are applied by Player 1 and Player 2

respectively, until the first of the two players has obtained one of the realizations

of the Markov chain. After that point the other player, Player i say, continues alone

using strategy σ in, i = 1, 2.

Let Exf
+
1 (Xn) < ∞, Exf

−
1 (Xn) < ∞, Exf

+
2 (Xm) < ∞ and Exf

−
2 (Xm) <

∞ for n,m = 0, 1, . . . , N and x ∈ E. Let ψ ∈ "N and τ ∈ ŴN . Based on

the strategies ψ and τ used by Player 1 and Player 2 respectively, the definition

of the lotteries and the type of model used, the expected gains R1,•(x, ψ, τ) and

R2,•(x, ψ, τ) for Player 1 and Player 2 respectively can be obtained. In this way the

form of the game ("
N
, Ŵ
N
, R1,•(x, ψ, τ), R2,•(x, ψ, τ)) is defined. This game is

denoted by G•. For zero sum games the normal form of the game can be simply

defined by ("
N
, Ŵ
N
, R1,•(x, ψ, τ)) since R1,•(x, ψ, τ) = −R2,•(x, ψ, τ). The

three models considered in the introduction are presented in the following section

for both zero sum and non-zero sum games.

Definition 2.1. The pair (ψ∗, τ ∗) is an equilibrium point in the game G• if for

every x ∈ E, ψ ∈ "N and τ ∈ ŴN the following two inequalities hold

R1,•(x, ψ, τ
∗) ≤ R1,•(x, ψ

∗, τ ∗), (1)

R2,•(x, ψ
∗, τ ) ≤ R2,•(x, ψ

∗, τ ∗). (2)

In the particular case of zero-sum games, these conditions simplify to

R1,•(x, ψ, τ
∗) ≤ R1,•(x, ψ

∗, τ ∗) ≤ R1,•(x, ψ
∗, τ ). (3)

The aim is to construct equilibrium pairs (ψ∗, τ ∗). After one of the players accepts

realization xn at time n, the other player tries to maximize his gain without any

disturbance from the player choosing first, as in the optimal stopping problem

with uncertain employment (see Smith [12]). Thus, if neither player has accepted

a realization up to stage n, the players must take into account the potential danger

from a future decision of the opponent, in order to decide whether or not to accept

the realization xn ofXn. In order to do this, they consider some auxiliary gameG•a .
Let ψ = (λ, {σ 1

n}) and τ = (γ , {σ 2
n}). Define s0(x, y) = β2

Nf2(x, y) + (1 −
β2
N )g3(x), S0(x, y) = β1

Nf1(x, y)+ (1− β1
N )g2(y) and

sn(x, y) = sup
t∈ŴNN−n

Eyf2(x,Xσ(τ,β2)) (4)

Sn(x, y) = sup
s∈"NN−n

Exf1(Xσ(ψ,β1), y) (5)

for all x, y ∈ E, n = 1, 2 . . . , N , where σ(ψ, β1) = inf{0 ≤ n ≤ N : σ 1
n =

1, η1
n ≤ β1

n} and σ(τ, β2)= inf{0 ≤ n ≤ N : σ 2
n = 1, η2

n ≤ β2
n}. By backward

induction (see Bellman [1]), the functions sn(x, y) can be constructed as sn(x, y)=
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max{β2
nf2(x, y)+(1−β2

n)T2sn−1(x, y), T2sn−1(x, y)} and the functions Sn(x, y)

has the form Sn(x, y) = max{β1
nf1(x, y) +(1− β1

n)T1Sn−1(x, y), T1Sn−1(x, y)}
respectively, where T1f (x, y) = Eyf (x,X1) and T2f (x, y) = Exf (X1, x).

The operations minimum, maximum, T2 and T1 all preserve measurability. Hence

sn(x, y) and Sn(x, y) are B⊗B measurable. If Player 1 has obtained x at moment

n and Player 2 has not yet obtained any realization, then the expected gain of Player

2 is given by h2(n, x) (i ∈ {1, 2}), where

h2(n, x) = ExsN−n−1(x,X1) (6)

for n = 0, 1, . . . , N − 1 and h2(N, x) = g3(x). Let the future expected reward

of Player 1 in such a case be denoted h1(n, x). If the game is a zero-sum game,

then h1(n, x) = −h2(n, x).

When Player 2 is the first player to obtain a realization at time n, then the

expected gain of Player 1 is given by H1(n, x), where

H1(n, x) = ExSN−n−1(X1, x) (7)

for n = 0, 1, . . . , N − 1 and H1(N, x) = g2(x). Let the future expected reward

of Player 2 in such a case be denoted byH2(n, x). If the game is a zero-sum game,

then H2(n, x) = −H1(n, x).

Based upon the solutions of the optimization problems when a player remains

alone in the decision process, we can consider such an auxiliary game G•a . The

form of this game depends on the model determining what happens when both

players wish to accept the same state.

3 The Extended Model

Assume that the model deciding the priority assignment is Model C, as given in

the introduction. The game related to Model C will be denoted GC . The sets of

strategies available to Player 1 and Player 2 are "
N

and Ŵ
N

respectively. For

ψ = (λ, {σ 1
n}) ∈ "

N
and τ = (γ , {σ 2

n}) ∈ Ŵ
N

, we define the following random

variables

λα,β1,β2(ψ, τ)= inf{0 ≤ n ≤ N : (λn = 1, γn = 1, ǫn ≤ αn, η1
n ≤ β1

n)

or (λn = 1, γn = 0, η1
n ≤ β1

n)

or (λn = 1, γn = 1, ǫn > αn, η
2
n > β

2
n, η

1
n ≤ β1

n)},

γα,β1,β2(ψ, τ) = inf{0 ≤ n ≤ N : (λn = 1, γn = 1, ǫn > αn, η
2
n ≤ β2

n)

or (λn = 0, γn = 1, η2
n ≤ β2

n)

or (λn = 1, γn = 1, ǫn ≤ αn, η1
n > β

1
n, η

2
n ≤ β2

n)}.
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Let

ρ1(ψ, τ) = λα,β1,β2(ψ, τ)I{λ
α,β1,β2 (ψ,τ)<γα,β1,β2 (ψ,τ)}

+ σγ
α,β1,β2

(ψ, β1)I{λ
α,β1,β2 (ψ,τ)>γα,β1,β2 (ψ,τ)}

and

ρ2(ψ, τ) = γα,β1,β2(ψ, τ)I{λ
α,β1,β2 (ψ,τ)>γα,β1,β2 (ψ,τ)}

+ σλ
α,β1,β2

(τ, β2)I{λ
α,β1,β2 (ψ,τ)<γα,β1,β2 (ψ,τ)}.

We have

R1,C(x, ψ, τ) = Exf1(Xρ1
(ψ, τ),Xρ2

(ψ, τ)),

R2,C(x, ψ, τ) = Exf2(Xρ1
(ψ, τ),Xρ2

(ψ, τ)).

In the auxiliary game GCa , the sets of strategies available to Player 1 and Player

2 are "N and ŴN respectively. For λ ∈ "N and γ ∈ ŴN we define the random

variables

λα,β1,β2(λ, γ ) = inf{0 ≤ n ≤ N : (λn = 1, γn = 1, ǫn ≤ αn, η1
n ≤ β1

n)

or (λn = 1, γn = 0, η1
n ≤ β1

n)

or (λn = 1, γn = 1, ǫn > αn, η
2
n > β

2
n, η

1
n ≤ β1

n)},

γ α,β1,β2(λ, γ ) = inf{0 ≤ n ≤ N : (λn = 1, γn = 1, ǫn > αn, η
2
n ≤ β2

n)

or (λn = 0, γn = 1, η2
n ≤ β2

n)

or (λn = 1, γn = 1, ǫn ≤ αn, η1
n > β

1
n, η

2
n ≤ β2

n)}.

As long as λα,β1,β2(λ, γ ) ≤ N or γ α,β1,β2(λ, γ ) ≤ N , the payoff function for

the i-th player is defined as follows

ri(λα,β1,β2(λ, γ ), γ α,β1,β2(λ, γ )) = hi(λα,β1,β2(λ, γ ),Xλ
α,β1,β2 (λ,γ )

)

× I{λ
α,β1,β2 (λ,γ )<γ α,β1,β2 (λ,γ )}

+Hi(γ α,β1,β2(λ, γ ),Xγ
α,β1,β2 (λ,γ )

)

× I{λ
α,β1,β2 (λ,γ )≥γ α,β1,β2 (λ,γ )} (8)

otherwise the payoff to each player is 0.
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Firstly, we consider zero sum games. As a solution to such a game, we look for

an equilibrium pair (λ
∗
, γ ∗) such that

R(x, λα,β1,β2(λ, γ
∗), γ α,β1,β2(λ, γ

∗)) ≤ R(x, λα,β1,β2(λ
∗
, γ ∗), γ α,β1,β2(λ

∗
, γ ∗))

≤ R(x, λα,β1,β2(λ
∗
, γ ), γ α,β1,β2(λ

∗
, γ ))

(9)

for all x ∈ E, where

R(x, λα,β1,β2(λ, γ ), γ α,β1,β2(λ, γ )) = Exr1(λα,β1,β2(λ, γ ), γ α,β1,β2(λ, γ )).

As in Model A, we can define a sequence vn(x), n = 0, 1, . . . , N + 1 on E by

setting vN+1(x) = 0 and

vn(x) = val

⎡
⎢⎣

αn(β
1
nh1(n, x)+ (1− β1

n)g(n, x, β
2
n)) G(n, x, β1

n)

+(1− αn)(β2
nH1(n, x)+ (1− β2

n)G(n, x, β
1
n))

g(n, x, β2
n) T vn+1(x)

⎤
⎥⎦

(10)

for n = 0, 1, . . . , N , where G(n, x, β1
n) = β1

nh1(n, x)+ (1− β1
n)T vn+1(x) and

g(n, x, β2
n) = β2

nH1(n, x) + (1 − β2
n)T vn+1(x). By subtracting T vn+1(x) from

each entry above, it can be seen that the game above is equivalent to a game with

matrix A, where

A =
[
ass asc

acs acc

]
=

⎡
⎢⎣

α(a + (1− β)b) a

+(1− α)(b + (1− γ )a)
b 0

⎤
⎥⎦ (11)

where a, b, α, β, γ are real numbers and α, β, γ ∈ [0, 1]. By direct checking we

obtain

Lemma 3.1. The two-person zero-sum game with payoff matrix A given above

has an equilibrium point (ǫ, δ) in pure strategies, where

(ǫ, δ) =

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(s, s) if (1− (1− α)γ )a ≥ αβb ∩ (1− αβ)b ≤ (1− α)γ a,
(s, f ) if a ≥ 0 ∩ (1− αβ)b > (1− α)γ a,
(f, s) if b ≤ 0 ∩ (1− (1− α)γ )a < αβb,
(f, f ) if a < 0 ∩ b > 0.

(12)
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Denote

Assn = {x ∈ E : (1− (1− αn)β2
n)(h1(n, x)− T vn+1(x))

≥ αnβ2
n(H1(n, x)− T vn+1(x)), (1− αβ1

n)(H1(n, x)− T vn+1(x))

≤ (1− αn)β1
n(h1(n, x)− T vn+1(x))} (13)

A
sf
n = {x ∈ E : h1(n, x) ≥ T vn+1(x), (1− αnβ1

n)(H1(n, x)− T vn+1(x))

> (1− αn)β1
n(h1(n, x)− T vn+1(x))} (14)

A
f s
n = {x ∈ E : H1(n, x) ≤ T vn+1(x), (1− (1− αn)β2

n)(h1(n, x)− T vn+1(x))

< αnβ
2
n(H1(n, x)− T vn+1(x))} (15)

and

A
ff
n = E\(Assn ∪ A

sf
n ∪ Af sn ) (16)

By the definition of the sets Assn , A
sf
n , A

f s
n ∈ B and Lemma 3.1 we have

vn(x) = [αn(β
1
n(h1(n, x)− T vn+1(x))

+ (1− β1
n)β

2
n(H1(n, x)− T vn+1(x)))

+ (1− αn)(β2
n(H1(n, x)− T vn+1(x))

+ (1− β2
n)β

1
n(h1(n, x)− T vn+1(x)))]IAssn (x)

+ β1
n(h1(n, x)− T vn+1(x))IAsfn

(x)

+ β2
n(H1(n, x)− T vn+1(x))IAsfn

(x)+ T vn+1(x). (17)

Define

λ∗n =
{

1 if Xn ∈ Assn ∪ A
sf
n ,

0 otherwise.
(18)

γ ∗n =
{

1 if Xn ∈ Assn ∪ A
f s
n ,

0 otherwise.
(19)

The stopping times λ∗n and γ ∗n are defined by Equations (18) and (19) with the

appropriate A•n given by Equations (13)–(16).

Theorem 3.1. Game GCA with payoff function (8) and sets of strategies "N and

ŴN available to Player 1 and Player 2 respectively, has an equilibrium pair

(λ∗, γ ∗) defined by Equations (18) and (19), based on (13)–(16). The value of the

game to Player 1 is v0(x).
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Now we construct an equilibrium pair (ψ∗, τ ∗) for game GC . Let (λ
∗
, γ ∗) be an

equilibrium point in GCa .

Define (see [12] and [15])

σ 1∗
n,m =

{
1 if SN−m(Xm, Xn) = f (Xm, Xn),
0 if SN−m(Xm, Xn) > f (Xm, Xn)

(20)

σ 2∗
n,m =

{
1 if sN−m(Xn, Xm) = f (Xn, Xm),
0 if sN−m(Xn, Xm) > f (Xn, Xm)

(21)

Theorem 3.2. Game GC has a solution. The equilibrium point is (ψ∗, τ ∗),
such that ψ∗ = (λ

∗
, {σ 1∗

n }) and τ ∗ = (γ ∗, {σ 2∗
n }). (λ

∗
, γ ∗) is an equilibrium

point in GCa and the strategies {σ 1∗
n } and {σ 2∗

n } are defined by Equations (20)

and (21) respectively. The value of the game is v0(x), where vn(x) is given by

Equation (17).

Now we consider non-zero sum games. In this case we must search for an

equilibrium pair such that

R1(x, λα,β1,β2(λ, γ
∗), γ α,β1,β2(λ, γ

∗))

≤ R1(x, λα,β1,β2(λ
∗
, γ ∗), γ α,β1,β2(λ

∗
, γ ∗)),

R2(x, λα,β1,β2(λ
∗
, γ ), γ α,β1,β2(λ

∗
, γ ))

≤ R2(x, λα,β1,β2(λ
∗
, γ ∗), γ α,β1,β2(λ

∗
, γ ∗)).

Let v1,n(x) (v2,n(x)) be the value of this game to the first (second) player on

observing the realization xn. The payoff matrix for player 1 is of the same form as

the matrix given in Equation (10), except that v1,•(x) replaces v•(x). a, b, α, β, γ
are defined as before from the matrix given in Equation (11). The payoff matrix

for the second player has the form

⎡
⎢⎣

αn(β
1
nh2(n, x)+ (1− β1

n)g(n, x, β
2
n)) g(n, x, β2

n)

+(1− αn)(β2
nH2(n, x)+ (1− β2

n)G(n, xβ
1
n))

G(n, x, β1
n) T v2,n+1(x)

⎤
⎥⎦ . (22)

Subtracting T vn+1(x) this matrix is equivalent to one of the form

A =
[
ass asc

acs acc

]
=

⎡
⎢⎣

α(a2 + (1− β)b2) b2

+(1− α)(b2 + (1− γ )a2)

a2 0

⎤
⎥⎦ . (23)
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By direct checking we have

Lemma 3.2. The two-person game with payoff matrices given by (11) and (23)

has an equilibrium point in pure strategies given by (ǫ, δ), where

(ǫ, δ) =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

(s, s) if (1− (1− α)γ )a ≥ αβb ∩ (1− αβ)b2 ≥ γ a2(1− α),
(s, f ) if a ≥ 0 ∩ (1− αβ)b2 < γa2(1− α),
(f, s) if (1− (1− α)γ )a < αβb ∩ b2 ≥ 0,

(f, f ) if a < 0 ∩ b2 < 0.

(24)

There is not necessarily a unique pure equilibrium in the game.

4 Example

In all the games considered we assume that an applicant accepts a job offer from

Player i with probability ri . If both players wish to accept an applicant, then Player

1 has priority with probability p, otherwise Player 2 has priority. If an applicant

rejects an offer from the player with priority, that applicant then accepts the offer

from the other player with the appropriate probability. The aim of each player is

to employ the best applicant. Thus, the players should only accept applicants, who

are the best seen so far (such applicants will be henceforth known as candidates).

We obtain asymptotic results for a large number N of applicants. Let t be the

proportion of applicants already seen. t will be referred to as the time.

In order to find the equilibrium strategies in the game, we first need to calculate

the optimal strategy of a lone searcher. Let Ui(t) be the probability that Player i

obtains the best candidate, given that he/she is searching alone at time t . A player

should accept a candidate at time t , iff t ≥ Ui(t). Smith [12] shows that

Ui(t) =
{

ri
1−ri (t

ri − t) ti ≤ t ≤ 1,

ti 0 ≤ t < ti,

where ti = r1/(1−ri )
i satisfies ti = Ui(ti). Player i’s optimal strategy is to accept a

candidate, iff t ≥ ti .

Example 4.1. Zero-sum game model

In this case it is assumed that a player’s payoff is 1 if he/she obtains the best

candidate, – 1 if the other player obtains the best candidate and 0 otherwise.

Define ki to be the probability that Player i obtains a candidate when both players

wish to accept that candidate. It follows that k1 = r1[p + (1 − p)(1 − r2)] and

k2 = r2[(1− p)+ p(1− r1)]. Define k3 to be the probability that neither player

obtains a candidate, when both players wish to accept a candidate. Hence, k3 =
(1 − r1)(1 − r2). Let w(t) be the expected value of the game to Player 1 when

both of the players are still searching at time t . Thusw(0) is the value of the game
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to Player 1. The payoff matrix on the appearance of a candidate for this game is

given by

(
k1[t − U2(t)]+ k2[U1(t)− t]+ k3w(t) r1[t − U2(t)]+ (1− r1)w(t)

r2[U1(t)− t]+ (1− r2)w(t) w(t)

)
.

Rows 1 and 2 (Columns 1 and 2) give the appropriate payoffs when Player 1

(Player 2) accepts and rejects a candidate respectively. The game is solved by

recursion. For large t both of the players accept a candidate at a Nash equilibrium.

From the form of the payoff matrix, both players accepting a candidate forms a

Nash equilibrium when the following inequalities are satisfied

r2[U1(t)− t]+ (1− r2)w(t) ≤ k1[t − U2(t)]+ k2[U1(t)− t]+ k3w(t)

≤ r1[t − U2(t)]+ (1− r1)w(t).

Suppose it is stable for both players to accept a candidate if t ≥ t2,2. Considering

the distribution of the arrival time of the next candidate, it can be shown that

w(t) =
∫ 1

t

t

s2
{k1[s − U2(s)]+ k2[U1(s)− s]+ k3w(s)}ds.

Dividing by t and differentiating

w′(t)− (1− k3)w(t)

t
= k1

t2
[U2(t)− t]+

k2

t2
[t − U1(t)].

Together with the boundary condition w(1) = 0, this gives

w(t) = C1t
1−k3 + C2t + C3t

r1 − C4t
r2 ,

where C3 = k2r1/r2(1− r1)2, C4 = k1r2/r1(1− r2)2 and

C1 =
(1− k3)[k1r2(1− r1)− k2r1(1− r2)]

r1r2(1− r1)2(1− r2)2
,

C2 =
k2(1− r2)− k1(1− r1)
(1− r1)2(1− r2)2

.

In the case r1 = r2 = r this simplifies to

w(t) = r
2(2p − 1)

(1− r)3 [(2− r)t r(2−r) − t − (1− r)t r ]. (25)

In this case (here t2 = t1), from the symmetry of the game it suffices to consider

p ≥ 0.5. Intuitively, for p > 0.5 Player 1 should be the more choosy of the two
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players. Hence, in this case we look for a Nash equilibrium of the form

(φ∗, τ ∗) =

⎧
⎪⎪⎨
⎪⎪⎩

(a, a) t ≥ t2,2,
(r, a) t2,1 ≤ t < t2,2,
(r, r) t < t2,1.

From the arguments presented above, it follows that t2,2 satisfies

(1+ (2p − 1)r)[t2,2 − U1(t2,2)] = (1− r)w(t2,2). (26)

It follows from Equation (25) that w(t) > 0 for t ∈ [t2,2, 1). Hence, it can be seen

that for p > 0.5, t2,2 > t1. For p = 0.5, w(t) = 0 on this interval and hence

t2,2 = t1. In this particular case it is simple to show that for t < t1 both players

reject a candidate at a Nash equilibrium. In the more general case, the relation

between t2,2 and the optimal thresholds for a lone searcher are not so clear and

so, henceforth, results are given only in the case r1 = r2. However, the method of

solution in the general case is similar.

It can be shown that for p > 0.5 and t2,1 < t < t2,2

w′(t)− pw(t)
t

= p
t

[t − U1(t)].

It should be noted here that U1(t) changes form at t = t1. Considering the payoff

matrix t2,1 satisfies w(t2,1) = U(t2,1)− t2,1. For t1 ≤ t ≤ t2,2

W(t) = C5t
p − pt

p ln(t)

1− p + pt

(1− p)2 ,

whereC5 is calculated from the boundary condition at t2,2. Sincew(t) > 0 on this

interval, it follows that t2,1 < t1. On the interval [t2,1, t1], we have

w(t) = C6t
p + t1 +

pt

1− p ,

where C6 is calculated from the boundary condition at t1. For t ≤ t2,1 the value

function w(t) is constant. Table 1 gives results for p = 1 (Player 1 always has

priority) and various values of r .

Table 1: Numerical solution of the bilateral selection problem

r t2,1 t2,2 w(0)

0.5 0.2139 0.2710 0.0571

0.6 0.2342 0.2995 0.0652

0.7 0.2512 0.3229 0.0716

0.8 0.2654 0.3419 0.0764

0.9 0.2771 0.3568 0.0797

0.95 0.2821 0.3628 0.0807
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Abstract
A non-zero-sum n-stage game version of a full-information best-choice

problem under expected net value (ENV) maximization is analyzed and the

solutions are obtained in some special cases of 2-person and 3-person games.

The essential feature contained in this multistage game is the fact that the

players have their own weights by which at each stage one player’s desired

decision is preferred to the opponent’s one by drawing a lottery.
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1 A Two-Person Optimal Stopping Game

A non-zero-sum game version of the discrete-time, full-information best-choice

problem under ENV-maximization is considered in this section. We first state the

problem as follows:

(1◦) There are two players I and II (sometimes, they are denoted by players 1

and 2) and a sequence of n nonnegative iid r.v.s. {Xi}ni=1 with a common cdf F(x).

Both players observe this sequence sequentially one by one.

(2◦) Observing each Xi , both players select simultaneously and independently,

either to accept (A) or to reject (R) the observation of Xi . If I–II choice pair is

A-A, then player I (II) accepts to receive Xi with probability w1(w2 ≡ 1− w1),
1
2

� w1 � 1, and drops out from the play thereafter. The remained player continues

his one-person game. If I–II choice is A-R (R-A), then I (II) accepts Xi and drops

out and his opponent continues the remaining one-person game. If I–II choice is

R-R, then Xi is rejected and the players face the next Xi+1.

(3◦) The aim of each player in the game is to determine his acceptance strategy

under which he maximizes his expected net value.

Define state (x|n) to mean that (1) both players remain in the game, (2) there

remains n r.v.s to be observed and the players currently face the first observation

X1 = x. Player i’s strategy, i = 1, 2, in state (x|n) is to choose A with probability
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ϕi(x, n) ∈ [0, 1], and R with probability ϕi(x, n) ≡ 1 − ϕi(x, n). Evidently

ϕi(x|1) ≡ 1, for every x ∈ (0, ∞), i = 1, 2.

Let V in be the value of the game for player i in the n-problem. Then we have

V in = EF
[
(wix + wjUn−1)ϕ

i(x, n)ϕj (x, n)+ xϕi(x, n)ϕj (x, n)

+Un−1ϕ
i(x, n)ϕj (x, n)+ V in−1ϕ

i(x, n)ϕj (x, n)
]

(j = 3− i, i = 1, 2, n = 1, 2, . . . , V 1
0 = V 2

0 ≡ 0).

(1)

HereUn−1 is the value of the game for the remaining player when his opponent has

already dropped out with n − 1 unobserved r.v.s thereafter. The optimal strategy

for the player in this state is evidently to accept (reject) if x > (<)Un−1, since the

sequence {Un} satisfies the recursion

Un = EF (X ∨ Un−1) (n = 1, 2, . . . ;U0 ≡ 0)

= 1

2
(1+ Un−1

2). (if F(x) = x, 0 � x � 1).
(2)

Our problem is to find

(V 1
n , V

2
n )→ Nash eq.{(ϕ1(·, i), ϕ2(·, i))}ni=1. (3)

We hereafter write 〈w1, w2〉 as 〈w,w〉. We consider the problem (1)∼(3) as the

optimal stopping game described by the Optimality Equation

(V 1
n , V

2
n ) = EF {eq. valMn(X)} (4)

where

Mn(x) =

R A

R

A

V 1
n−1, V

2
n−1 Un−1, x

x, Un−1 wx + wUn−1, wx + wUn−1

(5)

is the bimatrix game which the players face in state (x|n), eq.val (·) is an equi-

librium value and we assume that Mn(x) has a unique equilibrium for every x

satisfying 0 < F(x) < 1.

The problems we consider in this paper belong to a class of best-choice problems

combined with sequential games. Recent works related to this area of problems

are Enns and Ferenstein [1], [2] , Mazalov [4] and Sakaguchi [5], [7], [8]. A very

important and now classical literature in full-information best-choice problems is

Gilbert and Mosteller [3]. Also a recent look at optimal stopping games in various

phases can be found in Sakaguchi [6].
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2 A Special Case in Two-Person Games where
F(x) = x (0 � x � 1) and w = 1

2

Considering symmetry in the players of the game the bimatrix (5) becomes

R A

R

A

V, V U, x

x, U
1

2
(x + U), 1

2
(x + U)

(6)

where subscripts of Vn−1 and Un−1 are omitted for brevity. If we suppose that

0 < V < U < 1, as commonsense tells us, is satisfied, then the bimatrix game

(6), for each x ∈ [0, 1] has the equlibria:

Condition Common eq. value Common eq. strategy

0 � x < V V Choose R

V < x < U
2(U − V )x − UV
x + U − 2V

Randomize R and A

with prob.
2z

1+ z for A

U < x � 1 1
2
(x + U) Choose A

(7)

where z ≡ (x − V )/(U − V ). (See Remarks 2.1 and 5.1 that follow).

By using this fact, some algebra based on (4–7), and induction arguments, we

prove

Theorem 2.1. The solution to the optimal stopping game (OSG) described by

Optimality Equation (4)–(5), for F(x) = x (0 � x � 1) and w = 1
2

, is as follows.

The common equilibrium strategy for both player is in state (x|n),
⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Choose R, if 0 � x < Vn−1,

Randomize R and A

with probability
2zn−1

1+ zn−1
for A, if Vn−1 < x < Un−1,

Choose A, if Un−1 < x � 1,

where zn−1 = (x−Vn−1)/(Un−1−Vn−1) and the equilibrium values are (Vn, Vn),

where the sequences {Un} and {Vn} are given by the recursions (2) and

Vn =
1

4
(1+ U2

n−1)− (Un−1 − Vn−1)(λUn−1 + λVn−1),

(n ≧ 1, U0 = V0 = 0),

(8)
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where λ ≡ 2 log 2 − 1 � 0.38629. The sequences satisfy 0 < Vn < Un < 1,

(n ≧ 1), and Vn ↑ 1 as n→∞.

Numerical values of Vn, n = 1(1)12 are given in Table 5.2 of Section 5.

By using these values the common equilibrium strategy for the equal-weight

game in state (x|n), n = 1(1)12 are shown in Figure 1. The shaded region means

that the player here should randomize the two decision R and A.

R

A
U
V

11

11

=

=

0.871
0.825

x

n

Figure 1: Common eq. strategy for the equal-weight game in state (x|n), n = 1(1)12.

Remark 2.1. By (6–7) we can write as Vn =
∫ 1

0

hn(x) dx where

hn(x) =

⎧
⎪⎨
⎪⎩

V, if 0 � x < V,
r(x), if V < x < U,

1
2
(x + U), if U < x � 1.

(9)

The integrand is continuous in [0, 1] and concavely increasing in [V, U ] (see

Figure 2).

3 A Three-Person Optimal Stopping Game

The analysis made in the previous two sections can be extended to three-person

games. We state the problem in correspondence to (1◦)∼ (3◦) in Section 1, as

follows:

(1+) There are three persons I, II, and III. These players have their

weights w1, w2, and w3, respectively. Let 1 ≧ w1 ≧ w2 ≧ w3 ≧ 0, w1 + w2+
w3 = 1, and w(i, j) ≡ wi/(wi + wj ), i 	= j .
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0 V U x1

1

U

V

(1+U)
1
2
_

Figure 2: The function hn(x) in (9).

(2+) If the three-players’ choice is A–A–A, then player I (II, III) accepts Xt
with probabilityw1 (w2, w3) and drops out from the play thereafter. The two play-

ers remaining continue their two-person game with their “revised” new weights

{w(i,j)}. If the three players’ choice is R–A–A, then II (III) acceptsXt with proba-

bilityw(2, 3) (w(3, 2)) dropping out from the game, and the remaining players III (II)

and I continue their two-person game with their revised new weights. If the three

players’ choice is R–R–A, then III accepts Xt and drops out and his opponents I

and II continue the remaining two-person game. If the players’ choice-triple is R–

R–R, then Xt is rejected and the players face the next Xt+1. In cases of other four

choice-triples A–R–A, A–A–R, R–A–R, and A–R–R, the game is played similarly

as mentioned above.

(3+). The aim of each player is the same as in (3◦).

Definition of state (x|n) is the same as in Section 1, with the single difference

that there are three players. Let W i
n, i = 1, 2, 3, be the value of the game for

player i, for the n-problem.

The statement of the problem in dynamic programming framework is as follows.

Denote, by Vn (w(i, j)), the value for player i in the two-person game against j ,

with weights w(i, j) for i, and w(j, i) for j . In state (x|n), players face a trimatrix

game with the payoff matrixMn(x), which is

Mn(x) = ���
���

�

							

R by III

A by III

Mn,R(x)

Mn,A(x) (10)
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whereMn,R(x) =
(II)︷ ︸︸ ︷

R A

(I)

⎧
⎪⎪⎨
⎪⎪⎩

R

A

W 1, W 2, W 3 V (w13), x, V (w31)

w12x + w21V (w13),

x, V (w23), V (w32) w12V (w23)+ w21x,

w12V (w32)+ w21V (w31)

Mn,A(x) =

R A

R

A

w23V (w13)+ w32V (w12)),

V (w12), V (w21), x w23x + w32V (w21),

w23V (w31)+ w32x

w13x + w31V (w12), w1x + w2V (w13)+ w3V (w12),

w13V (w23)+ w31V (w21), w1V (w23)+ w2x + w3V (w21),

w13V (w32)+ w31x w1V (w32)+ w2V (w31)+ w3x

In these two matrices the subscript n − 1 is omitted in W and V . Also w(i, j) are

rewritten as wij . The optimality equation is

(W 1
n , W

2
n , W

3
n ) = EF [eq .valMn(X)]

(n ≧ 1;W i
0 = V0(wij ) = 0, for every i, j)

(11)

provided the equilibrium value ofMn(x) exists uniquely.

4 A Special Case of Three-Person Games where
F(x) = x (0 � x � 1) and w1 = w2 = w3 = 1

3

LetWn(Vn) be the value of the game for each player in the equal-weight 3-person

(2-person), n-problem. The details about {Vn} are already given by Theorem 2.1

in Section 2.

Considering symmetry in the role of three players, equation (10) in state (x|n)
becomes

Mn(x) = ���
���

�

							

R by III

A by III

Mn,R(x)

Mn,A(x) (12)
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whereMn,R(x) =

(II)︷ ︸︸ ︷
R A

(I)

⎧
⎪⎨
⎪⎩

R

A

W, W, W V, x, V

x, V, V
1

2
(x + V ), 1

2
(x + V ), V

Mn,A(x) =

R A

R

A

V, V, x V,
1

2
(x + V ), 1

2
(x + V ),

1

2
(x + V ), V, 1

2
(x + V ), 1

3
(x + 2V ),

1

3
(x + 2V ),

1

3
(x + 2V ),

In these two matrices the subscripts n− 1 inW and V are omitted for simplicity.

The Optimality Equation is

(Wn, Wn, Wn) = EF [eq .valMn(X)] (n ≧ 1,W0 ≡ 0) (13)

provided that the equilibrium value ofMn(x) exists uniquely for every x ∈ (0, 1)

(see Remark 5.1 in Section 5).

We prove

Theorem 4.1. The solution of the optimal stopping game described by Optimality

Equation (10)–(11) for F(x) = x (0 � x � 1) and w1 = w2 = w3 = 1
3

is the

following. The common equilibrium strategy for each player in state (x|n) is

⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Choose R, if 0 � x < Wn−1

Randomize R and A with prob.

3

2

[
1− 1

2+ zn−1
−
√
(1− zn−1)(3+ zn−1)√

3(2+ zn−1)

]
for A, ifWn−1 < x < Vn−1

Choose A, if Vn−1 < x � 1,

where zn−1 = (x −Wn−1)/(Vn−1 −Wn−1), and the common equilibrium value

isWn.

The sequences {Vn} and {Wn} are determined by the recursions

Vn = 2(1− log 2)(U − V )2 + UV + 1

4
(1+ 2U − 3U2) (14)
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Wn =μ(V −W)2 + VW + 1

6
(1− V )(1+ 5V )

=1

6
(1+ 4V + V 2)− (V −W)(μV + μW),

(15)

respectively (subscripts n− 1 in V andW are omitted in the r.h.s.), where

μ ≡ 3

4
−
√

3

2

1∫

0

(1− z)3/2(3+ z)1/2
(2+ z)2 dz. (16)

Moreover 0 < Wn < Vn < 1 (n ≧ 1) andWn ↑ 1 as n→∞.

Evaluating the definite integral in (16), we obtain

1∫

0

(1− z)3/2(3+ z)1/2
(2+ z)2 dz � 0.16381

and hence (16) becomes

μ �
3

4
−
√

3

2
0.16381 � 0.60814. (17)

It is worth noting that this value ofμ is almost equal to λ = 2(1− log 2) � 0.61371

in (8) for the 2-person equal-weight game.

Using this value of μ, we compute {Wn} from (15), and the result is given by

Table 5.2, for n = 1(1)12.

5 Final Remarks

Solutions to the other special games whereF(x) = x (0 � x � 1), andW = 〈1, 0〉 ,〈
1
2
, 1

2
, 0

〉
, or 〈1, 0, 0〉 are also discussed (although omitted).

We shall give three more remarks. Remark 2.1 is in Section 2.

Remark 5.1. The main results of the present paper are Theorems 2.1 and 4.1.

The Optimality Equation (4)–(5) [(12)-(13)] have their meaning only if (5) [(12)]

has a unique equilibrium value for every realized value x of the r.v. X.

The payoff matrices (5) and (12) are 2 × 2 bimatrix, and 2 × 2 × 2 trimatrix,

respectively. It is possible that for some x the equilibrium consists of a (lower-

dimensional) continuity of pure-strategy equilibrium, and one completely-mixed-

strategy equilibrium We have to assume that we adopt the latter when discussing

these Optimality Equations.

Remark 5.2. Equilibrium values of the two optimal stopping games derived in

Theorems 2.1 and 4.1 are tabulated for n = 1(1)12 in Table 1.
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Table 1: The equilibrium values of equal-weight games

1-person game 2-person game 3-person game
Based on Eq.(2) Eq.(8) Eq.(15)
n Un Vn Wn

1 0.5000 0.2500 0.1667(= 1/6)
2 0.6250 0.4759 0.3271
3 0.6953 0.5800 0.4643
4 0.7417 0.6468 0.5506
5 0.7751 0.6935 0.6110
6 0.8004 0.7286 0.6561
7 0.8203 0.7561 0.6913
8 0.8364 0.7782 0.7196
9 0.8498 0.7965 0.7429
10 0.8611 0.8119 0.7625
11 0.8707 0.8250 0.7792
12 0.8791 0.8364 0.7936

Remark 5.3. Similar n-stage game versions of full-information and no-

information problems under winning-probability maximization can be analyzed

in the same way as was done in this paper. The results obtained in this approach

will appear in a forthcoming paper.
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Abstract
A bargaining problem with two players, Labor (playerL) and Management

(player M) is considered. The players must decide the monthly wage paid to

L by M . At the beginning players L and M submit their offers x and y. If

x ≤ y there is an agreement at (x + y)/2. If not, the arbiter is called in and

he chooses the offer which is nearest to his solution α. The arbiter imposes a

solution α which is concentrated in two points with probabilities p = 1/2. The

equilibrium in the arbitration game among pure and mixed strategies is derived.

1 Introduction

We shall consider a zero-sum game intended to model labor-management negoti-

ations using an arbitration procedure. Imagine that two players: Labor (player L)

and Management (player M) bargain on a wage bill which has to be in the range

[0, 1] where the current wage bill is normalized at zero, and the known maximum

management ability to pay is at 1. Player L is interested maximizing a wage bill

as much as possible and the playerM has the opposite goal.

At the beginning the players L andM submit their offers x and y respectively,

x, y ∈ [0, 1]. If x ≤ y there is an agreement at (x + y)/2. If not, the arbiter A is

called in and he has to choose one of the decisions.

There are different approaches in analyzing the arbitration models [1–6]. In the

Nash scheme [1–2] the role of arbiter is passive, he must determine an equitable

efficient outcome among bargaining alternatives. Another model was described in

[3] in the framework of differential games. Similar competitive decision-making

under uncertainty model was analyzed in [5]. In [6] the players have an arbitration

committee which is composed of two arbitrators who propose their solutions for

the wage at every stage of negotiations.

We consider here the final-offer arbitration procedure [4] which allows the

arbiter only to choose one of the two final offers made by the players. We suppose
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here that the arbiter imposes a solution α which is a random variable being con-

centrated in two points a and 1− a with equal probabilities 1/2, 0 ≤ a ≤ 1. The

arbiter chooses the offer which is nearest to his solution α.

So, we have a zero-sum game determined in unit square where strategies of

players L and M are the real numbers x, y ∈ [0, 1] and payoff function in this

game has the form H(x, y) = EHα(x, y), where

Hα(x, y) =

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(x + y)/2, if x ≤ y
x, if x > y, |x − α| < |y − α|
y, if x > y, |x − α| > |y − α|
α, if x > y, |x − α| = |y − α|

(1)

Notice at once that from symmetry it follows that the optimal strategies of

players must be symmetric with respect to the midpoint of the interval [0, 1] and

the value of the game is equal to 1/2. Consequently, it is enough to find the optimal

strategy only for one of the players, for instance,M .

Below we show that the equilibrium in this game in dependence on value a can

be among pure (section 2) and mixed (section 4) strategies.

The solution of this game with α distributed in two points with different proba-

bilities was derived in [7].

2 Equilibrium in Pure Strategies

For enough small values a the equilibrium consists of pure strategies.

Theorem 2.1. If a ≤ 1
4

, optimal strategies are x = 1 and y = 0.

Proof. Assume the player M is going to play y = 0. From the game rules it

follows that any offer x of player L from the interval [0, 2a) will be closer to the

arbiter solution. For x > 2a the solution a will be closer to the offer of playerM

and the solution 1− a will be closer to the offer of player L. According to (1) we

can represent the payoff of player L in the form

H(x, y) =

⎧
⎪⎪⎨
⎪⎪⎩

x, if x ∈ [0, 2a)

1
2
a + 1

2
2a = 3

2
a, if x = 2a

1
2

0+ 1
2
x = 1

2
x, if x ∈ (2a, 1]

(2)

The graph of function H(x, y) consists of two straight lines. Its form is shown

in Fig. 1.

Evidently, if a ≤ 1
4

then H(x, 0) ≤ 1
2

for any x. We obtain equality for x = 1.

It follows immediately from here that the best response of player L is the pure

strategy x = 1.

According to symmetry x = 1, y = 0 form an equilibrium in the game. �
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Figure 1: Graph of function H(x, 0)

Remark 1. Thus, for small a a player has to offer maximal profitability for

himself in the hope that the arbiter’s opinion will be lucky for him.

3 Method for Obtaining the Equilibrium Among Mixed Strategies

In case a > 1
4

there is no equilibrium among pure strategies. Denote byF(y)mixed

strategy of playerM . Suppose that support of distribution F lies in the left half of

the interval [0, 1]. It follows from the game rules that the payoffH(x, F ) ≤ 1
2

for

all x < 1
2

. For x ≥ 1
2

the payoff has form

H(x, F ) = 1

2

⎡
⎢⎣F(2a − x)x +

1
2∫

2a−x

ydF(y)

⎤
⎥⎦

+ 1

2

⎡
⎢⎣F

(
2(1− a)− x

)
x +

1
2∫

2(1−a)−x

ydF(y)

⎤
⎥⎦ . (3)

We will search a form of distribution functionF(y)which satisfies the following

conditions (see Fig. 2):

(i) a support of distribution F must be concentrated in the interval [b1, b2] ⊂
[0, 1/2],

(ii) payoff function H(x, F ) is constant in the equal length intervals [c1, c2] ⊂
[1/2, 1] and [d1, d2] ⊂ [1/2, 1] with 1/2 ≤ c1 ≤ c2 ≤ d1 ≤ d2, and its value

is equal to 1/2,
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Figure 2: Graph of function H(x, F )

(iii) H(x, F ) ≤ 1/2 for other x,

(iv) For all x ∈ [c1, c2] the location of point 2(1 − a) − x is from the right b2,

and for all x ∈ [d1, d2] the location of point 2a− x is from the left b1. Below

we show the existence of such intervals.

For such distribution function (assumptions (i), (iv)) we obtain from (2) for

x ∈ [c1, c2]

H(x, F ) = 1

2

⎡
⎢⎣F(2a − x)x +

1
2∫

2a−x

ydF(y)

⎤
⎥⎦+

1

2
x, x ∈ [c1, c2]. (4)

Using the assumption that H(x, F ) is constant in the interval [c1, c2] we can

determine the analytic form of distribution function F(y). Let us differentiate (3)

and equate it to zero.

dH

dx
= 1

2

[
−F ′(2a − x)x + F(2a − x)+ (2a − x)F ′(2a − x)

]
+ 1

2
= 0. (4)

Changing the argument in (4) 2a − x = y we obtain the differential equation

2F ′(y)(y − a) = −[F(y)+ 1], y ∈ [2a − c2, 2a − c1],

which solution represents the distribution function F(y) in the interval [2a −
c2, 2a − c1]

F(y) = −1+ C1√
a − y , y ∈ [2a − c2, 2a − c1],

where C1 is a constant value.
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Anologously, the function H(x, F ) in the interval [d1, d2] has the form

H(x, F ) = 1

2

1
2∫

0

ydF(y)+ 1

2
[F(2(1− a)− x)x

+

1
2∫

2(1−a)−x

ydF(y)], x ∈ [1− b, 1]. (5)

From the assumption (ii) in the interval [d1, d2] it follows

dH

dx
= 1

2

[
−F ′(2(1− a)− x)x + F(2(1− a)− x)+ (2(1− a)− x)

F ′(2(1− a)− x)
]
= 0.

Changing the argument 2(1− a)− x = y we obtain differential equation

2F ′(y) (y − (1− a)) = −F(y), y ∈ [2(1− a)− d2, 2(1− a)− d1].

Its solution

F(y) = C2√
1− a − y

, y ∈ [2(1− a)− d2, 2(1− a)− d1]. (6)

So, we find a distribution function F(y), y ∈
[
0, 1

2

]
with parameters c1, c2,

d1, d2, C1, C2 with constant value of payoff function H(x, F ) for player L in

the intervals [c1, c2] and [d1, d2]. To prove optimality of F(y) for player M it is

sufficient to show that H(x, F ) ≤ 1/2 for all x.

4 Optimal Strategies

A decision of the game depends on the value a and is split for two cases. We’ll see

below that it is represented by the “golden section” of the interval [0, 1] (denote it

z). Remember that z ≈ 0.618 is a solution of the quadratic equation z2+z−1 = 0.

4.1 Case 1
4
< a ≤ z2 ≈ 0.382

Theorem 4.1. For

1

4
< a ≤ z2, (7)
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optimal strategies in the arbitration game with payoff function (1) have the form

G(x) =

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0, x ∈ [0, 2a − b]

1− 1−√a√
x−a , x ∈ (2a − b, 2a]

2− 1√
a
, x ∈ (2a, 1− b]

2− 1/
√
a−1√

x+a−1
, x ∈ (1− b, 1]

(8)

F(y) =

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−1+ 1/
√
a−1√
a−y , y ∈ [0, b]

−1+ 1√
a
, y ∈ (b, 1− 2a]

1−√a√
1−a−y , y ∈ (1− 2a, 1− 2a + b]

1, y ∈ (1− 2a + b, 1]

(9)

where b = 2
√
a − 1.

Proof. Consider the expression (9). It is easy to show that from condition (7) for

a the following inequalities

0 < b ≤ 1− 2a ≤ 1− 2a + b ≤ 1/2

take place. Function F(y) is continuous, non-decreasing and its support is con-

centrated on the set [0, b]
⋃

[1− 2a, 1− 2a + b] ⊂ [0, 1/2].

Moreover, its value at zero

F(0) = −1+ 1

a
− 1√

a
≥ 0

is nonnegative due to assumption a ≤ z2.

So, the function F(y) of the form (9) represents a distribution of the strategy of

playerM . �

Lemma 4.1. Mean value ȳ of mixed strategy of the form (9) is equal to b.

Proof. After simplification

ȳ =
1∫

0

ydF(y) =
b∫

0

ydF(y)+
1−2a+b∫

1−2a

ydF(y)

=
(

1√
a
− 1

) 2
√
a−1∫

0

yd

(
1√
a − y

)
+
(

1−
√
a

) 2
√
a−2a∫

1−2a

yd

(
1√

1− a − y

)
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and integration by parts we obtain

ȳ = 2
√
a − 1 = b.

Suppose now that playerM uses the mixed strategy of the form (9) and find the

best response of player L. Notice that F(y) has the form described in the previous

section. Consequently, the payoff H(x, F ) of player L will be constant in the

intervals [2a − b, 2a)
⋃

[1− b, 1]. Let us calculate this value.

Substituting x = 2a in (3) and x = 1− b in (5) we obtain respectively

H(2a − 0, F ) = 1

2
[F(0)2a + ȳ]+ 1

2
2a

= 1

2

[(
−1+ 1

a
− 1√

a

)
2a + 2

√
a − 1

]
+ 1

2
2a = 1/2,

H(1− b, F ) = 1

2
ȳ + 1

2

[
F(1− 2a + b)(1− b)

]
= 1

2
b + 1

2
(1− b) = 1/2.

So, the payoff function H(x, F ) has constant value in the intervals [2a − b, 2a]

and [1− b, 1] and is equal to 1/2.

Show now that the value of function H(x, F ) for other x ∈
[

1
2
, 1
]

is not larger

than 1
2

. For x ∈ (2a, 1− b) it follows from (2) that

H(x, F ) = 1

2
ȳ + 1

2
x

is an increasing function of x with maximal value H(1− b, F ) = 1/2.

For x ∈
[

1
2
, 2a − b

)
it follows from (2) that

H(x, F ) = 1

2

⎡
⎣xF(b)+

1−2a+b∫

1−2a

ydF(y)

⎤
⎦+ 1

2
x

is an increasing function also with maximal value at the point x = 2a−b,H(2a−
b, F ) = 1/2.

Thus (see Fig. 3), H(x, F ) ≤ 1/2 for all x. It follows from here that for any

mixed strategyG(x) of playerM his payoff H(G,F) will not be larger than 1/2.

Hence, F(y) of the form (8) represents the optimal strategy of playerM .

Notice that the value of function H(x, F ) is equal to 1/2 in the intervals

[2a − b, 2a) and [1 − b, 1] which are symmetrically located with respect to the

point 1/2 for the intervals (1 − 2a, b + 1 − 2a] and [0, b]. Consequently, these

intervals are the support of the optimal distribution G(x).

We noticed earlier the optimal strategy of player L must be symmetric with

respect to 1/2 for the optimal strategy of playerM . Formula (8) for G(x) corres-

ponds to precisely this distribution.

Theorem is proven. �
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Figure 3: Graph of function H(x, F )

4.2 Case z2 < a ≤ 1/2

Theorem 4.2. For

z2 < a ≤ 1/2 (10)

optimal strategies in the arbitration game with payoff function (1) have the form

G(x) =

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0, x ∈ [0, 4a − 1− b]

1−
√
z(1−2a)√
x−a , x ∈ (4a − 1− b, 2a − b]

2−
√
a−b√
x+a−1

, x ∈ (2a − b, 1− b]

1, x ∈ (1− b, 1]

(11)

F(y) =

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0, y ∈ [0, b]

−1+
√
a−b√
a−y , y ∈ (b, b + 1− 2a]

√
z(1−2a)√
1−a−y , y ∈ (b + 1− 2a, b + 2(1− 2a)]

1, y ∈ (b + 2(1− 2a), 1]

(12)

where b = a − (1− 2a)(1+ z).

Proof. The correctness of the expression (12) follows from the inequalities

0 ≤ b ≤ b + 1− 2a ≤ b + 2(1− 2a) ≤ 1/2.
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which are true due to assumption (10). Let us prove the first inequality, others are

trivial. The inequality b ≥ 0 is equivalent to a ≥ (1+ z)/(3+ 2z). The latter one

is true because a > z2 (assumption) and z2 = (1+ z)/(3+ 2z) (it is a property

of golden section z because z2 = 1− z = (1+ z)/(3+ 2z)).

Function F(y) of the form (12) is non-decreasing with values in the interval

[0, 1], therefore it represents a mixed strategy of playerM . �

Lemma 4.2. Mean value ȳ of mixed strategy (12) is equal to b + 1 − 2a =
a − z(1− 2a).

Proof. can be developed by direct calculations. �

Suppose now that playerM uses a mixed strategy of the form (12) and determine

the best response of player L.

Consider the payoffH(x, F ). Because the distributionF has the form described

in the section 3 function, H(x, F ) is constant in the interval (4a − 1− b, 1− b].

It is easy to calculate that this value is equal to 1/2.

In the interval [1− b, 1] function H(x, F ) has the form

H(x, F ) = 1

2
ȳ + 1

2

⎡
⎣xF(2(1− a)− x)+ ȳ −

2(1−a)−x∫

b

ydF(y)

⎤
⎦ =

= ȳ + 1

2

⎡
⎣x
( √

a − b√
3a − 2+ x

− 1

)
−
√
a − b

2(1−a)−x∫

b

yd

(
1√
a − y

)⎤
⎦

After simplification we obtain

H(x, F ) = ȳ + b/2+ (1+ z)(1− 2a)− x/2+ (1− 2a)

√
a − b√

3a − 2+ x
. (13)

Function (13) is decreasing in the interval [1 − b, 1] with maximal value in the

point x = 1− b equal to 1/2.

In the interval
[

1
2
, 4a − 1− b

)
we have

H(x, F ) = 1

2

⎡
⎣

2a−x∫

b

ydF(y)+
b+2(1−2a)∫

2a−x

ydF(y)

⎤
⎦+ 1

2
x =

1

2

⎡
⎣x

√
z(1− 2a)√

1− 3a + x
+
√
z(1− 2a)

b+2(1−2a)∫

2a−x

yd

(
1√

1− a − y

)⎤
⎦ =

x

2
− (1− 2a)

√
z(1− 2a)√

1− 3a + x
+ z(1− 2a)+ b + 2(1− 2a)

2
. (14)
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Function (14) increases x in the interval
[

1
2
, 4a − 1− b

)
and its maximal value,

in the point x = 4a − 1− b is equal to 1/2.

Therefore, the graph of the function H(x, F ) has the form presented in Fig. 4.

Its values are not larger than 1/2 and are equal to this value in the interval (4a −
1− b, 1− b]. Thus, we show

H(x, F ) ≤ 1/2, x ∈ [0, 1].

Consequently, for any mixed strategy G of player L

H(G,F) ≤ 1/2.

It follows immediately from here that F of the form (12) is the optimal strategy of

playerM .

From symmetry of the problem the symmetric, in respect to the point 1/2 strategy

G of the form (11), will be the optimal strategy of player L.

Theorem is proven.

Remark 2. It is interesting to notice that optimal rule in this arbitration game is

determined by the “golden section” value. The optimal rule prescribes that player

M locate his offers in the interval [0, 1/2] and player L locate his offers in the

interval [1/2, 1]. So, there are no situations with offers of player M larger than

offers of L. Notice also that the mean values of distributions F and G coincide

with the middle points of the support intervals.
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Abstract
Queueing phenomena, along with many related decision problems, are well

known to all of us from daily situations. We often need to answer questions

concerning whether to queue or not, where to queue, how long to queue etc.

In networking applications, both in road traffic as well as in telecommunica-

tion networks, individuals or some central controllers are frequently faced with

similar questions. These decisions have often to be taken in a randomly chang-

ing environment, in a decentralized way, and with partial information. This

gives rise to many challenging problems in dynamic games. We shall describe

in this overview some generic queueing problems (both static and dynamic)

that require game theoretic models and solutions.

1 Introduction

We shall focus in this overview on some sample of decision problems that arise

in queueing, and whose solutions requires game theoretic modeling and solution

approaches. The main generic problems are

1. To queue or not to queue? In a context of networks, this question is related

to admission control, i.e. to whether a new connection, or an arriving packet

is accepted to the network (or to a specific node of a network).

2. When to queue? Individuals who have to queue in order to receive service

often face this problem. They may have an idea about the global demand, i.e.

the probability distribution of the total number of persons that would arrive

and compete for the same service, but the decisions of arrival times of other

persons are typically unknown.

3. Where to queue? This is one of the most studied problems in networking

games. There are several routes between one or more sources and one or more

destinations that involve costs or delays. The latter depend on the congestion

at each part of the route (i.e. each node or link). The congestion is of course

a function of the routing decisions. Different users have to determine their

route choices. This type of game is known as the traffic assignment problem

in the context of road traffic, and as a networking routing game in the context

of telecommunications. We shall present two simple examples of stochastic

games in which decisions of where to queue have to be taken dynamically

(depending on the time varying state of the system).
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4. How much to queue? This is perhaps the second most important type of

games that occur in telecommunication networks. There are applications that

can control the amount or the rate of information sent to the network. For

example, file transfers and electronic mail that are sent in the Internet use

a dynamic mechanism (called TCP - Transport Control Protocol) to adjust

the rate of transmission to the encountered congestion. Real time video and

voice applications often use dynamic compression which results not only

in controlling the rate of transmission, but also the amount of data to be

transmitted. This type of control determines how much data would be queued

at different nodes in the network, it influences both the delay (or cost) of that

application and contributes to delay (or cost) of other applications.

A key element that appears in many types of networking games and games in

queues is the congestion. It has an impact on costs and on delays. In the context

of telecommunications, it may further affect other measures of quality of the com-

munications, as perceived by a connection, such as loss probabilities of its packets

and the delay variations. Large amounts of losses or large delay variations are quite

harmful in real time voice and video applications.

In this paper we first present some samples of problems in each of the above

categories. Through these problems we shall identify some features of networking

games. We shall study in particular some tendencies and properties of equilibrium

policies, such as

• Existence and uniqueness: In some games uniqueness of equilibrium will

be established, whereas in other cases, counterexamples will be presented to

show that multiple equilibria may occur.

• Structure of equilibria: Threshold and switching-curves characterize poli-

cies that often appear in dynamic games in networking at equilibrium. We

shall also present counterexamples where equilibria with such a structure may

be expected, but fail to exist.

• Tendencies between players in equilibria: We shall encounter games that

exhibit the tendency of “avoiding the crowd” as well as games with the oppo-

site tendency of “joining the crowd”. Such tendencies are related to dynamic

behavior when the system is not at equilibrium. We shall mention, in par-

ticular, some recent extensions due to Yao [38] of submodular games (that

were initially introduced by Topkis [35]) along with some queueing examples,

which provide tools to identify the two types of tendencies.

• Efficiency of the equilibrium: Some of the examples will be used to illustrate

how the equilibrium performs in terms of payoff as compared to a globally

(cooperative) optimal solution that would be obtained if there were a single

decision maker.

We briefly mention some references on this topic and other closely related ones.

Reference [9] presents a survey on zero-sum stochastic games in queueing prob-

lems. Such games model a worst-case type design for the case that some parameters
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that are unknown can be modeled as if they were controlled by an opponent player.

This reference also presents the methodology for handling unbounded costs which

are typical for queueing applications, and for obtaining structural results of saddle

point policies. An example in which such techniques have been used in non-zero

sum games in queues can be found in [5]. Other recent surveys on applications

of games in networks can be found in [6,13]. Finally, many games occurring in

queueing systems are described in detail in [22] and references therein.

The structure of the paper is as follows. In the next four sections we address

models that fall into the categories of whether to queue or not (Section 2), when to

queue (Section 3), where to queue (Section 4) and how much to queue (Section 5).

All along these sections we address study properties and features of the equilibria.

We proceed with two methodological sections that focus on applications of S-

modular games in queueing problems, and establish some properties of the values,

of policies, and of the convergence to equilibrium.

2 To Queue or not to Queue: The PC-MF Game

We summarize in this section the networking problem from [12] in which individ-

uals that require service have to make the decision whether to be served at some

powerful facility that is shared among all the users that are present there, or to be

served at a private slower service facility. As illustrated in Fig. 1, the slow facility

may represent a personal computer (PC), the fast facility may represent a powerful

workstation or a mainframe (MF), and an individual may represent a job that has

to be processed.

Figure 1: To queue for a fast service at a mainframe or to receive a slow service at a
personal PC?

The model. Requests for processing jobs arrive at the system. Inter-arrival times

are general i.i.d. (independent and identically distributed) with mean λ−1. Upon

arrival of a request, the user connects to MF and observes the load. Based on

this information it decides whether to queue or not to queue there. MF shares
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its computing capacity between all present users there. This is called Processor

Sharing discipline. The service at MF is exponentially distributed with rate μ(x).

Let x be the number of jobs queued there. Typicallyμ(x) = μ is a constant and the

service intensity per customer is μ/x. But the results below hold more generally

provided that μ(x)/x decreases in x [12].

The PCs offer fixed expected service time of θ−1. (Here, θ is assumed to be the

same for all PCs, although one can also solve for different θ ’s, see [15]).

Denote

X(t):= the number of customers at MF at time t ,

Tk, k ≥ 0:= arrival time of job Ck , where 0 = T0 < T1 < T2 < . . . (t = 0 is the

arrival time of the first customer).

The queue-length process X(t) is defined to be left-continuous (thus X(Tk)

is the queue length just prior to the possible admission of customer Ck to

MF).

The kth arriving individual, Ck , must decide at Tk whether to join MF, or to be

served at a PC, after observing X(Tk).

Denote uk:= the strategy for Ck , is the probability of joining MF if X(Tk) = x.

LetU be the class of such maps, and let π := (u0, u1, . . . ) denote a multi-strategy

of all customers.

Performance measure. Define

wk:= service duration of customer Ck ,

Wk(x, π):= expected service time of Ck , given that x customers are present at MF

at her arrival.

Vk(x, π):= expected service time of Ck if she chose to be served at MF, given that

x customers are present at MF at her arrival.

Then

Wk(x, π) = uk(x)Vk(x, π)+ (1− uk(x))θ−1.

Observe that Vk depends on π through {ul, l > k}, the decision rules of subse-

quent customers.

Each customer wishes to minimize her own service time.

To this end, she should evaluate her expected service time at the two queues,

namely Vk(x, π) and θ−1, and choose the lower one.

Definition 2.1. (Threshold Policies) For any 0 ≤ q ≤ 1 and integer L ≥ 0, the

decision rule u is an [L, q]-threshold rule if

u(x) =

⎧
⎪⎨
⎪⎩

1 if x < L

q if x = L
0 if x > L .

(1)

A customer who employs this rule joins MF if the queue length x is smaller than

L, while if x = L she does so with probability q. Otherwise she joins PC.
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An [L, q] threshold rule will be denoted by [g] where g = L+ q. Note that [L, 1]

and [L+ 1, 0] are identical.

Theorem 2.1.

(i) For any equilibrium policy π∗ = (u0, u1, . . . ), each decision rule uk is a

threshold rule.

(ii) A symmetric equilibrium policy π∗ = (u∗, u∗, . . . ) exists, is unique, and u∗

is a threshold rule.

Basic steps of proof:

(i) For every policy π and k ≥ 0, one shows that Vk(x, π) is strictly increasing

in x [12].

(ii) Assume that all jobs other than Ck use a threshold policy [g]. Then

Vk(x, [g]∞) can be shown to be:

(1) strictly increasing in g, and

(2) continuous in g.

We note that the best response to a policy g is either a singleton or a whole

interval of the form [i, i + 1] where i is an integer. The latter occurs when player

k is indifferent between a threshold [i, 0] and [i, 1]. It then easily follows that a

fixed point exists which provides a symmetric threshold equilibrium [12].

Numerical Examples

The following numerical example with θ = 10, μ = 100 is taken from [12]. In that

reference, a recursive procedure is given to compute V (x, [L, q]). Figures 2–3 are

obtained using that procedure to compute the performance of a threshold x when

all other users have threshold [15, 1], for various values of input rates. The value

of the threshold that defines the best response to the threshold [15, 1] for a given

input rate will then be obtained at the point where V (x, [15, 1]) becomes larger

than θ−1.
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Figure 2: V (x, [15, 1]) as a func-
tion of x for various λ’s
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Figure 3: V (3, [L, 1]) as a function
of L for various λ’s

Fig. 3 shows the equilibrium symmetrical threshold that is obtained for this prob-

lem. It also compares it to the socially optimal problem (that would be obtained
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if a single decision maker tried to minimize the expected average waiting time of

all customers). We see that the equilibrium threshold is always larger than the one

corresponding to the socially optimal threshold. In particular, as the input rate λ

becomes very large (overload conditions), the equilibrium threshold will converge

to 10 and the socially optimal threshold will converge to 1. The equilibrium thresh-

old of 10 in overload provides an expected waiting time at the MF that equals θ−1.

It is ten times larger that the expected waiting time at MF for the socially optimal

policy.
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Figure 4: g∗ = L∗ + q∗ as a function of λ

Conclusions. We have observed in this first example that when all other users have

a threshold g, the threshold of the best response policy is decreasing in that g.

Thus the behavior of a user here goes in the opposite direction as the behavior of

the rest of the users. Following the terminology of Hassin and Haviv [20], we call

this property “Avoiding the Crowd”. It is similar kind of behavior than we would

expect in road traffic, where drivers try to avoid rush hours. In future sections we

shall also encounter the opposite type of behavior, of “Joining the Crowd”. In our

example, this behavior implied the uniqueness of the equilibrium.

3 When to Queue?

We present two games that fall into this categories. The first is the problem of when

to arrive at a bank. The second is of when to retry to make a phone call. We then

briefly mention a third related game that also involves retransmission decisions

and that is related to access to a radio channel.

3.1 When to Arrive at the Bank?

The aim of this example is to illustrate that a very common situation we frequently

face is in fact a queueing game, where the decision is of when to queue.

We consider the following scenario. A bank opens between 9h00 and 12h00.

All customers that arrive before 12h00 are served that day. A random number X
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of customers wish to get a service on a given day. Service times are i.i.d. with

exponential distribution. The order of service is FCFS (First Come First Served).

Each customer wishes to minimize her own expected waiting time, i.e. the expected

time elapsed from her arrival at the bank till she gets served.

This problem has been studied in [17]. The authors show that there exists a

symmetric equilibrium distribution F of the arrival time with support [T0, 12h00]

for all players, with T0 < 9h00, such that if all customers follow F , then no

individual has an incentive to deviate from using the distribution F .

We finally note that if we eliminate the FCFS regime among those who arrive

before the bank opens, then T0 = 9h00. This could reduce average waiting time!

3.2 Games in Retrial Queues: When to Retry to Make a Phone Call

We are all used to obtaining occasionally a busy signal when attempting to make

phone calls. This signal is either due to the fact that the destination is currently

busy with another phone call or to congestion that may cause calls to be blocked. A

person whose call is blocked may typically retry calling. The goal of the example,

taken from [16,21], is to analyze the individual’s choice of time between retrials.

The model: Calls arrive according to a Poisson process with average rate λ.

Service rates are i.i.d. with mean τ and finite variance σ 2. Let S2 := τ 2 + σ 2 and

ρ := λτ . Between retrials calls are said to be “in orbit”. Times between retrials of

the ith call in orbit are exponentially distributed with expected value of 1/θi .

We note that exponentially distributed times are frequently used in models in

telecommunications, and in particular in telephony models due to much accumu-

lated experimental results. In particular, it is known that the duration of phone

calls is well modeled by the exponential distribution. The exponential distribution

is also attractive mathematically since it leads to simple Markovian models due to

its memoryless property (i.e. the property P(X > t + s|X ≥ t) = P(X > s) for

any t, s > 0).

We assume that each retrial costs c, and the waiting time costs w per time unit.

We begin by presenting the performance of the socially optimal policy [27].

The socially optimal policy. The expected time in orbit when all retrials use

the same parameter θ is

W = ρ

1− ρ

(
1

θ
+ S

2

2τ

)
,

so the average cost per call is

(w + cθ)W = ρ

1− ρ

(
cS2

2τ
θ + w

θ

)
+ ρ

1− ρ

(
wS2

2τ
+ c

)
.
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This is minimized at

θ∗ =
√

2wτ/c

S
.

A remarkable observation is that this rate is independent of the arrival rate!

If θ∗ is used, the two terms that depend on θ turn out to be equal: the waiting

cost and the retrial costs coincide.

The game In the game case, Kulkarni [27] computes g(θ, γ ), which is the

expected waiting time of an individual who retries at rate γ while all the others

use retrial rate θ . This allows them to obtain the equilibrium rate:

θe =
wρ +

√
w2ρ2 + 16wτc(1− ρ)(2− ρ)/S2

4c(1− ρ) .

We observe that θe monotonically increases to infinity as λ increases (to 1/σ ).

Conclusions. Here are some conclusions from this example.

1. The ratio between the cost at equilibrium and the globally optimal cost tends

to infinity. Thus, the non-cooperative nature of the game leads to high ineffi-

ciency.

2. The equilibrium retrial rate is larger than the globally optimal retrial rate.

They tend to coincide as ρ → 0.

3. Both equilibrium and optimal retrial rates are monotonically decreasing in

the variance of the service times.

4. There is a unique equilibrium.

3.3 Access to a Radio Channel: When to Retransmit

Phone calls are not the only example where we find retransmissions. Another

example, typical to cellular communications as well as satellite communications,

is in the access of packets to a common radio channel. If more than one terminal

attempts to transmit a packet at the same time then a collision occurs and all

terminals involved in the collision have to retransmit their packets later. A terminal

wishes typically to maximize the throughput (i.e. the expected average number of

successful transmissions). A further cost may be incurred per each transmission

attempt (it could represent the energy consumption). The problem has various

formulations as stochastic games, in which each terminal controls the time till

it attempts a retransmission of a packet that has collided, or the probability of

its retransmission at a given time slot [8,24,28]. In [8], a comparison between a

cooperative solution and a non-cooperative solution is presented. It is shown that

as the arrival rate of packets increases, the cooperative solution tends to reduce

the retransmission probabilities; retransmissions are thus delayed so as to avoid
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more collisions. Due to this behavior, the throughput is shown to increase with the

arrival rate of packets. In the non-cooperative case, a single symmetric equilibrium

is obtained in which, in contrast, the retransmission probabilities tend to increase

with the arrival rate of packets. Thus, as the arrival rate increases, terminals become

more aggressive, and the system throughput decreases. For large arrival rates it

decreases to zero.

4 Where to Queue?

We briefly mention some background on the well-studied traffic assignment prob-

lem in a general network, and then present two examples in more detail of stochas-

tic games occurring in simple queueing problems.

4.1 The Traffic Assignment Problem

Figure 5: The assignment problem and competitive routing

One of the most studied game problems that arises in networks is the traffic

assignment problem [29,30]. The generic problem is to determine which path to

take in a network, that may be shared by many types of users having different

sources and destinations. The costs, or delays (or other performance measures,

such as loss probabilities) for each user may be related to the congestion it suf-

fers between the source and destination, and is a function of choices of routes

of other users as well. This problem has been studied already in the fifties by

Wardrop [36] in the context of road traffic, where a user corresponds to a single

driver. The game has been modeled using a continuum number of players where

the influence of a single player (driver) on the cost of others can be neglected.

Due to this property, such a player is often called atomless. Existence and unique-

ness of the equilibrium (known as Wardrop equilibrium) have been established
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under quite general conditions, and many efficient computational methods have

been developed (see [30] for an overview). This type of equilibrium has also been

discovered in the context of mobile telecommunications in [18] and in the con-

text of potential games in [33] (see also [32]). Wardrop principles have also been

obtained independently around thirty years before Wardrop in an economic con-

text [31].

An alternative game formulation arises when decisions are not taken by each

individual, but instead, by a finite number of big organizations (the players) such as

service providers, in the context of telecommunications, or of transportation com-

panies, in the context of road traffic. Such players are often called atomic players.

The decision taken by a player is what fraction of its flow to ship over each possi-

ble route. Nash equilibrium is then used as the solution concept. Some references

in this type of modeling are [29,23], as well as [30] and references therein.

Till now we have not mentioned the relation between the traffic assignment

problem and queueing. It turns out that there is a large class of queueing net-

works for which the average expected delays or the expected queue size satisfy

the assumptions of the traffic assignment models studied in the literature. These

are known as BCMP queueing networks (known to have a property called “prod-

uct form”, which makes link costs additive). We refer in particular to the papers

[25,11] that describe these kinds of networks in the context of the traffic assignment

problem.

Interesting extensions to dynamic and differential games context exist for the

assignment model. We shall mention [37] and references therein. In this reference,

the players have to ship a given amount of flow within a certain period and can

decide dynamically at what rate to ship at each instant. A dynamic mixed equi-

librium (that combines both atomless and atomic users) is computed using the

maximum principle.

4.2 The Gas Station Game

The example we present here illustrates the dynamic routing choices between two

paths. When a routing decision is made, the decision maker knows the congestion

state of only one of the routes; the congestion state in the second route is unknown

to the decision maker. The problem originates from the context of two gas stations

on a highway [19]. A driver arriving at the first station sees the number of other cars

already queued there and has to decide whether to join that queue, or to proceed to

the next gas station. The state of the next gas station (i.e. the number of cars there)

is not available when making the decision. The situation is illustrated in Fig. 6. The

exact mathematical solution of the model was obtained in [10] and we describe it

below.

This problem has natural applications in telecommunication networks: when

making routing decisions for packets in a network, the state in a downstream node

may become available after a considerable delay, which makes that information

irrelevant when taking the routing decisions.
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Figure 6: The gas station problem

Although the precise congestion state of the second route is unknown, its prob-

ability distribution, which depends on the routing policy, can be computed by the

router.

We assume that the times that correspond to the arrival instants of individuals

is a Poisson process with rate λ. Each arrival is a player, so there is a countable

number of players, each of whom takes one routing decision, of whether to join

the first or the second service station. A player eventually leaves the system and

does not affect it anymore, once she receives service.

To obtain an equilibrium, we need to compute the joint distribution of the con-

gestion state in both routes as a function of the routing policy.

We restrict to random threshold policies (n, r):

• if the number of packets in the first path is less than or equal to n − 1 at the

instance of an arrival, the arriving packet is sent to path 1.

• If the number is n then it is routed to path 1 with probability r .

• If the number of packets is greater than n then it is routed to path 2.

The delay in each path is modeled by a state dependent queue:

• Service time at queue i is exponentially distributed with parameter μi
• Global inter-arrival times are exponential i.i.d. with parameter λ.

When all arrivals use policy (n, r), the steady state distribution is obtained by

solving the steady state probabilities of the continuous time Markov chain [10].

If an arrival finds i customers at queue 1, it computes

Ei[X2] = E [X2|X1 = i]
and takes a routing decision according to whether the following inequality holds:

T n,r(i, 1) := i + 1

μ1
≤ Ei[X2]+ 1

μ2
=: T n,r(i, 2).

To compute it, the arrival should know the policy (n, r) used by all previous

arrivals.
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If the decisions of the arrival as a function of i coincide with (n, r) then (n, r)

is a Nash equilibrium.

The optimal response against [g] = (n, r) is monotonically decreasing in g.

This is the Avoid the Crowd behavior.

Computing the conditional distributions, one can show [10] that there are para-

meters (μ1, μ2, λ, n, r) for which the optimal response to (n, r) is indeed a thresh-

old policy.

Denote

ρ := λ

μ1
, s := μ2

μ1

There are other parameters for which the optimal response to (n, r) is a two-

threshold policy characterized by t−(n, ρ, s) and t+(n, ρ, s) as follows.

It is optimal to route a packet to queue 2 if t−(n, ρ, s) ≤ X1 ≤ t+(n, ρ, s)
and to queue 1 otherwise.

At the boundaries t− and t+ routing to queue 1 or randomizing is also optimal

if T n,r(i, 1) = T n,r(i, 2). For parameters in which the best response does not have

a single threshold, we cannot conclude anymore what is the structure of a Nash

equilibrium.

Example [10]. Consider n = 3, r = 1, ρ = λ/μ1 = 1 and s = μ2/μ1 = 0.56.

We plot in Fig. 7 T n,r(i, 1) and T n,r(i, 2) for i = 0, 1, . . . , 4.

1

2

3

4

5

0 1 2 3 4
X[1]

Figure 7: T n,r(i, 1) and T n,r(i, 2)

Conclusions: As opposed to the example of the choice of players between a PC

and a MF in Sec. 2, we saw in this section an example where for some parameters

there may be no threshold type (n, r) equilibria. The form of the Nash equilibrium

in these cases remains an open problem. Moreover, even the question of existence

of a Nash equilibrium is then an open question.

Yet, in the case of equal service rates in both stations, a threshold equilibrium

does exist, and it turns out to have the same type of behavior as in the PC-MF game,

i.e. it is unique, and the best response has a tendency of “Avoiding the Crowd” [19].
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By actually analyzing (numerically) the equilibrium for equal service rates, it

was noted in [19] that when players use the equilibrium strategy, then the revenue

of the first station is higher than the second one. Thus the additional information

that the users have on the state of the first station produces an extra profit to that

station. An interesting open problem is whether the second station can increase

its profits by using a different pricing than the first station, so that users will have

an extra incentive to go to that station. Determining an optimal pricing is also an

interesting problem.

4.3 Where to Queue: Queues With Priority

We present a second queueing problem modeled as a stochastic game with infinitely

many individual players due to [2,20]. We assume again that players arrive at the

system according to a Poisson process with intensity λ, and have to take a decision

of whether to join a low priority (second class) or a high priority (first class) queue,

as illustrated in Fig. 8. There is a single server that serves both queues but gives

strict priority to first class customers. Thus a customer in the second class queue

gets served only when the first class queue is empty. We assume exponentially

distributed service time with parameter μ and define ρ := λ/μ.

Figure 8: Choice between first and second class priorities

The game model is then as follows:

The actions: Upon arrival, a customer (player) observes the two queues and may

purchase the high priority for a payment of an amount θ , or join the low priority

queue.

The state: The state is a pair of integers (i, j) corresponding to the number of

customers in each queue; i is the number of high priority customers and j , the

number of low priority ones.

The analysis of this problem can be considerably simplified by using the fol-

lowing monotonicity property, identified in [2]: If for some strategy adopted by

everybody, it is optimal for an individual to purchase priority at (i, j), then he must

purchase priority at (r, j) for r > i.

This implies that the problem has an effective lower dimensional state space:

It follows that starting at (0, 0) and playing optimally, there is some n such that

the only reachable states are
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(0, j), j ≤ n, and (i, n), i ≥ 1.

Indeed, due to monotonicity, if at some state (0,m) it is optimal not to purchase

priority, it is also optimal at states (0, i), for i ≤ m. Let n− 1 be the largest such

state. Then starting from (0, 0) we go through states (0, i), i < n, until (0, n− 1)

is reached. At (0, n) it is optimal to purchase priority. We then move to state (1, n).

The low priority queue does not decrease as long as there are high-priority

customers. Due to monotonicity, it also does not increase as long as there are high-

priority customers since at (i, n), i ≥ 1 arrivals purchase priority! Therefore we

remain at (i, n), as long as i ≥ 1.

The Equilibrium. Suppose that the customers in the population, except for a given

individual, adopt a common threshold policy [g]. Then the optimal threshold for

the individual is non-decreasing in g.

This property is called “Follow the Crowd” Behavior

This property clearly implies Existence of an equilibrium, that can be obtained

by a monotonically best response argument.

However, it turns out that there is no uniqueness of the equilibrium! Indeed,

Hassin and Haviv have shown in [20] that there may be up to
⌊

1

1− ρ

⌋

pure threshold Nash equilibria, as well as other mixed equilibria! They further

present numerical examples of multiple equilibria.

We conclude that in this problem we have definitely a different behavior of

the equilibria than in the previous stochastic games in which we had threshold

equilibria (the PC-MF game and the gas station game).

5 How Much to Queue?

Two main approaches exist for controlling the congestion at the network in high

speed communication systems. The first, in which sources control their transmis-

sion rate, has been adopted by the ATM-forum [1] (an international standardization

organism for high speed telecommunication networks) for applications that have

flexibility in their requirement for bandwidth (and which then use the so called

“Available Bit Rate” service). Although the general approach and signaling mech-

anisms have been standardized, the actual way to control the sources has been left

open and is still an open area of research and development. An alternative approach

is the so called “window based” flow control which is used at the Internet. An

example of a stochastic game based on the latter approach is given in [26].

We present in this section a linear quadratic differential game model for flow

control based on the first approach, which has been introduced and analyzed in [7],

in which M users control their transmission rate into a single bottleneck queue.

Thus, each user has to answer dynamically the question of “how much to queue”,

see Fig. 9.
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Figure 9: A competitive flow control model

The output rate of the queue (i.e. the server’s rate) is given by s(t). The controlled

input rate of user m is denoted by rm(t). Let q(t) denote the instantaneous queue

length.

It is desirable for telecommunication applications to keep the instantaneous

size of the queue close to some target: Q. Indeed, if the queue is too large then

information packets might be lost due to overflow, and moreover, packets suffer

large delays. If the queue is empty, on the other hand, then the output rate is

constrained by the input rate, which might be lower than s(t). We thus may have

underutilization of the available service rate and we lose in throughput.

Define x(t) := q(t) − Q to be the shifted instantaneous queue length. It will

serve as the state of the queue. We assume that there is some desirable share of

bandwidth available for user m, given by ams(t), where
∑
m a

M
m=1 = 1.

Define um(t) := rm(t)− ams(t) to be the shifted control.

Ignoring the nonlinearity in the dynamics that are due to boundary effects (at

an empty queue or at a full queue), we obtain the following idealized dynamics:

dx

dt
=

M∑

m=1

(rm − ams) =
M∑

m=1

um, (2)

Justification for using the linearized model is presented in [7].

Policies and information. We consider the following class of history dependent

policies for all users:

um(t) = μm(t, xt ), t ∈ [0,∞).
μm is piecewise continuous in its first argument, piecewise Lipschitz continuous

in its second argument. The class of all such policies for user m is Um.

Objectives. The cost per user is a linear combination of the cost related to deviation

from the desirable queue length valueQ and deviating from the desirable share of

the bandwidth. We consider two versions that differ by some scaling factor:

• N1: the individual cost to be minimized by userm (m ∈M = {1, . . . ,M}) is

JN1
m (u) =

∫ ∞

0

(
|x(t)|2 + 1

cm
|um(t)|2

)
dt. (3)
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• N2: the individual cost to be minimized by controller m (m ∈M) is

JN2
m (u) =

∫ ∞

0

(
1

M
|x(t)|2 + 1

cm
|um(t)|2

)
dt. (4)

In case N2 the “effort” for keeping the deviations of the queue length from the

desired value is split equally between the users.

Nash equilibria. We seek a multi-policy μ∗ := (μ∗1, . . . , μ∗M) such that no user

has an incentive to deviate from, i.e.

JN1
m (μ∗) = inf

μm∈Um
JN1
m ([μm|μ∗−m]) (5)

where [μm|μ∗−m] is the policy obtained when for each j 	= m, player j uses policy

μ∗j , and player m uses μm. We define similarly the problem with the cost JN2 .

Main results. We shall show that the flow control game has a simple computable

equilibrium and value. We further show a uniqueness result.

The equilibrium: For case Ni (i = 1, 2), there exists an equilibrium given by

μ∗Ni,m(x) = −βNim x , m = 1, . . . ,M,

where βNim is given by

βN1
m = β(N1) −

√
β
(N1)2 − cm

where β
(N1)

:=
∑M
m=1 β

N1
m , i = 1, 2, are the unique solutions of

β
(N1) = 1

M − 1

M∑

m=1

√
(β
(N1)

)2 − cm

and for the case N2:

βN2
m = β(N2) −

√
β
(N2)2 − cm

M
,

where β
(N2)

:=
∑M
m=1 β

N2
m , i = 1, 2, are the unique solutions of

β
(N2) = 1

M − 1

M∑

m=1

√
(β
(N2)

)2 − cm
M
= β

(N1)

√
M
.

Moreover,

βN1
m = βN2

m

√
M.
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For each case, this is the unique equilibrium among stationary policies and is time-

consistent.

The value. The costs accruing to user m, under the two Nash equilibria above, are

given by

JN1
m (μ∗N1) =

βN1
m

cm
x2

and

JN2
m (μ∗N2) =

βN2
m

cm
x2 = 1√

M
JN1
m (u∗N1).

The symmetric case. In the case cm = cj =: c for all m, j ∈M we obtain:

βN1
m =

√
c

2M − 1
, and βN2

m =
√

c

M(2M − 1)
, ∀m ∈M ;

The case ofM = 2. We assume general values of cm’s. we have form = 1, 2, j 	=
m,

βN1
m =

⎡
⎣−2cj − cm

3
+ 2

√
c2

1 − c1c2 + c2
2

3

⎤
⎦

1/2

, βN2
m = β

N1
m√
2
.

If moreover, c1 = c2 = c, then βN1
m =

√
c/3, βN2

m =
√
c/6.

We now sketch the proof for N1. The one for N2 is similar.

Proof for (N1). Choose a candidate solution

u∗m(x) = −βmx , m = 1, . . . ,M, where βm = β −
√
β

2 − cm

where β :=
∑M
m=1 βm, is the unique solution of

β = 1

M − 1

M∑

m=1

√
β

2 − cm.

Fix uj for j 	= m. Playerm is faced with a linear quadratic optimal control problem

with the dynamics

dx/dt = um − β−mx, β−m =
∑

j 	=m
βj

and cost JN1
m (u) that is strictly convex in um. Her optimal response is um =

−cmPmx, where Pm is the unique positive solution of the Riccati equation

−2β−mPm − P 2
mcm + 1 = 0. (6)
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Denoting β ′m = cmPm, we obtain from (6)

β ′m = fm(β−m) := −β−m +
√
β2
−m + cm.

u is in equilibrium if and only if β ′ = β, or

β
2 = β2

−m + cm. (7)

Hence

βm = β −
√
β

2 − cm.

Summing over m ∈M we obtain

� := β − 1

M − 1

M∑

m=1

√
β

2 − cm = 0.

Uniqueness follows since

• � is strictly decreasing in β over the interval [maxm
√
cm,∞),

• it is positive at β = maxm
√
cm, and

• it tends to −∞ as β →∞.

5.1 Greedy Decentralized Algorithms

The Nash equilibrium requires some coordination, i.e. a (non-binding) agreement

according to which all users follow the Nash equilibrium. Moreover, to compute the

equilibrium, a player needs to have the knowledge of other individual utilities (cm).

Both the coordination as well as the knowledge of others’ utilities are restrictive

and non-realistic assumptions. This motivated the authors in [7] to propose several

greedy decentralized “best response” algorithms.

A greedy “best response” algorithm is defined by the following four conditions

[14]:

• Each user updates from time to time their policy by computing the

best response against the most recently announced policies of the other

users.

• The time between updates is sufficiently large, so that the control problem

faced by a user when they update their policy is well approximated by the

original infinite horizon problem.

• The order of updates is arbitrary, but each user performs updates infinitely

often.

• When the nth update occurs, a subset Kn ⊂ {1, . . . ,M} of users simultane-

ously update their policies.
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Proposed algorithms

• Parallel update algorithm (PUA): Kn = {1, . . . ,M} for all n.

• Round robin algorithm (RRA): Kn is a singleton for all n and equals

(n+ k)modM + 1, where k is an arbitrary integer.

• Asynchronous algorithm (AA): Kn is a singleton for all n and is chosen

at random.

The initial policy used by each user is linear.

β(n):= value of the linear coefficient defining the policies corresponding to the

end of the nth iteration.

The optimal response at each step n:

β(n)m =

⎧
⎨
⎩
fm(β

(n−1)
−m ) if m ∈ Kn

β
(n−1)
m otherwise,

(8)

where

fm(β−m) := −β−m +
√
β2
−m + cm. (9)

Convergence results. We briefly mention the convergence results obtained in [7].

Theorem 5.1. Consider PUA.

(i.a) Let β
(1)
k = 0 for all k. Then β

(2n)
k monotonically decrease in n and β

(2n+1)
k

monotonically increase in n, for every player k, and thus, the following limits exist:

β̂k := limn→∞ β
(2n)
k , β̃k := limn→∞ β

(2n+1)
k .

(i.b) Assume that β̂k = β̃k (defined as above, with β
(1)
k = 0 for all k). Consider

now a different initial condition satisfying either β
(1)
k ≤ βk for all k (where βk is

the unique Nash), or β
(1)
k ≥ βk for all k. Then for all k, limn→∞ β

(n)
k = βk .

Global convergence. A global convergence result is obtained forM = 2:

Theorem 5.2. If

– (ii.a)M = 2, and either β
(1)
k ≤ βk for all k, or β

(1)
k ≥ βk for all k; or if

– (ii.b) β
(1)
k and c := ck are the same for all k, then β(n) converges to the unique

equilibrium β∗.

Local convergence.

Theorem 5.3. For arbitrary ck , there exists some neighborhood V of the unique

equilibrium β∗ such that if β
(1)
k ∈ V then β(n) converges to the unique equilibrium

β∗.

Numerical examples. Some examples from [7] on the convergence of the greedy

algorithm are presented below. The parallel updates are seen to converge slowest

with oscillating behavior.
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Figure 10: PUA versus RRA forM = 4
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Figure 11: AA forM = 4

6 S-Modular Games

We have seen in several examples in previous sections that equilibria best response

strategies have either the “Join the Crowd” property or the “Avoid the Crowd”

property, which typically leads to threshold equilibria policies. These properties

also turn out to be useful when we seek to obtain convergence to equilibria from a

non-equilibrium initial point. These issues will be presented in this section within

the framework of S-modular games due to Yao [38] who extends the notion of

sub-modular games introduced by Topkis [35].

6.1 Model, Definitions and Assumptions

General models are developed in [35,38] for games where the strategy space Si
of player i is a compact sub-lattice of Rm. By sub-lattice we mean that it has the

property that for any two elements x, y that are contained in Si , min(x, y) (denoted

by x∧y) and max(x, y) (denoted by x∨y) are also contained there (bymax(x, y)

we mean the componentwise max, and similarly with the min). We describe below

the main results for the case that m = 1.

Definition 6.1. The utility fi for player i is super-modular if and only if

fi(x ∧ y)+ fi(x ∨ y) ≥ fi(x)+ fi(y).

It is sub-modular if the opposite inequality holds.

If fi is twice differentiable then super-modularity is equivalent to

∂2fi(x)

∂x1∂x2
≥ 0.

Monotonicity of maximizers. The following important property was shown to

hold in [35]. Let f be a supermodular function. Then the maximizer with respect

to xi is increasing in xj , j 	= i.



Applications of Dynamic Games in Queues 329

More precisely, define the best response

BR∗1(x2) = argmaxx1
f (x1, x2);

if there is more than one argmax above we shall always limit ourselves to the

smallest one (or always limit ourselves to the largest one). Then x2 ≤ x′2 implies

BR∗1(x2) ≤ BR∗1(x′2). This monotonicity property holds also for non-independent

policy sets such as (10), provided that they satisfy the ascending property (defined

below).

Definition 6.2. (Monotonicity of sublattices) Let A and B be sub-lattices. We

say that A ≺ B if for any a ∈ A and b ∈ B, a ∧ b ∈ A and a ∨ b ∈ B.

Next, we introduce some properties on the policy spaces.

Consider two players. We allow Si to depend on xj

Si = Si(xj ), i, j = 1, 2, i 	= j. (10)

Monotonicity of policy sets. We assume

xj ≤ x′j &⇒ Si(xj ) ≺ Si(x′j ).

This is called the Ascending Property. We define similarly the Descending Prop-

erty.

Lower semi-continuity of policies. We say that the point to set map Si(·) is lower

semi continuous if for any xkj → x∗j and x∗i ∈ Si(x∗j ) (j 	= i), there exist {xki } s.t.

xki ∈ Si(xkj ) for each k, and xki → x∗i .

6.2 Existence of Equilibria and Round Robin Algorithms

Consider an n-player game. Yao [38, Algorithm 1] and Topkis [35, algorithm I]

consider a greedy round robin scheme where, at some infinite strictly increasing

sequence of time instants Tk , players update their strategies each using the best

response to the strategies of the others. Player l updates at timesTk with k = mn+l,
m = 1, 2, 3, . . . .

Assume lower semi-continuity and compactness of the strategy sets. Under

these conditions, super-modularity together with the ascending property implies

monotonic convergence of the payoffs to an equilibrium [38]. The monotonicity

is in the same direction for all players: the sequences of strategies for each player

either all increase or all decrease.

The same type of result is also obtained in [38, Thm. 2.3] with sub-modularity

instead of super-modularity for the case of two players, where the ascending prop-

erty is replaced by the descending property. The monotonic convergence of the

round robin policies still holds but is in the opposite direction: the sequence of
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responses of one player increases to his/her equilibrium strategy, while the ones

of the other player decrease.

In both cases, there need not be a unique equilibrium.

Yao [38] further extends these results to cases of costs (or utilities) that are

sub-modular in some components and super-modular in others. The notion of s-

modularity is used to describe either sub-modularity or super-modularity. Another

extension in [38] is to vector policies (i.e. a strategy of a player is in a sublattice

of Rk).

Next we present several examples for games in queues where S-modularity can

be used. The first two examples are due to Yao [38].

6.3 Example of Super-Modularity: Queues in Tandem

Consider a set of queues in tandem. Each queue has a server whose speed is

controlled. The utility of each server rewards the throughput and penalizes the

delay. Under appropriate conditions, it is then shown in [38] that the players have

compatible incentives: if one speeds up, the other also wants to speed up.

More precisely, consider two queues in tandem with i.i.d. exponentially dis-

tributed service times with parameters μi , i = 1, 2. Let μi ≤ u for some constant

u. Server one has an infinite source of input jobs There is an infinite buffer between

servers 1 and 2. The throughput is given by μ1 ∧ μ2.

The expected number of jobs in the buffer is given [38] by

μ1

μ2 − μ1

when μ1 < μ2, and is otherwise infinite.

Let

• pi(μ1 ∧ μ2) be the profit of server i,

• ci(μi) be the operating cost,

• g(·) be the inventory cost.

The utilities of the players are defined as

f1(μ1, μ2) := p1(μ1 ∧ μ2)− c1(μ1)− g
(

μ1

μ2 − μ1

)

f2(μ1, μ2) := p2(μ1 ∧ μ2)− c2(μ2)− g
(

μ1

μ2 − μ1

)
.

The strategy spaces are given by

S1(μ2) = {μ1 : 0 ≤ μ1 ≤ μ2},

S2(μ1) = {μ2 : μ1 ≤ μ2 ≤ u}.
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It is shown in [38] that if g is convex increasing then fi are super-modular. So

we can apply the results of the previous subsection, and obtain (1) the property of

“joining the crowd” of the best response policies, (2) existence of an equilibrium,

(3) convergence to equilibrium of some round robin dynamic update schemes.

6.4 Example of Sub-Modularity: Flow Control

We consider now an example for sub-modularity. There is a single queueing centre

with two input streams of Poisson arrivals with rates λ1 and λ2. The rates of the

streams are controlled by 2 players.

The queueing center consists of c servers and no buffers. Each server has one

unit of service rate.

When all servers are occupied, an arrival is blocked and lost.

The blocking probability is given by the Erlang loss formula:

B(λ) = λ
c

c!

[
c∑

k=0

λk

k!

]−1

where λ = λ1 + λ2.

Suppose user i maximizes

fi = ri(λi)− ci(λB(λ)).

ci is assumed to be convex increasing. λB(λ) is the total loss rate.

Then it is easy to check [38] that fi are sub-modular.

Two different settings can be assumed for the strategy sets. In the first, the

available set for player i consists of λi ≤ λ. Alternatively, we may consider that

the strategy sets of the players depend on each other and the sum of input rates has

to be bounded: λ ≤ λ. Then Si satisfy the descending property. We can thus apply

again the results of subsection 6.2.

6.5 A Flow Versus Service Control

Exponentially inter-arrivals as we used in previous examples are quite appealing

to handle mathematically, and they can model sporadic arrivals, or alternatively,

information packets that arrive one after the other but whose size can be approxi-

mated by an exponential random variable. In this example we consider, in contrast,

a constant time T between arrivals of packets, which can be used for modeling

ATM (Asynchronous Transfer Mode) networks in which information packets have

a fixed size.

We consider a single node with a periodic arrival process, in which the first

player controls the constant time period T ∈ [T , T ] between any two consecutive

arrivals. We consider a single server with no buffer. The service time distribution is
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exponential with a parameterμ ∈ [μ,μ], which is controlled by the second player.

If an arrival finds the server busy then it is lost. The loss probability is given by

Pl = exp(−μT ),

which is simply the probability that the random service time of (the previous)

customer is greater than the constant T .

The transmission rate of packets is T −1, but since a fraction Pl is lost then the

goodput (the actual rate of packets that are transmitted successfully) is

G = 1

T
(1− exp(−μT )).

We assume that the utility of the first player is the goodput plus some function

of the input rate T −1. The server earns a reward that is also proportional to the

goodput, and has some extra operation costs which is a function of the service rate

μ. In other words,

J1(T , μ) =
1

T
(1− exp(−μT ))+ f (T −1),

J2(T , μ) =
1

T
(1− exp(−μT ))+ g(μ).

We then have for i = 1, 2

∂Ji
2

∂T ∂μ
= −μ exp(−μT ) ≤ 0.

We conclude that the cost is sub-modular.

7 Applications of S-Modularity to Stochastic Games

In the previous examples of S-modularity, we used that notion in static games and

applied it directly to the policies. An alternative use of (a stronger version of) S-

modularity is in applying it to dynamic programming operators, which allows us to

obtain structural results for equilibrium policies. We shall restrict ourselves in this

section to zero-sum games in which player one maximizes some cost and player

two seeks to minimize it.

Before introducing the stochastic game setting, we first introduce the structural

results in a setting of a set of matrix games. We shall then explain in subsection

7.2 how this has been used to solve in [3,4] a stochastic zero-sum game in which

both flow and service are controlled. We then solve in the subsequent subsection

a more involved stochastic game in which there are several sources of flow. We

conclude with a discussion.



Applications of Dynamic Games in Queues 333

7.1 Monotonic Policies are Matrix Games

Let X = {0, 1, 2, . . . , L} where L may be finite or infinite. Consider a set of

matrix games {S(x, a, b)}a,b indexed by x ∈ X where a ∈ A(x) and b ∈ B(x)

are the finite set of actions of players 1 and 2 respectively. We assume that A(x) is

monotonically increasing in x and that B(x) is monotone decreasing in x. If game

x is played and the players choose actions a and b, then player 2 pays to player 1

S(x, a, b).

We introduce the following assumptions:

J1 (strong sub-modularity): For any b1 > b2 and any a1 and a2,

S(x, a1, b2)− S(x, a1, b1)− [S(x − 1, a2, b2)

− S(x − 1, a2, b1)] > 0, 0 < x ≤ L.

J2 (strong super-modularity): For any a1 > a2 and any b1 and b2,

S(x, a2, b1)− S(x, a1, b1)− [S(x − 1, a2, b2)

− S(x − 1, a1, b2)] < 0, 0 < x ≤ L.

ux (resp. vx) will denote a randomized strategy for player 1 and player 2, respec-

tively, at game x. A policy u = {ux}, x ∈ X for player 1 is a sequence of random-

ized strategies for all possible games. A policy for player 2 is defined similarly.

We now describe the type of monotonicity of optimal policies that will occur in

the above problems. Let v : X → M(B). Denote b
sup
x (v) := the greatest b in the

support of ux , i.e. the greatest b ∈ B that is chosen by u with positive probability

in state x. Denote b
inf
x (u) := the smallest b in the support of ux . We say that a

decision rule ut at time t is strongly monotonically decreasing if for any x ∈ X

and y with y < x, b
inf
y (ut ) ≥ bsupx (ut ). The analogous definitions hold naturally

for player 1.

Note that as a direct consequence from the definition of strongly monotonic

policies we have

Lemma 7.1. If u is strongly monotone then it randomizes in at most |A| − 1

games. If v is strongly monotone then it randomizes in at most |B| − 1 games.

Denote valS(x):= the value of the matrix game x, and S(x, u, v):= the expected

cost that player 2 pays to player 1 at game x when mixed strategies u and v are used.

We now present the main structural results for the saddle point policies for the

games x ∈ X.

Theorem 7.1. Choose any saddle point policies u and v for players 1 and 2,

respectively.
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(i) Assume J1. Then u is strongly monotone.

(ii) Assume J2. Then v is strongly monotone.

Proof. Assume J1. Let v be any saddle point policy for player 2. Then for any

b2 > b1, and any policy u, we have by J1

�(u, x) := S(x, ux, b2)− S(x, ux, b1)

− [S(x − 1, ux−1, b
2)− S(x − 1, ux−1, b

1)] > 0.

We show that this implies that b
sup
x (v) ≤ binfx−1(v). Suppose�(x, u) is positive for

all u, but the latter does not hold, i.e. b
sup
x (v) > b

inf

x−1(v). Set b1 = binfx−1(v) and

b2 = bsupx (v). Let u be any saddle point policy for player 1. It then immediately

follows (for more details see e.g. Lemma 3.1 (i) in [3]) that

valS(x) = S(x, ux, b2) ≤ S(x, ux, b1).

Hence since �(x, u) is strictly positive, we have

S(x − 1, ux−1, b2) < S(x − 1, ux−1, b1) = valS(x − 1)

(the last inequality is again straightforward and more details can be found

in Lemma 3.1 (i) in [3]). But this contradicts the definition of the value of

the game S(x − 1). This establishes (1) by contradiction. The proof of (ii) is

symmetric. �

Corollary 7.1. (i) Assume that J1 holds. Assume that A = {a1, a2} where a1 <

a2
. Any saddle point policy u∗ for player 1 satisfies the following. There exists

mu ∈ X such that

u∗x =

⎧
⎪⎨
⎪⎩

(1, 0) if x > mu

(qu, q̄u) if x = mu
(0, 1) if x < mu

(11)

where qu ∈ [0, 1] is some constant. Moreover, any saddle point v∗x for player 2

needs no randomizations in any game except for (perhaps) x = mu.

(ii) Assume that B = {b1, b2} where b2 > b1
. Any saddle point policy v∗ for

player 2 satisfies the following. Then there exists mv ∈ X such that

v∗x =

⎧
⎪⎨
⎪⎩

(1, 0) if x > mv

(qv, q̄v) if x = mv
(0, 1) if x < mv

(12)

where qv ∈ [0, 1] is some constant u. Moreover, u∗x needs no randomizations in

any game except for (perhaps) x = mv .
Remark 7.1. It follows from Corollary 7.1 that if A = {a1, a2} and B = {b1, b2}
and if mu 	= mv then no randomizations are needed at any state by both u∗ and

v∗. If mu = mv then randomization may be needed only at x = mu = mv .
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7.2 Stochastic Game Between the Control of Flow and the Control of Service

We now briefly present the stochastic game in [3,4] consisting of a queue with a

single input flow controlled by one player, whose adversary controls the service.

We shall emphasize here the type of results and the solution approach. In the next

subsection we shall present in more detail a model with several input flows and a

controlled server.

Considered is a discrete-time single-server queue with a buffer of size L ≤ ∞.

We shall use below x to denote the state, which refers to the number of customers

in the queue. We assume that at most one customer may join the system in a time

slot. This possible arrival is assumed to occur immediately after the beginning of

the time slot. The state corresponds to the number of customers in the queue at

the beginning of a time slot. Let amin and amax be two real numbers satisfying

0 < amin ≤ amax < 1. At the end of the slot, if the queue is non-empty and if the

action of the server is a, then the service of a customer is successfully completed

with probability a ∈ A where A is a finite subset of [amin, amax]. If the service

fails the customer remains in the queue, and if it succeeds then the customer leaves

the system.

Let bmin, bmax be two real numbers satisfying 0 ≤ bmin ≤ bmax < 1. At the

beginning of each time slot, if the state is x then the flow controller chooses an

action b from a finite set B(x) ⊂ [bmin, bmax]. In this case, the probability of

having one arrival during this time slot is equal to b. If the buffer is finite (L <∞)

we assume that 0 ∈ B(x) for all x; moreover, when the buffer is full, no arrivals

are possible (B(L) = {0}). In all states other than L we assume that the available

actions are the same, and we denote them by B(x) = B.

We assume that a customer that enters an empty system may leave the system

(with probability a, when action a is used) at the end of this same time slot. The

transition law P is:

Pxaby :=

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

b̄a, if L ≥ x ≥ 1, y = x − 1;
ba + b̄ā, if L ≥ x ≥ 1, y = x;
bā, if L > x ≥ 0, y = x + 1;
1− bā, if y = x = 0;

(for any number χ ∈ [0, 1], χ̄ := 1− χ ). We define an immediate payoff

c(x, a, b) := h(x)+ θ(a)+ ζ(b) (13)

for all x ∈ X, a ∈ A and b ∈ B. We assume that h(x) is a real-valued increasing

convex function on X which is polynomially bounded, θ is a real function on A

and ζ is a real function on B. It is natural (although not necessary for the structural

results) to assume that θ is increasing in a and θ ≥ 0 whereas ζ is decreasing in b

and ζ ≤ 0. h can be interpreted as a function which gives the holding cost rates, ζ
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as a reward function related to the acceptance of an incoming customer, and θ as

a cost function per quality of service.

We thus consider a flow control problem, where the real controller is the one that

chooses actions b, and is playing in an unknown environment of service conditions,

so that the first player, which we call “nature” represents an imaginary service

controller.

Let U (V ) be the class of profiles of player 1 (player 2 resp.). A profile u ∈ U
(v ∈ V ) is a sequence u = (u0, u1, . . . ) (v = (v0, v1, . . . ) resp.) where un (resp.

vn) is a conditional probability on A (resp. B) given the history of all states and

actions of both players as well as the current state. Thus each player is assumed to

have the information of all last actions of both players as well as the current and

past states of the system. Both players know the action sets, the immediate cost

c, the initial state and the transition probabilities P . A special class of profiles are

the stationary policies, which are those we defined in the previous subsection: the

choice of a mixed action is then only a function of the current state.

Let u be a policy of player 1 and v a policy of player 2. Let ξ be a fixed number

in [0, 1). Define the discounted cost:

Vξ (x, u, v) := Eu,v
[ ∞∑

t=0

ξ t c(Xt , At , Bt ) |X0 = x
]
, (14)

where Xt , At and Bt are the stochastic processes describing the state and actions

at time t . Define the following problem (Qξ ): Find u, v that achieve

Vξ (x) := sup
u∈U

inf
v∈V

Vξ (x, u, v), ∀x ∈ X. (15)

It is known [3,4] that there exist stationary saddle point policies (u∗, v∗) for the

players, i.e. stationary policies that satisfy

sup
u∈U

inf
v∈V

Vξ (x, u, v) = inf
v∈V

sup
u∈U

Vξ (x, u, v) = sup
u∈U

Vξ (x, u, v
∗)

= inf
v∈V

Vξ (x, u
∗, v) = Vξ (x, u∗, v∗).

Vξ (x) is called the ξ -discounted value of the stochastic game. This value is further

known to be finite. (The existence of stationary saddle point policies and the

finiteness of the value also holds in the expected average cost, yet for the case of

an infinite buffer, some stability conditions have to be imposed (see [3,4]).

In the discounted stochastic game, the value function is known to satisfy the

dynamic programming equation (due to Shapley [34]), which says that for every

state x, the value function Vξ (x) evaluated at that state is equal to the value of some

matrix game S(x, a, b) (whose entries depend on x, on the discount factor, the

immediate costs, the transition probabilities and the value functions at some other

states). Moreover, the stationary policies u and v for which ux and vx are saddle
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points of the game S(x) are optimal policies for the original stochastic games.

This representation also holds for the case of infinite state space (see [4,9]). It is

shown in [3] using dynamic programming arguments that the set S(x) of matrix

games satisfies properties J1 and J2 of the previous subsection. This allows us to

conclude that any stationary policies obtained from the saddle point of the matrix

games S(x) are strongly monotone, as described in the previous subsection, and

are saddle point strategies for the stochastic game. This structure also carries on

to the expected average cost criterion (see [9]). More details are given in the next

subsection for a more general problem.

7.3 The Case of Several Input Flows

We now extend our previous model to allow, in addition to the controlled flow and

the controlled service, additional non-controlled flows that join the same queue.

They can be viewed as higher priority flows since they are not subject to flow

control and packets of these flows cannot be rejected. The probability that the total

number of packets brought by all the non-controlled flows together equals i is given

by pi , i ≥ 0. We assume that p0 > 0 (this is a necessary condition for the queue

to be stable). All other parameters are the same as in the previous subsection. We

shall only consider here the case of an infinite buffer.

Define for x ∈ X, f : X ∪ {−1} → R,

S(x, a, b, f ) := c(x, a, b)+ ξ
(
ābf (x + 1)+ (ab + āb̄)f (x)+ ab̄f (x − 1)

)
,

g(f, x) :=
∞∑

i=0

pif (x + i), x ∈ X ∪ {−1}.

The dynamic programming equation for this problem for the discounted cost is

given by

Vξ (x) = vala,bS(x, a, b, g(Vξ )), x ∈ X

where we define (with some abuse of notation) Vξ (−1) = Vξ (0).
We shall say that f : X → R satisfies assumption:

WC (weakly convex) if for all x ∈ X,

f (x + 2)− f (x + 1) ≥ f (x + 1)− f (x). (16)

SC(x) (strongly convex) if for x given,

f (x + 2)− f (x + 1) > f (x + 1)− f (x). (17)

MI if f (x) is monotonically increasing in x, i.e. for any x ∈ X,

f (x + 1) ≥ f (x) (18)

We further use the above properties (with some abuse of notation) for the class of

policies f : X ∪ {−1} → R that satisfy f (−1) = f (0).
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LetU∗ be the set of stationary policies for the service controller such thatu ∈ U∗
if and only if for any x ∈ X, ux is optimal for player 1 in the matrix game S(x, Vξ ).

Let V ∗ be the set of stationary policies for the flow controller such that v ∈ V ∗ if

and only if for any x ∈ X, vx is optimal for player 2 in the matrix game S(x, Vξ ).

Any pair (u, v) such that u ∈ U∗ and v ∈ V ∗ is optimal for problem Qξ (see e.g.

[9]).

We now present the main results.

Theorem 7.2. Consider the discounted cost. If the holding cost h satisfies MI,

WC and either h(1) > h(0) or SC(0) then

(i) The value function Vξ is strictly convex and increasing,

(ii) Vξ satisfies assumptions J1 and J2,

(iii) Any of the optimal policies u ∈ U∗ and v ∈ V ∗ are strongly monotone.

Proof. We proceed using value iteration to show that value function Vξ is weakly

convex and increasing. We note that the function which is zero for all x satisfies

these properties. Assume that a function f : X → R satisfies these properties and

so it also satisfies them when extending the range of f to X ∪ {−1} and setting

f (−1) := f (0). It clearly follows that g(f ) also satisfies these properties. One

can then use exactly the same proof as in Lemma 4.3 in [3] (replacing f by g(f ))

to show that

Tξ (f, x) := val(S(x, g(f ))

satisfies these properties. It then follows by induction that for all integers n,

T nξ (0, x) satisfies the properties. These properties pass to the limit as n→∞, and

this limit equals the value of the game (see e.g. [9]): Vξ (x) = limn→∞ T nξ (0, x).
Hence Vξ is increasing and weakly convex. We can now proceed as in the proof

of Lemma 4.3 in [3] to conclude that Vξ is in fact strictly convex so

(i) is established.

(ii) The proof of this part follows as in the proof of Theorem 4.1 in [3].

(iii) follows from (ii) by applying Theorem 7.1.
�

7.4 Discussion

We obtained structural results for a zero-sum stochastic game using a stronger

version of S-modularity notions, and applying them to the matrix games that

appear in the dynamic programming equation. This allowed us to show that both

players in the stochastic game have strongly monotonic saddle point policies. In

the case that each player has only two actions, the saddle point policies are of

a threshold type. Such threshold policies can be parameterized by a single real

number, as we saw in Section 2. One could then ask the question whether S-

modularity can be applied directly to these strategies. In other words, if both



Applications of Dynamic Games in Queues 339

players use threshold policies, is the corresponding discounted or average cost

S-modular? We have not been able to answer that question. First, even when

restricting to threshold policies, the corresponding costs do not have a simple

expression as in the examples in the previous section, so one cannot check easi-

ly the S-modularity. In fact, the power of the approach we use in this section is

that we do not need to compute the cost corresponding to each pair of threshold

policies.

An alternative way to show that there exist equilibria within threshold policies in

anN -player game would be to show that the optimal response of a player when all

other players restrict to some threshold policy, is also a threshold policy, and then

use some simple fixed point arguments. We used a similar approach in previous

sections, such as Section 2. Yet the setting there was quite different, there were

infinitely many players, each taking one action, then staying for some time in the

system without taking further decisions, and then disappearing from the system.

In this section, in contrast, we consider a finite number of “permanent players”

that control continuously the flow or the service. In this context of two permanent

players, we have not been able to show that a best response to a threshold policy

is also a threshold policy, and whether it is true remains an open problem. This

problem made it particularly hard to extend our problem to non zero-sum games

(for example, in which there are two players that send flow to the system and their

flow is controlled by two non-cooperative players). Yet, there are some examples

of stochastic non-zero sum games with a finite number of permanent players in

which it is possible to follow that approach and show that the best response to

threshold policies of other players is also a threshold policy, and that there exist

equilibria among threshold policies (see [5]).
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Abstract
We study optimal static routing problems in open multiclass networks with

state-independent arrival and service rates. Our goal is to study the uniqueness

of optimal routing under different scenarios. We consider first the overall opti-

mal policy, that is the routing policy whereby the overall mean cost of a job is

minimized. We then consider an individually optimal policy whereby jobs are

routed so that each job may feel that its own expected cost is minimized if it

knows the mean cost for each path. This is related to the Wardrop equilibrium

concept in a multiclass framework. We finally study the case of class optimiza-

tion, in which each of several classes of jobs tries to minimize the averaged

cost per job within that class; this is related to the Nash equilibrium concept.

For all three settings, we show that the routing decisions at optimum need not

be unique, but that the utilizations in some large class of links are uniquely

determined.

Key words. Routing, Networks, Game theory

1 Introduction

We consider the problem of optimal routing in networks. Much previous work

has been devoted to the routing problem in which at each node one may take new

routing decisions. We consider a more general framework in which the sources

have to decide how to route their traffic between different existing paths. (These two

problems coincide in the case where the set of paths equals the set of all possible

sequences of consecutive directed links which originate at the source and end at the

destination.) In the ATM (Asynchronous Transfer Mode [26])1 environment, this

1ATM is one of the leading architectures for high speed networks, which allows one to

integrate data, voice and video applications in a single network
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problem arises when we wish to decide on how to route traffic on a given existing

set of virtual paths or virtual connections. Our framework thus allows us to handle

routing both in a packet-switching as well as in a circuit-switching environment.

We consider three different frameworks:

(i) The overall optimization criterion, where a single controller makes the rout-

ing decisions. Extensive literature exists for this approach, both in telecom-

munication applications as well as in load balancing for distributed computer

systems [5,11,12,14,28].

(ii) The individual optimality, in which each routed individual chooses its own

path so as to minimize its own cost. An individual is assumed to have an

infinitesimally small impact on the load in the network and thus on costs of

other individuals. This framework has been extensively investigated in trans-

portation science, see [6,10,23], and was also considered in the context of

telecommunication [13] and in distributed computing [11–13]. The suitable

optimization concept for this setting is of the Wardrop equilibrium [29]; it

is defined as a set of routing decisions for all individuals such that a path is

followed by an individual if and only if it has the lowest cost for that indi-

vidual. Individual optimality is the most natural concept in networks which

implement Bellman–Ford type algorithms on a packet base; in such networks,

packets are routed along the shortest path.2

(iii) The class optimization; a class may correspond to all the traffic generated

by a big organization. It may represent a service provider in a telecommu-

nication network in case that it is the service providers that take the routing

decisions for their subscribers. A class contains a large amount of individu-

als and has a non-negligible impact on the load in the network. Each class

wishes to minimize the average cost per individual, averaged over all individ-

uals within that class; there is thus a single entity in each class which takes the

routing decisions for all individuals of that class. The suitable optimization

concept for this approach is that of Nash equilibrium [10]; it is defined as a

set of routing decisions for different classes such that no class can decrease

its own cost by unilaterally deviating from its decision. This approach was

used in telecommunication applications in [22,15,19], in load balancing prob-

lems in distributed computer systems [17,11,12] and in transportation science

in [10].

Except for some exceptions [1,3,7], optimal solutions for the different frame-

works may lead to quite different performances. In particular, the well-known

2In [9], for example, a shortest path adaptive decentralised routing protocol is proposed for

an ad-hoc network. The authors justify this approach by saying that it does not suffice to

minimize the average delay of a packet, since one has to consider in addition the resequenc-

ing delays due to the fact that packets may follow different paths. By using shortest paths, it

is likely that the sojourn times of different packets do not vary much, so that resequencing

delays are minimized.
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Braess paradox [4] shows that in the individual optimization, adding a link to the

network may result in a new equilibrium with larger delays to all users. The same

phenomenon may occur also in class optimality [17,15], but cannot occur in the

case of overall optimization (in both the class and individual optimal solutions,

traffic is sent over the new link, whereas this link is unused by the overall optimal

solution). Another important difference between the different solution concepts is

that for convex increasing link costs, the solutions are known to be unique (in terms

of link utilization) for the individual and the overall optimization, under very gen-

eral topologies for the single class case (we extend this result to the case of several

classes). However, for the class optimization problem we know of simple counter

examples (see [22] for a 4-node example) where the equilibrium is not unique.

An optimization problem does not necessarily have a unique solution. If they

are not unique, it is necessary to make clear the range and characteristics of the

solutions, in particular, when we calculate numerically the optimal solutions and

when we intend to analyse the effects of the system parameters on the optimal

solutions. [13] already studied the first two approaches (overall and individual opti-

mization) and characterised the uniqueness for a particular cost structure, that of

open BCMP queueing networks [2,18]3 with state-independent arrival and service

rates. We extend here these results to a fairly general cost function. We also extend

substantially the results obtained in [22] for the uniqueness of class optimization.

In Section 2 we provide the notation and some assumptions used in this paper. In

Section 3 we obtain the overall optimal solution, and discuss the uniqueness of the

overall optimal solution. In Section 4 we show similar results on the uniqueness of

the individually optimal solution. Some results on uniqueness for class optimiza-

tion are presented in Section 5. Numerical examples are presented in Section 6,

and the paper ends with a concluding section 7.

2 Notation and Assumptions

We consider an open network model that consists of a set M containingM links.

We assume that in the network there are pairs of origin and destination points.

We call the pair of one origin and one destination points an O-D pair. The unit

entity that is routed through the network is called a job. Each job arrives at one

of the origin points and departs from one of the destination points. The origin and

destination points of a job are determined when the job arrives in the network.

Jobs are classified into J different classes. For the sake of simplicity, we assume

that jobs do not change their class while passing through the network. A class k

job may have one of several different origin–destination pairs. Such a class may

represent all the users of a given service provider in a context of telecommunica-

tions, provided that they control the routes of the traffic of their subscribers. In the

3More details on these networks are given later on. The name BCMP was given owing to

the initials of its authors [2]
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context of road traffic it may represent the set of vehicles of a given type, such as

buses, or trucks, or bicycles etc. With this in mind, it is natural to expect that jobs

of different classes are faced with different types of routing decisions.

A class k job with the O-D pair (o, d) originates at node o and has as destination

node d which it reaches through a series of links, which we refer to as a path, and

then leaves the system. We assume that links are class-dependent directional, i.e.

for each class, there is a given direction in which the flow can be sent.

In many previous papers [22,15], routing could be done at each node. In this

paper we follow the more general approach in which a job of class k with O-D

pair (o, d) has to choose one of a given finite set of paths (see also [13,23]). We

call this set the paths of job class k O-D pair (o, d).

We assume that we can choose the job flow rate of each path in order to achieve

a performance objective. A path may be a given sequence of links that connect the

origin and destination nodes. In that case, it may correspond to a virtual connection

in ATM. We allow, however, a path to be some more general object. It may contain

a number of sub-paths; we assume however that once the job flow rate of a path

is given, the job flow rate of each sub-path in the path is fully determined (and is

not the object of a control decision). That is, the relative flow rate of each sub-path

in the same path is governed by some fixed transfer proportions (or probabilities)

between the links.

For example, one may consider paths that include noisy links, where lost packets

have to be retransmitted locally over the link. Thus, some given proportion of the

traffic in this path use a direct sub-path (no losses) whereas others have to loop

(this model losses and retransmissions). Another example of a path containing

several sub-paths is a network in which switches route arriving traffic in some fixed

proportions between outgoing links (sub-paths); if this proportion is not controlled

by the entity that takes routing decisions for the class, then the resulting routes

from the outgoing links are still considered a single path.

The solution of a routing problem is characterised by the chosen values of job

flow rates of all paths. Below, the rate of flows will be real numbers, and methods

related to convex optimization will be used. Our model is therefore appropriate

for applications in which we may ignore the discrete nature of packets and/or ses-

sions, thus avoiding the high complexity of discrete optimization methodologies.

A job can correspond to an IP packet in a network through which a large number

of packets flow (and in which the route of each packet may be different). There

are cases, as in ATM, in which all packets of a connection have to follow the same

route. Our model will still be useful provided that we need to choose the route of

a large number of sessions.

Notation Regarding the Network:

D(k) = Set of O-D pairs for class k jobs.

�
(k)
d = Set of paths that class k jobs of O-D pair d ∈ D(k) flow through.
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�(k) = Set of all paths for class k jobs, i.e., �(k) =
⋃

d∈D(k)
�
(k)
d .

γ kk
′

pd =
{

1 if p ∈ �(k
′)

d and k = k′,
0 otherwise.

Notation Regarding Arrivals to the Network and Flow Rates:

φ
(k)
d = Rate at which class k jobs join O-D pair d ∈ D(k).
φ(k) = Total job arrival rate of class k jobs, i.e., φ(k) =

∑

d∈D(k)
φ
(k)
d .

� = System-wide total job arrival rate, i.e., � =
J∑

k=1

φ(k).

x
(k)
p = Rate at which class k jobs flow through path p.

δlp = Percentage of the rate x
(k)
p that pass through link l, for p ∈ �(k).

λ
(k)
l = Rate at which class k jobs visit link l, λ

(k)
l =

∑

p∈�(k)
δlpx

(k)
p .

φ
(k)
d , φ

(k),� and δlp are given constants (and not decision variables).

Notation Regarding Service and Performance Values in the Open Network:

μ
(k)
l = Constant denoting the service rate of class k jobs at link l.

ρ
(k)
l = λ(k)l /μ

(k)
l . Utilization of link l for class k jobs.

ρl =
J∑

k=1

ρ
(k)
l . Total utilization of link l.4

T̂
(k)
l =Mean cost of class k jobs at link l.

Tl(ρl) =Weighted cost per unit flow in link l.

T
(k)
p = Average class k cost of path p, p ∈ �(k), k = 1, 2, . . . , J .5

� = Overall mean cost of a job (averaged over all classes).

�(k) = Overall mean cost of a job of class k.

Notation Regarding Vectors and Matrices:

ρ = [ρ1, ρ2, . . . , ρM ]T where T means ‘transpose’. We call this the utilization

vector.

λ = [λ
(1)
1 , λ

(1)
2 , . . . , λ

(1)
M , . . . , λ

(k)
1 ,

λ
(k)
2 , . . . , λ

(k)
M , . . . , ]

T, i.e, the vector of total flows over all links.

φ = [φ
(1)
1 , φ

(1)
2 , . . . , φ

(2)
1 , φ

(2)
2 , . . . ]T, i.e., the arrival rate vector.

4Each term in the sum is positive even if the directions of flows are not the same.
5T

(k)

l , Tl and T̂
(k)

l are defined at the end of the section (Assumption B1)
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x = [x
(1)
1 , x

(1)
2 , . . . , x

(2)
1 , x

(2)
2 , . . . ]T, i.e., the path flow rate vector.

α = [α
(1)
1 , α

(1)
2 , . . . , α

(2)
1 , α

(2)
2 , . . . ]

T, i.e., the vector whose elements are

α
(k)
d , d ∈ D(k), k = 1, 2, . . . , J ; the elements α

(k)
d correspond to some Lagrange

multipliers.

ξ = [ξ
(1)
1 , ξ

(1)
2 , . . . , ξ

(2)
1 , ξ

(2)
2 , . . . ]T, i.e., the vector whose elements are ξ

(k)
l , l ∈

M, k = 1, 2, . . . , J ; the elements ξ
(k)
l correspond to some Lagrange multipliers.

T = [T
(1)

1 , T
(1)

2 , . . . , T
(2)

1 , T
(2)
2 , . . . ]T, i.e., the vector whose elements are

T
(k)
p , p ∈ �(k), k = 1, 2, . . . , J .

x(k) = [x
(k)
1 , x

(k)
2 , . . . ]T, i.e., the path flow rate vector for class k jobs. φ(k), α(k),

and T(k) are defined similarly.

x−k = [x
(1)
1 , x

(1)
2 , . . . , x

(k−1)
1 , . . . , x

(k+1)
1 , . . . ]T, i.e., the path flow rate vector

for jobs of the classes other than class k.

Γ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

γ 11
11 γ 11

12 · · · γ 12
11 γ 12

12 · · ·

γ 11
21 γ 11

22 · · · γ 12
21 γ 12

22 · · ·
...

. . .
...

. . .

γ 21
11 γ 21

12 · · · γ 22
11 γ 22

12 · · ·

γ 21
21 γ 21

22 · · · γ 22
21 γ 22

22 · · ·
...

. . .
...

. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

i.e., the incident matrix whose (i, j) element

is γ kk
′

pd , p ∈ �(k), k = 1, 2, . . . , J, d ∈ D(k′), k′ = 1, 2, . . . , J , where i =

p +
k−1∑

κ=1

|�(κ)| and j = d +
k′−1∑

κ=1

|D(κ)|.

x · y =
∑

i

xiyi , i.e., the inner product of vectors x = [x1, x2, . . . ]
T and y =

[y1, y2, . . . ]
T.

We make the following assumptions on the cost:

B1: The cost over a path is given by as a weighted sum of link-by-link costs over

the path: associated with each link l ∈M there is a cost Tl(ρl) per flow unit, that

depends on the utilization of the link (the function Tl does not depend on the class

k!). There is further a class dependent weight factor μ
(k)
l per link l. Thus, the cost

per unit flow of class k on link l is T̂
(k)
l = Tl/μ(k)l . Thus the average cost per unit

flow of class k job that passes through path p ∈ �(k) is

T (k)p =
∑

l∈M
δlpT̂

(k)
l =

∑

l∈M

δlp

μ
(k)
l

Tl(ρl). (1)

(For examples of such costs, see [13].)

B2: Tl : [0,∞)→ [0,∞], and Tl(0) is finite.
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B3: The set M is composed of two disjoint sets of links:

(i) MI , for which Tl(ρl) are convex and strictly increasing (in the interval where

they are finite),

(ii) MC , for which Tl(ρl) = Tl are constant (independent of ρl).

B4: Tl(ρl) are continuous. Moreover, they are continuously differentiable when-

ever they are finite.

Assumptions B1–B4 cover in particular the cost that is mostly used in net-

working games in telecommunications, which is the expected queueing delay in

the so-called BCMP queueing networks [2,18] with state-independent arrival and

service rates. These include open networks (networks in which all arrivals even-

tually leave the network) in which jobs arrive at nodes according to independent

Poisson processes, and in which each node of the network is represented by (i)

a queue which has independent exponentially distributed service times and FIFO

(first in first out) service order, or (ii) a queue which has a generally (independent)

distributed service time and a processor sharing service or discipline.

Denote

ρU =ρU (x)=ρ|ρl=0,l∈MC
. This is the same asρ except thatρl = 0 for all l ∈MC .

The overall mean cost of a job, �, can be written as

� =
J∑

k=1

∑

p∈�(k)

x
(k)
p

�
T (k)p = 1

�

∑

l∈M
ρlTl(ρl).

The mean cost of a job of class k, �(k), can be written as

�(k) =
∑

p∈�(k)

x
(k)
p

φ(k)
T (k)p = 1

φ(k)

∑

l∈M
ρ
(k)
l Tl(ρl).

Note that the following conditions should be satisfied for each k = 1, 2, . . . , J,

∑

p∈�(k)d

x(k)p = φ(k)d , d ∈ D
(k), (2)

x(k)p ≥ 0, p ∈ �(k). (3)

We can express (2) as

J∑

k′=1

∑

p∈�(k′)
γ k

′k
pd x

(k′)
p = φ(k)d , d ∈ D

(k),

or, equivalently, ΓTx = φ. (4)
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Remark. Our model includes those discussed for the static routing problems of

communications networks [5,8,14]. It also includes those of the load balancing

problems of distributed computer systems such as given in [12,20,27,28]. From

condition B3 it is easy to see that T
(k)
l is a convex function of λ

(k)
l , l ∈MI , k =

1, 2, . . . , J . It follows that T
(k)
l is also convex with respect to x.

3 Overall Optimal Solution

By the overall optimal policy we mean the policy whereby routing is determined

so as to minimize the overall mean cost of a job. The problem of minimizing the

overall mean cost is stated as follows:

minimize: � = 1

�

∑

l∈M
ρlTl(ρl) (5)

with respect to x subject to

ΓTx = φ, x ≥ 0, (6)

whereρl =
∑J
k=1 λ

(k)
l /μ

(k)
l andλ

(k)
l =

∑
p∈�(k) δlpx

(k)
p . Note that (6) are the same

as (2) and (3), respectively. We call the above problem the overall optimization

problem, and its solution the overall optimal solution.

Define

t
(k)
p = ∂(��)/∂x

(k)
p , i.e., class k marginal cost of path p, p ∈ �(k), k =

1, 2, . . . , J .

t =[t
(1)
1 , t

(1)
2 , . . . , t

(2)
1 , t

(2)
2 , . . . ]T is the gradient vector of the function ��, i.e.,

the vector whose elements are t
(k)
p , p ∈ �(k), k = 1, 2, . . . , J .

Lemma 3.1. x is an optimal solution of the problem (5) if and only if x satisfies

the following conditions. There exist Lagrange multipliers α such that

[t(x)− Γα] · x = 0, (7)

t(x)− Γα ≥ 0, (8)

ΓTx− φ = 0, (9)

x ≥ 0. (10)

Proof. Since the objective function (5) is convex and the feasible region of its

constraints is a convex set, any local solution of the problem is a global solution

point. So by applying Karush–Kuhn–Tucker’s Theorem [25], we obtain that x is

an optimal solution of problems (5)–(6) if and only if x satisfies the following

conditions. There exists Lagrange multipliers α such that (7)–(10) hold. �
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Lemma 3.2. x̄ is an optimal solution of the problem (5) if and only if

t(x̄) · (x− x̄) ≥ 0, for all x (11)

such that ΓTx = φ and x ≥ 0.

Proof. (11) holds for some x̄ if and only if x̄ is the solution of the following linear

program (where the decision variables are x):

min t(x̄) · x subject to ΓTx = φ, x ≥ 0

with x̄ fixed. x is an optimal solution of the linear program if and only if x satisfies

the Kuhn–Tucker conditions (see e.g. pp 158–165 in [25]) for the Lagrangian

L(x,α∗) = t(x̄) · x+ α∗ · (φ− ΓTx). (12)

The Kuhn–Tucker conditions are

∂L

∂x
= t(x̄)− Γα∗ ≥ 0, (13)

∂L

∂x
· x = [t(x̄)− Γα∗] · x = 0, (14)

∂L

∂α∗
= φ− ΓTx = 0, (15)

x ≥ 0. (16)

That is, the relation (11) (i.e., the statement that x̄ is a solution of the above

linear program) is equivalent to the set of relations in Lemma 3.1 for some (finite)

Lagrange multiplier α∗ (for the finiteness, see Cor. on 5.1 p. 165 in [25]). �

From condition B1 we see that� depends only on the utilization of each link, ρl ,

which results from the path flow rate matrix. It is possible, therefore, that different

values of the path flow rate matrix result in the same utilization of each link and

the same minimum mean cost.

We define below the concept of monotonicity of vector-valued functions with

vector-valued arguments.

Definition. Let F(•) be a vector-valued function that is defined on a domain

S ⊆ Rn and that has values F(x) in Rn. This function is monotonic in S if for

every pair x, y ∈ S

(x− y) · [F(x)− F(y)] ≥ 0.

It is strictly monotone if, for every pair x, y ∈ S with x 	= y,

(x− y) · [F(x)− F(y)] > 0.

We need the following property:
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Lemma 3.3. Assume B1–B4, and let l ∈MI . Then

(i) Tl(ρl) is finite if and only if its derivative T ′l (ρl) is finite.

(ii) If T ′l (ρl) is infinite then for any x for which the load on link l is ρl , the

corresponding cost �(x) is infinite.

Proof. (i) Due to the convexity of Tl , we have

Tl(ρl) =
∫ ρl

0

T ′l (ζl)dζl ≤ ρlT ′l (ρl).

By B2, if Tl(ρl) = ∞ then ρl > 0, which implies by the latter equation that

T ′l (ρl) is infinite.

For the converse, assume that Tl(ρl) is finite. Then by continuity, there exists

some ǫ > 0 such that Tl(ρl + ǫ) is finite. Since Tl is convex, T ′l (ρl) ≤
ǫ−1(Tl(ρl + ǫ)− Tl(ρl)) and is thus finite as well.

(ii) If T ′l (ρl) is infinite then by (i), Tl(ρl) is infinite; moreover, ρl > 0 by assump-

tion B2, so that �(ρ) = ∞ (by (5)). �

For the function t(x) we have the following.

Lemma 3.4. Assume B1–B4. Whenever finite, t(x) is monotone but is not

strictly monotone, i.e., for arbitrary x and x′ (x 	= x′), if �(x) or �(x′) is finite

then

(x− x′) · [t(x)− t(x′)] > 0 if ρU 	= ρ′U , (17)

= 0 if ρU = ρ′U , (18)

where ρU = ρU (x) and ρ′U := ρU (x
′) are the utilization vectors that x and x′

result in, respectively.

Proof. Assume that ρU 	= ρ′U . Then

(x− x′) · [t(x)− t(x′)]

=
J∑

k=1

∑

p∈�(k)
(x(k)p − x ′(k)p )[t (k)p (x)− t (k)p (x′)]

=
J∑

k=1

∑

p∈�(k)

∑

l∈M
(x(k)p − x ′(k)p )

× δlp

μ
(k)
l

{[
Tl(ρl)− Tl(ρ′l)

]
+
[
ρl
dTl(ρl)

dρl
− ρ′l

dTl(ρ
′
l)

dρ′l

]}

=
∑

l∈MI

(ρl − ρ′l)
{[
Tl(ρl)− Tl(ρ′l)

]
+
[
ρl
dTl(ρl)

dρl
− ρ′l

dTl(ρ
′
l)

dρ′l

]}
> 0
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(The second equality above follows from (1). The last inequality follows from the

strict monotonicity of Tl(ρl), as well as the fact that its derivative is increasing in ρl ,

and the derivative remains increasing when multiplied by ρl . Due to Lemma 3.3,

if�(ρ) is finite then T ′l (ρl) is finite for all links l ∈M (and similarly for�(ρ′)).
The last inequality follows since by conditionB3, Tl(ρl) are strictly monotone and

ρldTl(ρl)/dρl are increasing for l ∈ MI . Therefore we have the relations (17)

and (18). �

Theorem 3.1. AssumeB1–B4 and that there exists some finite feasible solution.

Then the utilization in each link k ∈ MI is uniquely determined and is the same

for all overall optimal solutions.

Proof. Suppose that the overall optimal policy has two distinct solutions x̂ =
and x̃, which result in the utilization vectors ρ̂U := ρU (x̂) and ρ̃U := ρU (x̃),

respectively, and ρ̂U 	= ρ̃U . Then we have from Lemma 3.2, t(x̂)·(x̃−x̂) ≥ 0, t(x̃)·
(x̂− x̃) ≥ 0. Hence

(x̂− x̃) ·
[

t(x̂)− t(x̃)

]
≤ 0.

From Lemma 3.4 we have

(x̂− x̃) ·
[

t(x̂)− t(x̃)

]
> 0,

since ρ̂U 	= ρ̃U . This leads to a contradiction. That is, if there exist two distinct

optimal solutions, the utilization vectors of both the solutions must be the same.

Note that the utilization of link l ∈ MC is considered always zero. Naturally,

in that case,
∑
l∈MC

ρl must be unique but each of ρl, l ∈ MC , need not be

unique. �

Note that even when the utilization in each link is unique, the overall optimal

solution may not be unique. This is due to the fact that T depends only on ρ (see

(5)) (thus if x is overall optimal then any solution x′ that gives rise to the same

value of ρ will be optimal as well). In Section 5 of [13] there is an example of the

cases where more than one optimal solution exists.

Now let us consider the range of the optimal solutions. From the above,

we obtain the following relations that characterize the range of the optimal

solutions.

J∑

k=1

∑

p∈�(k)
δlp
x
(k)
p

μ
(k)
l

= ρl, l ∈MI , (19)

∑

l∈MC

J∑

k=1

∑

p∈�(k)
δlp
x
(k)
p

μ
(k)
l

=
∑

l∈MC

ρl,



354 E. Altman and H. Kameda

and for k = 1, 2, . . . , J,

∑

p∈�(k)d

x(k)p = φ(k)d , d ∈ D
(k), (20)

x(k)p ≥ 0, p ∈ �(k), (21)

where the value of each ρl is what an optimal solution x results in. From the

relations (19)–(21) we see that optimal path flow rates belong to a convex polyhe-

dron. Then we have the following proposition about the uniqueness of the optimal

solutions.

Corollary 3.1. The overall optimal solution is unique if and only if the total

number of elements in x does not exceed the number of linearly independent

equations in the set of linear equations (19)–(20).

4 Individually Optimal Solution

By the individually optimal policy we mean that jobs are scheduled so that each job

may feel that its own mean cost is minimum if it knows the mean cost T
(k)
p (x) of

each path of the O-D pair d, p ∈ �(k)d , k = 1, . . . , J . By the individual optimiza-

tion problem we mean the problem of obtaining the routing decision that achieves

the objective of the individually optimal policy. We call the solution of the individ-

ual optimization problem the individually optimal solution or the equilibrium. In

the equilibrium, no user has any incentive to make a unilateral decision to change

its route. Wardrop [29] considered this equilibrium for a transportation network

and defined it through two principles: a policy is equilibrium if for each individual

of a class, the delay along paths which are actually used between the source and

destination are (i) the same, and (ii) they are smaller than or equal to the delays

along paths not used. It is well known that the solution of the Wardrop equilibrium

can be obtained by a single mathematical problem that is obtained by a transfor-

mation of the cost [23]. This is related to the fact that this is a special case of

potential games (with a continuum of players), see e.g. [21,24]. We shall obtain a

similar solution approach through a mathematical program for our setting as well.

We assume that there is a routing decision and that x is the path flow rate matrix

which results from the routing decision. The individually optimal policy requires

that a class k job of O-D pair d should follow a path p̂ that satisfies

T
(k)

p̂
(x) = min

p∈�(k)d
T (k)p (x) (22)

for all d ∈ D(k), k = 1, 2, . . . , J . If a routing decision satisfies the above

condition, we say the routing decision realizes the individually optimal policy.
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Definition. The path flow rate vector x is said to satisfy the equilibrium conditions

for a multi-class open network if the following relations are satisfied for all d ∈
D(k), k = 1, 2, . . . , J ,

T (k)p (x) ≥ A(k)d , x
(k)
p = 0, (23)

T (k)p (x) = A(k)d , x
(k)
p > 0, (24)

∑

p∈�(k)d

x(k)p = φ(k)d , (25)

x(k)p ≥ 0, p ∈ �(k)d , (26)

whereA
(k)
d = min

p∈�(k)d
T (k)p (x), d ∈ D(k), k = 1, . . . , J.

Note that (23)–(26) are identical to the relations

[T(x)− ΓA] · x = 0, (27)

T(x)− ΓA ≥ 0, (28)

ΓTx− φ = 0, (29)

x ≥ 0, (30)

where A = [A
(1)
1 , A

(1)
2 , . . . , A

(2)
1 , A

(2)
2 , . . . ]

T, i.e., the vector whose elements are

A
(k)
d , d ∈ D(k), k = 1, 2, . . . , J . The above definition is the natural extension of

the notion of Wardrop [29] equilibrium to our setting.

Theorem 4.1. Assume B1–B4. There exists an individually optimal solution x

which satisfies the relations (27)–(30).

Proof. Define T̃ (x) by

T̃ (x) = 1

�

[ ∑

l∈MI

∫ ρl

0

Tl(s)ds +
∑

l∈MC

ρlTl

]
,

(where we recall that ρl =
∑J
k=1 λ

(k)
l /μ

(k)
l and λ

(k)
l =

∑
p∈�(k) δlpx

(k)
p ). Note that

T̃ (x) is a convex increasing function of x. Then by (1),

T (k)p (x) = ∂

∂x
(k)
p

(�T̃ (x)).

Introduce the following convex nonlinear program:

minimize T̃ (x)with respect to x s.t. (29)–(30).

The Kuhn–Tucker conditions are the same as (27)–(30). Therefore, the program

should have an optimal solution which must satisfy relations (27)–(30). �
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We can express the individually optimal solution in the variational inequal-

ity form by using the same method as that for the overall optimal solution as

follows.

Corollary 4.1. Assuming B1–B4, x̄ is an individually optimal solution if and

only if it is feasible and

T(x̄) · (x− x̄) ≥ 0, for all x

such that ΓTx = φ and x ≥ 0.

Proof. Similar to the proof of Lemma 3.2. �

Lemma 4.1. Assume B1–B4. Whenever finite, the function T(x) is monotone

but is not strictly monotone. That is, for arbitrary x and x′ (x 	= x′), if T(x) are

finite or T(x′) are finite then

(x− x′) · [T(x)− T(x′)] > 0 if ρU 	= ρ′U , (31)

= 0 if ρU = ρ′U (32)

where ρU and ρ′U are the utilization vectors that x and x′ result in respectively.

Proof. This Lemma can be proved in the same way as the Lemma 3.4. Assume

that ρU 	= ρ′U . Then

(x− x′) · [T(x)− T(x′)]

=
J∑

k=1

∑

p∈�(k)

∑

l∈MI

(x(k)p − x ′(k)p )× δlp

μ
(k)
l

(Tl(ρl)− Tl(ρ′l))

=
∑

l∈MI

(ρl − ρ′l)(Tl(ρl)− Tl(ρ′l)) > 0

The last inequality follows since by condition B3, Tl(ρl) are strictly monotone for

l ∈MI . Therefore we have the relations (31) and (32). �

Theorem 4.2. AssumeB1–B4. Then all equilibria, for which all users have finite

cost, have the same utilization on links l ∈MI .

Proof. We can prove this theorem in the same way as Theorem 3.1. �

Here again, individually optimal solution may not be unique. The range of the

individually optimal solutions (related to finite costs) is given by the same set of

relations as (19)–(21) but with possibly different values of ρl, l = 1, 2, . . . ,M .

Next, we illustrate that the uniqueness of the utilization is indeed restricted to

equilibria with finite cost. Consider the following network. There are 4 nodes:
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{1, 2, 3, 4} and 1 class. The set of links is {(12), (13), (24), (34), (23)}. There is

an amount of flow of φ = φ(1) = 1 to ship between the source node 1 and the

destination node 4. The cost per link is given by

Tl(ρl) =
1

1− ρl
.

The strategy in which all the flow goes along the path (1 → 2 → 3 → 4) is

individually optimal. Indeed, given that all users follow this path, no individual

can decrease his/her cost by choosing another path. This gives rise to infinite cost

for all individuals.

However, there exists another individual optimal strategy: to route half of the

flow along the path 1 → 2 → 4 and the other half through the path 1 → 3 → 4.

This is the unique equilibrium that has finite cost for all users.

5 Class Optimal Solution

Our purpose in this section is to present equivalent characterizations of the class

optimal solution and to extend the known uniqueness results to more general

assumptions.

The question of uniqueness for the class optimal solution has only been treated

for some special cases [1,16,22]. A counterexample in [22] shows that different

class optimal solutions may exist, with different utilizations.

The following assumption will be made throughout:

G: If not all classes have finite cost, then at least one of the classes which has

infinite cost can change its own flow to make this cost finite.

5.1 Problem Formulation

By the class optimal policy we mean that jobs are scheduled so that the expected

cost of each class may be minimum under the condition that the schedul-

ing decisions on jobs of the other classes are given and fixed. By the class

optimization problem we mean the problem of obtaining the routing decision

x that achieves the objective of the class optimal policy. We call the solu-

tion of the class optimization problem the class optimal solution or the Nash

equilibrium. In the Nash equilibrium, no class has any incentive to make a

unilateral decision to change the decision on the routes of the jobs of the

class.

AssumptionG above implies that in any Nash equilibrium, all classes have finite

costs.

We assume that there is a routing decision and that x is the path flow rate

matrix which results from the routing decision. The class optimal policy requires

that

�(k)(x(k), x−k) = min
x′(k)

�(k)(x′(k), x−k) (33)
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for all k = 1, 2, . . . , J (�(k)(x′(k), x−k) is the overall mean cost of a job of class

k given that other classes use flow rate x−k , and class k uses x′(k)). If x satisfies

the above condition we say that it realizes the class optimal policy.

The problem of minimizing the mean cost for jobs of class k is stated as

follows:

minimize: �(k) = 1

φ(k)

∑

l∈M
ρ
(k)
l Tl(ρl) (34)

with respect to x(k) with x−k being fixed subject to

ΓTx = φ, x ≥ 0

(where we recall that ρ
(k)
l = λ

(k)
l /μ

(k)
l , ρl =

∑J
k=1 ρ

(k)
l and λ

(k)
l =

∑
p∈�(k)

δlpx
(k)
p ).

5.2 Variational Inequalities and Kuhn–Tucker Conditions

As in the previous sections we can get the Kuhn–Tucker conditions and the

variational inequalities form by using the same reasoning as before. First we

define

t̃
(k)
p = ∂(φP (k)�(k))/∂x

(k)
p , i.e., class k marginal class-cost of path p, p ∈

�(k), k = 1, 2, . . . , J .

t̃ = [t̃
(1)
1 , t̃

(1)
2 , . . . , t̃

(2)
1 , t̃

(2)
2 , . . . ]T, i.e., the vector whose elements are t̃

(k)
p , p ∈

�(k), k = 1, 2, . . . , J .

t̃
(k)

= [t̃
(k)
1 , t̃

(k)
2 , . . . ]T.

Lemma 5.1. x is an optimal solution of the problem (33) if and only if x is feasible

and it satisfies the following conditions

[t̃(x)− Γα] · x = 0, (35)

t̃(x)− Γα ≥ 0, (36)

ΓTx− φ = 0, (37)

x ≥ 0. (38)

Proof. Since the objective function (34) is convex and the feasible region of its

constraints is a convex set, any local solution of the problem is a global solution

point. To obtain the optimal solution of player k given the policies x−k of other

players, we construct the Lagrangian function for (34), k = 1, 2, . . . , J ,

L(k)(x,α(k)) = �(k)�(k) + α(k) · (φ(k) − Γ(k)Tx(k)).
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where Γ(k) = incident matrix whose (p, d) element is γ kkpd ,p ∈ �(k), d ∈ D(k), k =
1, 2, . . . , J .

By the Kuhn–Tucker theorem x is an optimal solution if and only if there exists

some (finite) α and the following relations hold for k = 1, 2, . . . , J

∂L(k)

∂x(k)
= t̃

(k)
(x)− Γ(k)α(k) ≥ 0, (39)

∂L(k)

∂x(k)
· x(k) = [t̃

(k)
(x)− Γ(k)α(k)] · x(k) = 0, (40)

∂L(k)

∂α(k)
= φ(k) − Γ(k)

T
x(k) = 0, (41)

x(k) ≥ 0, (42)

where (∂L(k))/(∂x) denotes the vector whose elements are (∂L(k))/(∂x
(k)
p ), p ∈

�(k), k = 1, 2, . . . , J (for the finiteness, see [25] Cor. 5.1). We see that relations

(39)–(42) for k = 1, 2, . . . , J are the same as relations (35)–(38). �

We can express the class optimal solution in the variational inequality form in

the same way as the overall optimal solution as follows.

Corollary 5.1. Assume B1–B4. x̄ is a class optimal solution if and only if it is

feasible and

t̃(x̄) · (x− x̄) ≥ 0, for all x

such that ΓTx = φ and x ≥ 0.

Proof. Similar to the proof of Lemma 3.2. �

5.3 All Positive Flows

We make the following assumptions:

• μ(k)l can be represented as a(k)μl , and 0 < μ
(k)
l is finite.

• At each node, each class may re-route all the flow that it sends through that

node to any of the out-going links of that node. Thus the set of paths for class

k equals the set of all possible sequences of consecutive directed links which

originate at a source s and end at the destination d , sd ∈ D(k).
• The rate of traffic of class k that enters the network at node v is given by φ

(k)
v ;

if this quantity is negative this means that the traffic of class k leaves node v

at a rate of |φ(k)v |. We assume that
∑
v φ

(k)
v = 0.

For each node u and class k, denote by In(u, k) the set of its in-going links, and

denote by Out(u, k) the set of its out-going links.
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Due to the second assumption, we may work directly with the decision variables

λ
(k)
l instead of working with the path flows. For each node v we can then replace

(4) by:

∑

l∈Out(v,k)
λ
(k)
l =

∑

l∈In(v,k)
λ
(k)
l + φ(k)v

We shall use the Kuhn–Tucker condition. To do so, we define the Lagrangian

L(k)(λ, ξ(k)) =
∑

l∈M
ρ
(k)
l Tl −

∑

u

ξ (k)u

[ ∑

l∈Out(u,k)
λ
(k)
l −

∑

l∈In(u,k)
λ
(k)
l − φ(k)u

]
.

Here, ξ(k) = [ξ
(k)
1 , ξ

(k)
2 , . . . , ξ

(k)
M ]T is the vector of Lagrange multipliers for class k.

An assignment λ∗ is class-optimal if and only if the following Kuhn–Tucker

conditions hold. There exists some ξ(k) = [ξ
(k)
u ] such that

∂L(k)(λ∗, ξ(k))

∂λ
(k)
l

≥ 0, (43)

∂L(k)(λ∗, ξ(k))

∂λ
(k)
l

= 0 if, λ
(k)
l > 0; (44)

λ
(k)
l ≥ 0,

∑

l∈Out(v,k)
λ
(k)
l =

∑

l∈In(v,k)
λ
(k)
l + φ(k)v .

Define

K
(k)
l (ρ

(k)
l , ρl) =

∂ρ
(k)
l Tl(ρl)

∂λ
(k)
l

.

Then

K
(k)
l (ρ

(k)
l , ρl) =

1

μ
(k)
l

(
ρ
(k)
l

∂Tl(ρl)

∂ρl
+ Tl(ρl)

)

Conditions (43)–(44) can be rewritten as

K
(k)
l (ρ

(k)
l , ρl) ≥ ξ

(k)
u − ξ (k)v , (45)

with equality if λ
(k)
l > 0 and l = (u, v). Note that condition B3 implies that

K
(k)
l (ρ

(k)
l , ρl) is strictly monotonically increasing in both arguments.
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Lemma 5.2. Assume B1–B4. Assume that λ and λ̂ are two class-optimal solu-

tions with finite costs. If ρl = ρ̂l for all links l of type MI (see assumption B3)

then λ
(k)
l = λ̂(k)l , k = 1, . . . , J .

Proof. Assume that under the assumptions of the Lemma the conclusions do not

hold. Then there exist some l ∈MI and some k such that

λ̂
(k)
l > λ

(k)
l . (46)

We now construct another network with the same nodes and links as the original

one, with the flow on a link l between two points u and v given by |λ̂(k)l − λ(k)l |,
its direction is (uv) if and only if λ̂

(k)
uv − λ(k)uv > 0 and is otherwise (vu). In this

network there are no inputs and outputs. It follows from (46) that the network

contains a cycle C with strictly positive flow.

We now consider any link (uv) ∈ C. Then in the original network either (uv) is

the direction of the flow of class k andλ̂
(k)
(uv) > λ

(k)
(uv), or the direction is (vu) and

λ̂
(k)
(vu) < λ

(k)
(vu). In the first case we have by Kuhn–Tucker conditions

ξ̂ (k)u − ξ̂ (k)v = K(k)(uv)(ρ̂
(k)
(uv), ρ̂(uv)) ≥ K

(k)
(uv)(ρ

(k)
(uv), ρ(uv)) = ξ

(k)
u − ξ (k)v . (47)

In the second case, we have

ξ (k)v − ξ (k)u = K(k)(vu)(ρ
(k)
(vu), ρ(vu)) ≥ K

(k)
(vu)(ρ̂

(k)
(vu), ρ̂(vu)) = ξ̂

(k)
v − ξ̂ (k)u . (48)

Due to the strict monotonicity of K for l ∈ MI , there is at least one link in C

for which a strict inequality holds in the corresponding inequality among (47) and

(48). This implies that

0 =
|C|∑

i=1

(ξ̂
(k)
i − ξ̂ (k)i−1) >

|C|∑

i=1

(ξ
(k)
i − ξ (k)i−1) = 0

which is a contradiction. Thus the Lemma is established. �

Theorem 5.1. Assume B1–B4. Denote by M1(λ) the sets of links l such that

λ
(k)
l > 0,∀k = 1, . . . , J for an assignment λ.

Assume that λ and λ̂ are two class-optimal solutions with finite costs for all players.

Assume that λ
(k)
l = 0,∀k,∀l /∈M1(λ), λ̂

(k)
l = 0,∀k,∀l /∈M1(λ̂).

Then λ
(k)
l = λ̂(k)l for all l ∈MI (see assumption B3 for the definition of MI ).

Proof. Denote ξu =
∑J
k=1 a

(k)ξ
(k)
u , where a(k) is defined in the beginning of

Subsection 5.3, and

Sl(ρl) =
∑

k

μ
(k)
l K

(k)
l (ρ

(k)
l , ρl) = ρl

∂Tl(ρl)

∂ρl
+ JTl(ρl).
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Note that the assumption that costs are finite and Lemma 3.3 imply that Sl(ρl) are

finite and Assumption B3 implies that Sl(ρl) is strictly monotone.

Let ξ̂ denote the vector of the Lagrange multipliers corresponding to λ̂. (45)

implies that

μ−1
uv Suv(ρuv) ≥ ξu − ξv, (49)

with equality for (u, v) ∈M1(λ). A similar relation holds for λ̂. We obtain that

0 ≤
∑

(u,v)∈M
(ρuv − ρ̂uv)(Suv(ρuv)− Suv(ρ̂uv)) (50)

≤
∑

(u,v)∈M
μuv(ρuv − ρ̂uv)

(
(ξu − ξ̂u)− (ξv − ξ̂v)

)
= 0.

The first inequality follows from the strict monotonicity of Sl(ρl) for l ∈MI ; for

l ∈MC this relation is trivial. The second inequality holds in fact for each pair u,

v (and not just for the sum). Indeed, for (u, v) ∈ M1(λ) ∩M1(λ̂) this relation

holds with equality due to (49). This is also the case for (u, v) /∈M1(λ)∪M1(λ̂),

since in that case ρuv = ρ̂uv = 0. Consider next the case (u, v) ∈M1(λ), (u, v) /∈
M1(λ̂). Then we have

(ρuv − ρ̂uv)(Suv(ρuv)− Suv(ρ̂uv))

= ρuv(Suv(ρuv)− Suv(ρ̂uv)) ≤ μuvρuv(
(
ξu − ξ̂u)− (ξv − ξ̂v)

)
.

A symmetric argument establishes the case (u, v) ∈ M1(λ̂), (u, v) /∈ M1(λ).

We finally establish the last equality in (50).
∑

(u,v)∈M
μuv(ρuv − ρ̂uv)

(
(ξu − ξ̂u)− (ξv − ξ̂v)

)

=
∑

j

(ξj − ξ̂j )
∑

w

(ρjw − ρ̂jw)μjw −
∑

j

(ξj − ξ̂j )
∑

w

(ρwj − ρ̂wj )μwj

=
J∑

k=1

(∑

j

(ξj − ξ̂j )
∑

w

(ρ
(k)
jw − ρ̂

(k)
jw)μjw

−
∑

j

(ξj − ξ̂j )
∑

w

(ρ
(k)
wj − ρ̂

(k)
wj )μwj

)

=
J∑

k=1

1

a(k)

[∑

j

(ξj − ξ̂j )
( ∑

l∈Out(j,k)
(λ
(k)
l − λ̂(k)l )−

∑

l∈In(j,k)
(λ
(k)
l − λ̂(k)l )

)]

= 0

(we used the fact that the sum of φ
(k)
v over all nodes v is equal to zero so that the

difference of ingoing and outgoing lambda’s is also zero). We conclude from (50)

that ρl = ρ̂l for all links in MI . The proof follows from Lemma 5.2. �
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Remark 5.1. Theorem 5.1 and its proof are substantial extensions of [22] who

considered the special case where μil do not depend on l and i, where there is

a single source-destination pair which is the same for all users (all paths and all

classes), and where M1(λ) =M1(λ̂). Moreover, the costs of all links are assumed

in [22] to be strictly increasing.

Next, we present an example of load balancing [17] that occurs in distributed

computing, in which different classes have different sources and where our unique-

ness result may apply.

Example 5.1. There are two processors and a single communication means that

connects them. Nodes are numbered 1 and 2. We associate a class with each node

(and thus have two players in the game). Node i has the external arrival of jobs to

process with rate φi and it has to decide what fraction of the arriving jobs would be

processed locally and what fraction should be forwarded to the other node. Delay

is incurred at each node (processing delay) as well as in the communication bus

(communication delay), and the goal of each class is to minimize the average delay

of jobs of that class. The delay at each network element (nodes and communication

bus) is an increasing function of the total job rates that use that element (thus

the decisions of one class also influence the cost for the other class). This load

balancing problem can be modeled as a network game that consists of three nodes

and three links:

• Nodes: s1, s2, d, where si is the source of jobs of class i, and d is a common

destination.

• Links: sid, i = 1, 2 represent the processor i, and s1s2 represents the com-

munication bus.

d

s s
1 2

Class 2 arrivalsClass 1 arrivals

Proc. 2Proc. 1

Comm.
bus

Figure 1: A network representation of the load balancing problem
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• Paths: Class i has two paths, si → d (corresponding to local processing)

and path si → sj → d , that corresponds to forwarding jobs to the other

processor.

This network model is depicted in Fig. 1. We conclude that for the above

problem, there is at most one equilibrium (under the appropriate assumptions

on the delay functions) at which each class splits its arrival flows: a fraction

is processed locally and a fraction is forwarded. Numerical examples can be

found in [17] (in which the problem of the uniqueness of the equilibrium is not

addressed).

6 Numerical Examples

Consider a simple example of a network composed of two parallel links M =
{a, b} and J identical classes: Each link can be identified with a path. We consider

for simplicity μ
(k)
a = 1, μ

(k)
b = 2, k = 1, . . . , J . Consider an M/M/1 type cost,

i.e.

T̂l =
1/μ

(k)
l

1− ρl
,

l = a, b, k = 1, . . . , J (Tl is infinite for ρl ≥ 1). Let φk = 2/J . We note that

ρa =
∑
j λ
(j)
a

1
= 2−

∑

j

λ
(j)
b = 2(1− ρb).

Hence, ρa < 1 implies that ρb > 0.5. We have:

J� =
∑

l=a,b
ρlTl(ρl) =

∑

l=a,b

ρl

1− ρl

= 2(1− ρb)
2ρb − 1

+ ρb

1− ρb
.

The overall optimal solution is obtained at ρ∗b =
√

1/2, which gives ρ∗a = 2−
√

2

and �(ρ) = (2
√

2+ 1)/J .

In order to obtain the individual optimization, we note that

T
(k)
l = 1/μl

1− ρl
, k = 1, . . . , J.

This gives

T (k)a = 1

2ρb − 1
, T

(k)
b = 1

2(1− ρb)
, k = 1, . . . , J.
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The individual optimum is obtained at ρ̄a = 1/4, ρ̄b = 3/4, which gives delays

along the two links of T
(k)
a = T (k)b = 2.

In both cases the solution in terms of the ρl’s is unique. Any choice of rates

x
(k)
l that gives the corresponding ρl is optimal, and it is clearly not unique. For

example, if J = 2,

x
(k)
l = μlρ∗l /2, l = a, b, k = 1, 2

is an overall optimal solution and

x
(k)
l = μl ρ̄l/2, l = a, b, k = 1, 2

is an individually optimal solution. Another overall optimal solution is

x(1)a = ρ(1)a = ρ∗a , x
(2)
b = 1− x(1)a , x(2)a = 0, x

(2)
b = 1,

and another individually optimal solution is

x(1)a = ρ(1)a = ρ̄a, x(2)b = 1− x(1)a , x(2)a = 0, x
(2)
b = 1.

Unlike the overall and individually optimal solutions, the class optimal solution

for this problem is indeed unique, as has been shown in [22].

7 Concluding Remarks and Perspectives

We studied multiclass static routing problems with several types of optimization

concepts in networks: the overall optimization, individual optimization and class

optimization. The routing problem is of the type studied in [13], where one has to

determine the assignment of the flow rates among different paths. This setting is

more general than the one in which routing decisions may be taken at each node

[15,22]; it is of special importance to telecommunications networks, in particular

ATM networks, in which users have to route their traffic through predetermined

virtual paths. We established the uniqueness of the utilization under the optimal

solutions for different types of optimization problems.

Our flow allocation model is a simplification of the most general ones expected

to be encountered in actual communication networks. In particular, we considered

a single cost per decision maker which is based on additive link costs. This model

covers costs such as expected delays, but may fall short of covering other types of

costs such as loss probabilities or call rejection rates.

We should mention that in practice network conditions may change frequently;

this means that one should update the routing decisions from time to time. We

believe that our static optimization could be a starting point for the design of future

distributed adaptive routing protocols (see e.g. [9]).
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Abstract
An evolutionary game with three players – trade unions, financial investors

and firms – is presented where each player has a short-term and a long-term

maximizing strategy at hand. The short-term strategy maximizes current pay-

offs without taking into account benefits from future cooperation while long-

term strategies depend on the cooperative behavior of the other players. We first

determine equilibria arising in the static game and determine under which con-

ditions long-term cooperation may emerge. We then endogenize the stochastic

environment, making it subject to the strategies selected and show how addi-

tional equilibria and strategy cycles arise in an evolutionary set-up.

1 Introduction

Evolutionary game theory has gained an important place in economic modeling

through the last two decades. The possibility of analyzing strategic interactions in

∗The authors wish to thank participants at the 9th International Symposium for Dynamic

Games, 2000, and an anonymous referee for very helpful comments. Any remaining errors

are ours. The views expressed in this paper are those of the authors, and do not necessarily

represent those of the ECB, the University of Nanterre or the University Paris VIII.
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a low-rationality framework and the elimination of non-strict Nash equilibria has

increasingly attracted economists to follow this approach. New developments in

stochastic evolutionary game theory (SEGT) – first suggested by Foster and Young

[5] – have moreover allowed to narrow even further the possible outcomes – at

least in the very long-run.

Especially when analyzing the emergence and change of institutional arrange-

ments in societies, this last approach has now gained some authority: social

customs, patterns of interaction and adoption of standards have been analyzed

successfully by SEGT. Researchers in the social sciences often face situations

where the adoption of one particular strategy by one player increases the marginal

returns of this – or some related – strategy for other players: a case for strategic

complementarities. In this situation, coordination problems easily arise and SEGT

allows the singling out of the equilibrium that is characterized by risk dominance,

a concept that makes sense when allowing for very long-run developments of

strategic configurations.

However, as has been put forward by Bergin and Lipman [2], the results these

models generate do not in general survive small modifications of the under-

lying stochastic processes. In particular, state-dependent stochastic processes

will not necessarily allow selection of the risk-dominant equilibrium in the

long-run.

Starting from this insight, the following paper proposes an application of a

three-player coordination problem to analyze the strategic interactions between

trade unions, banks and firms. In particular, by making the stochastic process by

which the game’s payoffs are selected completely endogenous to the strategic

configurations we can go even beyond the initial result of Bergin and Lipman’s

paper, showing that even the underlying Nash equilibria no longer need to exist:

consequently, no (stochastically) evolutionary stable strategies will arise.

In the model presented here, a coordination problem between trade unions,

financial intermediaries and firms arises due to a multi-dimensional strategy space.

Firms have access to a long- and a short-term technology where the productivity

of the long-term technology crucially depends on a stable labor input: as soon as

the firm is obliged to lay-off parts of its workforce, the technology does not yield

any profits any more. The short-term technology is more flexible and allows an

easy rotation of the workforce which can be used as a strategic weapon against

wage demands.

Workers, on the other hand, have the possibility of joining a trade union and

bargaining over wages (only) or making use of an additional (costly) instrument

to increase their employment stability: in our setting we suggest that this second

element is an investment in their human capital that helps to reduce the idiosyncratic

risk at the plant level.

Lastly, financial investors have the choice to invest directly through the stock

market or to join (or form) a bank. The first choice gives them full access to the

dividend flow whereas in the second case they have to bear intermediation costs.
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Both strategies have different impacts on the risk distribution and the availability

of information in the economy.

The marginal return to each type of strategy (either long or short term) is

increased when at least one of the other players adopts the same strategy type (and

even more so when both remaining players do). Hence, a coordination problem

arises with equilibria that can be Pareto-ranked.

This three-players game may be solvable by using the theory of global games1;

in these games, the risk dominant equilibrium is selected. However, the analysis

of the macroeconomy suggests that interdependencies between microeconomic

actors and production pools may have considerable impact on the risk structure of

the economy and hence on the strategic choices that institutional actors (and firms)

undertake. More importantly, the endogenous nature of the stochastic process may

even affect the Nash characteristic of some of these equilibria and hence will no

longer allow the application of global games or SEGT theorems.

Introducing institutional questions like these into economic modeling has gained

importance in economics in recent years, especially in the literature on economic

growth. Authors have become aware that the underlying mechanisms (externalities,

complementarities) of these models may be influenced by factors which had not

been included in standard economics until then. Moreover, historical accounts

like Altvater, Hoffmann and Semmler [1] or others, suggest that it is institutional

change as much as the mere existence of institutions that may influence the long-

run evolution of a country’s economic performance.

The paper is organized as follows: In the next two parts we analyze endogenous

labor market relations and the corresponding technology choices and explore the

resulting strategic game between firms, trade unions and financial investors. In

section four we open the analysis for macroeconomic relations and show how and

under what conditions institutional cycles can arise. A final section concludes the

discussion.

2 The Stochastic Environment

The economy is composed ofN production poles each containing a given number

n of employees. The employees may be able to switch between these poles while

they are “off” in order to find the optimal (i.e. corresponding the best to their

preferences) pole with respect to the wage contract proposed at that pole. At each

point in time, one of these poles is “on”, i.e. organizes a game between workers,

managers and its financiers in order to figure out the wage and debt contract which

will be utilized in the following period where the pole is “off” (in the sense of the

game play, not in the sense of production).

Once the contract has been determined, the pole starts production; if no contract

agreement could be found, the pole does not produce anything until the next time

1There exists an important resemblance between global games and SEGT ([3,8]).
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it plays the game. Moreover, we assume time consistency, i.e. that the players are

committed to the strategies they decided on before the production process.

Production underlies idiosyncratic shocks uit with uit ∼ Gi(uit |hi, Ti) sup-

posed to be stationnary and (∂Gi/∂hi) < 0, (∂2Gi/∂hi∂Ti) < 0 where hi denotes

the workers’ human capital and Ti the firm’s technology choice to be determined

later; human capital improves the average realization of the shock but less so

for less specific technologies (with lower Ti). Moreover, idiosyncratic shocks are

uncorrelated among pools, i.e. cov(ui, uj ) = 0 ∀ i 	= j .

The firm faces a demand function depending on aggregate income, i.e. aggregate

wages and profits in each period. If the pools are not interconnected then the overall

uncertainty simply equals the productivity uncertainty uit . However, if pools are

interconnected, then a single pool faces a collective risk through aggregate demand.

Given that pools are symmetric this can be written as ηit = (1/N)
∑
j 	=i Pr(εj t ≥

εj ) · εj t , where εit = (1/N)uit + ηit stands for the overall risk a firm faces and

Pr(εit ≥ εj ) for the probability that pool j reaches a certain minimum state εj
(which will be determined later on). Cumulative distribution functions are given

by Fi(εit ) andHi(ηit ), both depending on the distribution functions of all idiosyn-

cratic shocks.

After contracts have been determined, production starts yielding expected out-

puts yei until the shock reaches some minimum state εi below which financial

investors are no longer willing to keep their engagement at pool i. In this case, the

firm will be liquidated. The exit probability can be determined as:

si = 1− Pr(εit ≥ εi) =
∫ εi

0

dFi(εit ). (1)

3 Firms, Banks and Workers: Technological Choice

In a first step, we concentrate on the microeconomic relations only, leaving out

pool interdependency and focusing only on idiosyncratic shocks. We will come

back to the aggregate shock when we look at the macroeconomic links. In the

following we therefore drop pool indices i.

3.1 Technology and Profits

Technology

The firm has to make a technology choice T ∈ [0, 1] with technologies ranging

from completely unspecific (T = 0) to completely specific (T = 1). The more

specific a technology is, the lower will be its resale value in case of liquidation V L,

V L = V (T ), V ′ < 0. To be precise, we want to assume that V L(0) = V max > 0

and V L(1) = 0. The installed technology yields the expected output ye ≡ Ey =
p(h)y(T ) where y′ > 0 and p =

∫∞
0 u · dG(u|h, T ) and p′(h) > 0, i.e. the
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impact of human capital, h, on p will be more important the more specific the

technology is.

The lower the degree of specificity, the less important will be specific human

capital investment to use the technology; therefore the workforce can easily be

replaced. In case of wage negotiations firms could then use outside labor to replace

parts of the insider force, increasing therefore its bargaining position. This will

reduce the probability for workers to find a job covered by a collective agreement

by q = q(T , ξ) with qT < 0, qξ > 0, q(0, ξ) = q(ξ) ∈ (0, 1), q(1, ξ) = 0, i.e.

q(T , ξ)measures the reduction in workers’ bargaining power due to the availability

of outside labor. Exogenous factors (e.g. legislation, immigration) may restrict the

maximum amount of this outside labor pool that can be employed – even in the

case of a completely un-specific technology – to a value q(ξ) less than one. In

particular, we consider ξ as being net immigration 2 and analyze in the following

how the equilibrium behavior changes with this parameter.

Profits

In each period the firm expects to earn a return depending on its technology choice,

ye = p(h)y(T ), spending w to hire workers and facing a probability s(κ) to be

liquidated due to weak performance and impatient financial investors. Denoting r

the interest rate, the firm’s Bellman equation can be set up as:

rπ = p(h)y(T )− w + s(κ)[V L(T )− π ]+ π̇

which can be rewritten at the steady state (where π̇ = 0) as:

π = p(h)y(T )+ s(κ)V
L(T )− w

r + s(κ) . (2)

As can be easily seen from this formula, all the cross derivatives between the

strategic variables are positive leading to strategic complementarities:

∂2π

∂h∂T
> 0; ∂

2π

∂h∂κ
> 0; ∂

2π

∂T ∂κ
> 0. (3)

3.2 Trade Unions and Wage Bargaining

In order to determine the wage bargaining position for workers we have to consider

their maximization problem. Workers will obtain W when being employed and

covered by a collective wage agreement. With probability s(κ) the firm is liquidated

2Net immigration is influenced by a variety of factors including costs of immigration, per-

ceived benefits abroad and at home, etc. which will not be taken up here in detail.
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and they lose the job, obtaining their unemployment valueU benefiting from some

outside opportunityR. Workers can spend η to invest in their human capital h; this

investment will be lost when unemployed but can be recovered on a job. Being

unemployed, they will find a new unionized job with probability θ − q(T , ξ).
Therefore, the two states in which the worker can be, have the following values:

rW = w + s(κ)(U −W)+ Ẇ ,
rU = R − ηh+ (θ − q(T , ξ))(W − U)+ U̇ .

Again placing ourselves at the steady state, the wage to be earned from being

employed can be written as:

r(W − U) = w + ηh− R + (s(κ)+ θ − q(T , ξ))(U −W)

⇔ W − U = w + ηh− R
r + s(κ)+ θ − q(T , ξ) . (4)

We are assuming a Nash bargaining game with the firm’s fallback position (i.e.

in the case no agreement can be found) to be normalized to zero and union’s

bargaining power σ . Both bargaining parties therefore have to select a wage wb

such as to maximize:

wb = arg maxπσ (W − U)1−σ .

The optimal solution to this problem has to satisfy the following first-order

condition:

(1− σ)π = σ(W − U)

which can be rewritten as – using (2) and (4):

(1− σ)p(h)y(T )+ s(κ)V
L(T )− wb

r + s(κ) = σ wb + ηh− R
r + s(κ)+ θ − q(T , ξ)

which can be used to calculate the bargained wage as:

wb =

(1− σ)(p(h)y(T )+ s(κ)V L(T ))(r + s(κ)+ θ − q(T , ξ))
+σ(R − ηh)(r + s(κ))

r + s(κ)+ (1− σ)(θ − q(T , ξ))

With the impact of human capital on the distribution of the outcome of the pro-

duction process being low for short-run technologies, investment in human capi-

tal will depress the bargained wage for short-term horizon production processes.

Moreover, whenever firms can use outside labor, q(T , ξ), it will have a dampening

effect on wage demands.
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3.3 The Financial Relation

The financial relation is characterized by the dispersion of ownership κ ∈ [0, 1]

(the higher the κ the more concentrated is the ownership). If the firm is in financial

distress then the building of a coalition to refinance it will be the more difficult the

more the financial contractors are dispersed, i.e. the lower is κ (see [7], pp 295–

299). The more finance is concentrated in the hands of a couple of banks the higher

the chance for the firm to survive even in case of low realization.

Banks are assumed to be ready to restructure the enterprise and to refinance

even projects with (temporarily) low expected outcomes in order to obtain credit

repayments. This ability makes them accept a profit level (temporarily) lower than

that required by the stock market. In this way they secure the investment even in

the presence of an adverse demand or production shock. Investors on the stock

market, however, are not easily able to form a stable coalition to refinance a failing

project or they may not dispose of sufficient liquidity to do it ([4]); therefore they

decide to liquidate the firm.

Specifically we want to suppose that survival is guaranteed if there is only bank

finance involved, κ = 1 ⇒ s(κ) = 0 (i.e. ε = 0). For completely dispersed

ownership, survival becomes more difficult, i.e. κ = 0 ⇒ s(κ)≫ 0 (i.e. ε ≫ 0).

According to the technology and liquidity value assumptions, the following holds

given the union’s strategy:

πe(T = 1, κ = 1) > πe(T = 0, κ = 1) and

πe(T = 0, κ = 0) > πe(T = 1, κ = 0).

Furthermore we want to make the assumption that the use of the short-term tech-

nology is efficient, i.e. πe > V L(0) which can be rewritten as πe(T = 0, κ = 1)

> πe(T = 0, κ = 0).

In order to determine the resulting financial relationship that emerges from the

game, we have to consider the return accruing to financial investors as being a

function of the financial relation they choose. The returns for the financial investor

depending on his financial relation choice and on the technology T used by the

firm are supposed to be:

�(T , κ = 1) = r · πe(T , κ = 1)− cB

�(T , κ = 0) = r · πe(T , κ = 0)

where cB stands for the organization costs when forming or joining a bank and is

– for the moment – considered to be exogenously given as the other pools will not

interfere with the pay-offs of the playing pool.

In the following figure, the different stages of the game and the moments of

bargaining have been summarized:
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Figure 1: Timing of the game

3.4 The Nash Game

Having defined the various pay-offs we can now determine the equilibria of this

three-players game. Firms have the choice over technologies, T , while workers

choose the amount of human capital, h, they are ready to secure in the labor rela-

tion which in turn determines the time horizon of trade unions. Financial investors

decide upon the degree, κ , to which they are ready to reschedule debt and to save

failing firms from bankruptcy. Forming a bank comes at a cost as the restructuring

of failing investment projects will necessitate time and money to proceed. More-

over, the information produced by the firm through the stock market is no longer

available; the bank has to go through costly monitoring in order to obtain the nec-

essary information.

In order to simplify the representation, we are only considering binary choices

such that T ∈ {0, 1}, h ∈ {0, 1} and κ ∈ {0, 1}with the eight strategy combination

denominated as (S, s, FS), (S, s, FL), (L, s, FS), (L, s, FL), (S, l, FS), (S, l, FL), (L,

l, FS), (L, l, FL). In the following game, firms choose rows, trade unions choose

columns while financial investors choose matrices (see Table 1, p. 378).

Given the structure of the game, the following proposition can be easily verified:

Proposition 3.1. Given the above hypotheses concerning the technology choices

and profit functions and

(i) banking costs lie in the interval:

p(h)y(1)− wb > r(r + s)c
B

δs
> p(h)y(0)− wb − rV L(0) ∀wb, h (5)

with s = s(0),
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(ii) and human capital investment has the following characteristics:

η(s(κ)+ σr)
(1− σ)(r + θ − q(ξ)) > y(0)(p(1)− p(0)) and

ησr

(r + θ)(1− σ) < y(1)(p(1)− p(0)) (6)

there exist two Nash equilibria in the above game: (S, s, FS) and (L, l, FL).

The game is therefore a coordination game.

Proof. See appendix. �

Remark 3.1. Given that q(ξ) ∈ (0, 1)

s(κ)+ σr
r + θ − q(ξ) >

σr

r + θ

this second condition is not trivial, the coordination game structure therefore only

emerges for human capital to have a sensibly different impact on the productivity

of the two technologies. Moreover, notice that the first part of (6) depends on the

availability of outside labor (which in turn may be influenced by net immigration).

Therefore, when ∃ξ such that

η(s(κ)+ σr)
(1− σ)(r + θ − q(ξ)) < y(0)(p(1)− p(0))∀ξ < ξ

then only the long-term strategy will emerge.

Hence, the strategic complementarities that exist between the three decision

variables T , κ and h (see (3)) create a coordination problem. In order to deter-

mine the equilibrium emerging in the long-run when the players face a prob-

lem of strategic uncertainty, the theory of global games can be used to find

conditions under which either the long-run or the short-run equilibrium will be

chosen. In general, low banking costs, high profitability of the long-run technol-

ogy and low education costs will be beneficial for the (L, l, FL)-equilibrium to

emerge. However, in this contribution we want to concentrate on the possibility of

endogenous stochastic processes as they emerge out of a macroeconomic demand

spillover.

4 Demand Shocks and Fluctuations

In SEGT the stochastic environment under which behavior selection takes place

is usually considered to be exogenously given although it has been shown that the

results obtained that way are crucially dependent on the underlying assumptions

about the stochastic processes ([2]). This is justified by the fact that boundedly
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Table 1: Strategic game between trade unions, firms and financial investors.

Financial Investors Short term (FS) Long term (FL)

Firms, Trade Unions Short term (s) Long term (l) Short term (s) Long term (l)

Short term (S)

δπ e(T = 0, κ = 0)

W1(T = 0, h = 0)

π e(T = 0, κ = 0)

δπ e(T = 0, κ = 0)

W2(T = 0, h = 1)

π e(T = 0, κ = 0)

δπ e(T = 0, κ = 1)− cB
W3(T = 0, h = 0)

π e(T = 0, κ = 1)

δπ e(T = 0, κ = 1)− cB
W4(T = 0, h = 1)

π e(T = 0, κ = 1)

Long term (L)

δπ e(T = 1, κ = 0)

W1(T = 1, h = 0)

π e(T = 1, κ = 0)

δπ e(T = 1, κ = 0)

W2(T = 1, h = 1)

π e(T = 1, κ = 0)

δπ e(T = 1, κ = 1)− cB
W3(T = 1, h = 0)

π e(T = 1, κ = 1)

δπ e(T = 1, κ = 1)− cB
W4(T = 1, h = 1)

π e(T = 1, κ = 1)
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rational agents select strategies randomly and hence the payoff matrix remains

stable, independently of the state of the game. However, as soon as the pay-off

matrix integrates random elements itself, this hypothesis cannot be kept any more

– as can be easily seen from the stochastic structure of a global game.

In the set-up of the model thus far, only one production pool is supposed to be

‘on’ at each round, determining strategies and hence supply and demand on the

micro level. In a world determined by division of labor, however, demand cannot

be locally satisfied but has to flow between different pools of the play grid. Letting

all pools play at all times but only one pool updating its contractual environment

would create exactly this kind of interdependency. In this situation, however, the

shock no longer depends only on the idiosyncratic element at the firm level but

also depends on the realization of all the other shocks in the economy determining

aggregate demands.

In order to introduce this new element we will use the stochastic variable as

defined by (1). This variable is partly determined by the survival of all of the other

production pools:

εit =
1

N
uit + ηit =

1

N
uit +

1

N

∑

j 	=i
Pr(εj t ≥ εj ) · εj t (7)

which is additive separable in shocks of pool i and shocks of all the other pools and

shows cumulative density function Fi(εit ). This will have an immediate impact

on the realization of the expected output:

pi(hi) =
∫ ∞

0

εi · dF(εi |hi, Ti).

Here hi and Ti only have an indirect effect on Fi(εi) through their effect on the

distribution ofG. Their effect on the expected ouput is therefore dampened by the

pool interdependency.

In a similar way, the liquidation probability for the nth pool is as before:

si =
∫ εi

0

dFi(εit ).

Notice that again as in the preceding (idiosyncratic) case the minimum state of

survival εi is a function of κi such that si = si(κi), s′i < 0. However, while εi is a

function of κi alone, due to the interdependencies the distribution function, Fi is

also a function of the financial relations of all the other pools:

∂Fi

∂κi
> 0 ∀i ∈ {1, .., N}.

Therefore the survival probability depends also on the strategy equilibrium of the

other pools:

si = si(κ1, . . . , κN ),
∂si

∂κj
< 0 ∀j ∈ {1, 2, .., N} .
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Moreover, from (7) it follows that increasing the number of pools playing κ = 1

also increases the survival probability of each individual pool; taking expectations

we obtain:

E(εit ) =
1

N
E(uit )+

1

N

∑

j 	=i
Pr(εj t ≥ εj ) · E(εj t ).

Knowing that Pr(εj t ≥ εj |κj = 1, κ¬j ) > Pr(εj t ≥ εj |κj = 0, κ¬j ) and given a

sufficiently high number of pools,N , the survival probability can be approximated

by a continuous relationship.

k = |κ| : si = si(k) with
∂si

∂k
< 0 as

∂E(εit )

∂k
> 0 ∀k ∈ [0, 1]. (8)

This is not the only way by which the characteristics of the macroeconomy

influence the strategic decisions on the microeconomic level. Given the equilibrium

strategies of all pools an information set �(κ) is accessible which contains the

(stock market) prices of those firms that are public; this set is important in order

to make interferences on the idiosyncratic shock. As long as εit contains private

information which is only revealed during the play one important condition for

informational efficiency is publicly (costless) observable prices. In a stationary

world (which ours is) past (stock market) prices will then allow making inferences

as to whether or not the firm is likely to suffer from liquidation in the next play.

However, as banks learn about the private information through costly monitoring

and restructuring of the firm, they are not likely to make this information public.

Therefore it is plausible to assume that:

�(κ1) ⊂ �(κ2) ∀|κ1| < |κ2|.

However, due to the symmetry of firms, the smaller the information set the less

interference one can draw about one particular firm and therefore the higher has

to be the engagement of banks in monitoring their particular corporate client. The

banking costs cB can therefore no longer be thought of as exogenously given.

Instead, they are likely to go up the fewer public firms there are:

cBi = cBi (κ1, . . . , κN ),
∂cBi

∂κj
< 0 ∀j ∈ {1, 2, .., N}.

These results concerning linkages between pools can now be used to draw

conclusions about new equilibrium behavior. In the following, two cases will be

distinguished.

4.1 Opposition Between Unions and Stock Markets

Even without knowing the exact distribution of the summary variable εit we can

draw conclusions on equilibria obtained in proposition (3.1). Here, we consider
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that the second condition of that proposition holds and hence that a coordination

problem may exist. We therefore do not consider a change of the equilibrium

structure due to different configurations of human capital distributions throughout

the economy.

It is obvious that under the new specification of pool interdependency, satis-

faction of the first condition of proposition (3.1) also depends on the equilibria

obtained in the other pools; the stochastic term is not longer state-independent and

the Nash character of the equilibrium may break down any time the equilibrium

distribution over the whole range of production pools changes.

Proposition 4.1. Suppose that condition (6) holds. Then:

1. Suppose that δs(κ′)(p(1)y(1) − wb) < r(r + s(κ′))cB(κ′) with |κ′| ≤ |1|
and κi = 1 for production pool i. Then the long-term equilibrium (L, l, FL)

is no longer Nash for all κ ≥ κ′.
2. Suppose that (r + s(κ′′))rcB(κ′′) > δs(κ′′)(p(h)y(0)−wb − rV L(0)) with

|κ′′| ≤ |1| and κi = 0 for production pool i. Then the short-term equilibrium

(S, s, FS) is no longer Nash for all κ ≤ κ′′.
3. Suppose that κ′′ > κ′ and that |κ′| < WL/(WS +WL) < |κ′′| where WS ,

WL are measures for the workers’ pay-off in the short-run and long-run

equilibrium respectively. Then an interior equilibrium exists which is a saddle

point.

Proof. See appendix. �

The interior equilibrium that is hence obtained in proposition (4.1) is unstable

and gives rise to a new situation where, depending on the initial conditions, the

economy will end up in a situation where one of the players chooses the long-

run strategy, while the others opt for the short-run strategy, following the fact that

both (L, l, FL) and (S, s, FS) are repelling. Simulation 2 represents a number of

trajectories that lead to either of the opposition equilibria (see Table 2, p. 389).

More important, though, than the question of whether this interior equilibrium

exists is to ask what gives rise to its existence. As we have argued in the beginning of

this section, the important fact of pool interdependency and aggregate uncertainty

has rarely been treated in the literature on evolutionary games. This is largely due

to the fact that the source of the uncertainty has been attached to the individual

non-rationality. However, in games with random payoff matrices it does not make

sense to treat uncertainty as idiosyncratic and exogenous to the individual decision

process. Banking activity will provide (intertemporal) insurance for the production

process, and in that way set incentives for trade unions and firms to opt for the

long-term strategy. However, the banking process is costly in terms of information

provision and refinancing. Given a sufficiently smooth economic development,

workers will have an incentive to free-ride on the insurance provided by the rest

of the pools in the economy and opt for short-run gains by reducing their human

capital investment and bargaining for higher wages.
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Conversely it is true that an economy largely dominated by stock market finance

will have more efficient information processing. Private information will become

public through stock market prices giving the right investment information for

financial investors. Consequently, when a sufficient number of workers guarantee

through their human capital investment a smooth functioning of the economy, the

individual investor will weigh banking costs of reduced information processing

capacities higher than increased stabilizing of the economy. The investor will

therefore opt for a more arm’s length financial relation with the firm, guaranteeing

a higher pay-off from the investment.

4.2 Union-Led Institutional Cycle

Besides the effect of pool interdependency on the best reply strategy set of financial

investors, workers may face a similar spillover. In the following, we want to analyze

the consequences when the interdependency effects affect the best reply sets of

one of the other player populations, i.e. for instance when the composition of the

equilibrium set of financial investors affect best reply strategies of workers.

Going back to condition (6) one sees that the crucial factor that this condi-

tion holds is that the long-run strategy better insures the worker facing a long-

run strategy by firms. However, in this new set-up an argument similar to the

one before prevails: the union that decides to switch to a short-term strategy can

free-ride on the stabilized economy due to high banking activity. On the other

hand, in an equilibrium situation where (almost) all pools are coordinated on

short-run strategies, unions may be willing to not use their bargaining power

and to get at least parts of the benefits of an insurance strategy. Defining  ≡
[(1− σ)(r + θ)/η](p(1)− p(0)) and γ ≡ σ(r − q(ξ))+ q(ξ) we can prove the

following proposition.

Proposition 4.2. Suppose that there exist κ′, κ′′ ∈ [0, 1] such that

W(T = 1, κ, h = 0) > W(T = 1, κ, h = 1)

⇔ s(κ) >  y(1)− σr∀|κ| ≥ |κ′| and

W(T = 0, κ, h = 0) < W(T = 0, κ, h = 1)

⇔ s(κ) <  y(0)− γ∀|κ| ≤ |κ′′|,

then one equilibrium exists in the unit square [0, 1]2
. It is a center.

Proof. See appendix. �

The public good character of a stabilized economy therefore gives rise to a cycli-

cal behavior of strategy choice by banks and trade unions. The costly long-run

strategy does not pay off enough with firm’s high survival rates such that it is better

for unions to fully use their bargaining power for increased wages. As more and

more unions follow this strategy switch, financial investors do not get enough to
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justify their banking investment and try to raise their financial income by directly

investing in firms. However, this destabilizes the economic output path and volatil-

ity raises again, pushing unions to reconsider their short-term strategic position in

order to switch again. It is therefore justified to speak of an institutional-economic

cycle as the characteristics of both the institutional setting and the economic per-

formance vary over the course of the game play.

Finally, getting back to the earlier remark (3.1), it can be shown that the existence

of this oscillating behavior depends on the availability of outside labor as stated

by the following corollary.

Corollary 4.1. Provided that {ξ |s(κ) >  y(0) − σr − q(ξ)(1 − σ)} 	= ∅∀κ
holds, then with increasing availability of outside labor a saddle point emerges

and the (S, s, FS)-position attracts all flows.

Proof. See appendix. �

Hence, with increasing immigration (or other forms of outside labor such as

a generally higher level of unemployment), the short-term strategy (S, s, FS)

will become an attractor and the interior equilibrium will become saddle-point

unstable. With increasing availability of labor the amplitude of the cycle dampens

and then breaks down when the critical point is reached as can be seen from the

simulation 3 (see Table 3, p. 389).

5 Conclusion

The objective of the preceding article has been to show how in a three-player

situation with long-term and short-term strategies a strategic complementarity can

bring about a coordination game situation with multiple equilibria. In this game,

each player – by investing in a relation-specific asset – increases the value of the

relation and therefore the marginal incentives for the two remaining players to adopt

a similar strategy. With sufficiently high human capital or banking costs, however,

the long-term strategy is only profitable if strategy coordination is prevalent.

Moreover, we demonstrated that the resulting coordination equilibria are likely

to be unstable – and hence no longer Nash – once one takes the macroeconomic

externality into account that is created by the stabilizing effect of the long-term

strategy. Abandoning the assumption of local autarky of pools playing, demand is

aggregated on the macroeconomic level creating a sectoral correlation of otherwise

idiosyncratic shocks. When the resulting collective risk is taken into account –

which is justified from the standpoint of these microeconomic considerations – an

analysis of the replicator dynamics shows that saddle-point or cyclical equilibria

can arise where financial investors and trade unions switch in a cyclical manner

between their long- and short-term strategies.

We have argued that this result qualifies in an important way the recent develop-

ments of stochastic evolutionary game theory, where shocks are considered to be
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idiosyncratic to individual players. These games – as well as global games which

are isomorphic – select the risk-dominant equilibrium. However, as soon as the

underlying stochastic process has to be considered endogenous to the economy –

as in our case – one can no longer assume state independency of random shocks,

a necessary condition for SGET to yield the risk-dominance result. Under condi-

tions exposed in the last proposition, a Nash equilibrium need not exist even in

mixed strategies.

Interesting extensions of the suggested model would be to calibrate a complete

macroeconomic model on data concerning the long-run economic and institutional

evolution of particular countries and to see whether or not this would reproduce

characteristics of their long-run business cycle behavior. One other question which

has not been addressed here is the impact of the union’s strategic choice on the

growth rate. An increasing claim on the national output may reduce incentives to

innovative activity and hence reduce growth. A by-product would be a negative

relationship between growth and economic volatility, a well-known stylized fact.

6 Appendix

6.1 Proof of Proposition 3.1

In order for a coordination game between (S, s, FS) and (L, l, FL) to exist we must

have for financial investors (see game 1):

�1 > �2 and �3 < �4 (9)

with

�1(T = 0, κ = 0, h) = δπe(T = 0, κ = 0)

= δ p(h)y(0)+ sV
L(T )− wb

r + s (10)

�2(T = 0, κ = 1, h) = δπe(T = 0, κ = 1)− cB

= δ p(h)y(0)− w
b

r
− cB (11)

�3(T = 1, κ = 0, h) = δπe(T = 1, κ = 0) = δ p(h)y(1)− w
b

r + s (12)

�4(T = 1, κ = 1, h) = δπe(T = 1, κ = 1)− cB

= δ p(h)y(1)− w
b

r
− cB (13)

Substituting (10)–(13) into (9) leads to condition (5).
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Given that (5) holds, the conditions for trade unions boil down to the following

two inequalities:

W1 > W2 and W3 < W4 (14)

whereW1, . . . ,W4 represent job values under different strategic choices with

W1(T = 0, κ = 0, h = 0)

= (1− σ)(p(0)y(0)+ sV )(r + θ − q)+ (rσ + s)R
r[r + s + (θ − q)(1− σ)] (15)

W2(T = 0, κ = 0, h = 1)

= (1− σ)(p(1)y(0)+ sV )(r + θ − q)+ (rσ + s)(R − η)
r[r + s + (θ − q)(1− σ)] (16)

W3(T = 1, κ = 1, h = 0)

= (1− σ)p(0)y(1)(r + θ)+ σRr
r[r + (1− σ)θ ]

(17)

W4(T = 1, κ = 1, h = 1)

= (1− σ)p(1)y(1)(r + θ)+ σ(R − η)r
r[r + (1− σ)θ ]

(18)

where s = s(0), q = q(0) and V = V L(0). Substituting (15)–(18) into (14) leads

to condition (6). �

6.2 Proof of Propositions 4.1 and 4.2

In order to reduce the complexity of the dynamic model we want to concentrate on

the shifts in financial investors’ and trade unions’ strategy. Firms are supposed to

always play the best reply strategy and therefore the kind of technology they adopt

on the individual level is not subject to dynamic lags. However, as trade unions

and financial investors base their strategic decision on the whole population as in a

‘playing the field’ model ([10], pp 72–73) they use a statistical model to determine

their best reply. Moreover, we will make extensive use of the continuity of the

existing probability and the shock with respect to the distribution of strategies (see

(8); this is obviously only justified in a large population (large N ).
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Let us first define the following two variables:

k : κ �→[0, 1] percentage of bank-based financed firms

ω percentage of unions following a wage maximizing strategy.

In the following dynamic analysis we suppose that the growth rate of the number

of players using the same pure strategy depends positively on the excess payoff

over the average payoff in its player population. Using Taylor’s formulation of the

n-population replicator dynamics this is written as (see [9]):

ẋih = [ui(e
l
i, x−i)− ui(x)]xil

with i ∈ {1, .., n}, pure strategy l ∈ Si , Si : strategy set for player population i

and population state x. For the two-player game and with payoff matrixAi having

zeros off the diagonal (like in a coordination game) this can be rewritten as:

ẋil = [a1ixj − a2i(1− xj )]xi(1− xi), j 	= i.

With this simplified form of the replicator dynamics we are then able to prove

the propositions in this section.

Opposition Between Unions and Stock Markets

Given the assumption about the firm’s behavior the game resembles a coordination

game between financial investors and workers. As the workers payoff matrix is not

supposed to depend on the stochastic distribution (given the strategy choices of the

two other players, the workers will have the same best reply strategy independently

of κ) we can represent their payoff matrix as:

W =
(
WS 0

0 WL

)

whereWS ≡ W1−W2,WL ≡ W4−W3. Columns represent worker’s strategy and

rows the financial investor’s strategies (which corresponds to the firm’s technology

choice given the assumption about its best replies). The payoff matrix for financial

investors is a little different:

F =
(
FS · (k − k′′) 0

0 FL · (k′ − k)

)

where k′ = |κ′| and k′′ = |κ′′| and FS ≡ �1 − �2, FL ≡ �4 − �3. Given the

continuity of s(κ) with respect to κ (see (8)), the two conditions of proposition

4.1 can be translated by giving financial investors a negative return at the short-

term equilibrium for k < k′′ and a negative return for the long-run equilibrium for

k > k′. For our argument, only the relative payoff evolution is relevant here.
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The resulting replicator dynamics is then written as:

k̇ = [FL · (k′ − k)(1− ω)− FS · (k − k′′)ω] · k(1− k)

ω̇ = [WS · k −WL · (1− k)] · ω(1− ω)

with isoclines k̇ = 0 ⇒ ω̃ = [FL · (k′ − k)]/[FL · (k′ − k)+ FS · (k − k′′)] and

ω̇ = 0 ⇒ k̃ = WL/[WS +WL]. For k′ < k̃ < k′′ the two lines cut and an interior

stationary point (̃k, ω̃) exists. The Jacobian for this point is

J=
(−(FS · ω̃+FL(1−ω̃))̃k(1−k̃) [FS · (k′′−k̃)− FL · (k′ − k̃)] · k̃(1− k̃)

(WS +WL) · ω̃(1− ω̃) 0

)

with trace T R = J11 < 0 and determinant Det = −J21J12. Moreover we have

J21 > 0, J12 > 0 for FL/FS > (1− k′′)/(1− k′). Provided that k′′ > k′ and – by

definition – FL > FS , this last condition will be satisfied and hence the interior

equilibrium will be saddle-point unstable. �

Union-Led Cycles

Under repercussions of financial investors’ strategies on workers’ best replies the

workers’ payoff matrix has to be modified. We suggest analyzing the simplest

case where investors’ best replies do not change due to composition effects; their

payoff matrix remains unchanged. When the conditions of the proposition hold,

the workers’ payoff matrix therefore resembles:

W =
(
WS(k − k′′) 0

0 WL(k
′ − k)

)

where k′ = |κ′| and k′′ = |κ′′| and WS and WL are defined as above. Using a

similar argument as above, given the continuity of s(κ) with respect to κ (see

(8)), the two conditions of proposition 4.2 can be translated by giving workers a

negative payoff at the short-term equilibrium for k < k′′ and a negative payoff for

the long-run equilibrium for k > k′. Again, for our argument, only the relative

payoff evolution is relevant here.

The payoff matrix for financial investors is now standard again:

F =
(
FS 0

0 FL

)

with FS and FL as defined earlier.
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The resulting replicator dynamic system is then writen as:

k̇ = [FL · (1− ω)− FSω] · k(1− k)
ω̇ = [WS(k − k′′)k +WL(k − k′)(1− k)] · ω(1− ω)

with isoclines

k̇ = 0 ⇒ ω̃ = FL

FS + FL
and

ω̇ = 0 ⇒ k̃1/2 =
1

2(WL −Ws)
[
WL(1+ k′)−WSk′′ ±

√
(WL(1+ k′)−WSk′′)2 − 4(WL −WS)WLk′

]
.

As can be easily checked, the upper cutting point (̃k2, ω̃) lies outside the unit

square for allWL > WS and k′′ < k′. The Jacobian for the remaining equilibrium

inside the play grid of the new system now is:

J1 =
(

0 [FS + FL] · k̃1(1− k̃1)

2(WL −Ws )̃k1 −WL(1+ k′)+WSk′′ 0

)

with trace T R = 0 and determinant Det = −J21J12. As J12 > 0 and J21 < 0,

the determinant will be positive leading to two complex eigenvalues. Given that

T R = 0, the equilibrium will be a center.

With increasing net immigration, ξ , the short-term strategy may become do-

minant for firms and financial investors, whatever the strategic choice of unions.

UsingW1 andW2 this meansW1(ξ) > W2(ξ)∀κ. Moreover, one can easily show

that WS(ξ) ≡ W1(ξ)−W2(ξ) is increasing with ξ . Therefore when ∃ξ such that

q(ξ) < 1∧W1(ξ) > W2(ξ)∀κ, the above worker payoff matrix changes and rather

looks like

W =
(
WS 0

0 WL(k
′ − k)

)

where no k′′ ∈ [0, 1] exists such thatW1 < W2. Carrying out similar calculations

as before with this modified payoff matrix, one concludes that the Jacobian for the

equilibrium inside the play grid has now a negative determinant, making the equi-

librium a saddle point. Moreover, given that the high equilibrium is still unstable

for k > k′, only the short-run equilibrium will be stable. �

6.3 Simulations

The simulations are presented in Tables 2 and 3.
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Table 2: Banks’ and Unions’ codynamics Table 3: Increasing availability of outside labor

The above simulations have been run

using the following system of differen-

tial equations:

k̇ = [FL·w(t)(k(t)−k′′)−FS (k′−k(t))

·(1−w(t))·k(t)(1−k(t))]

ẇ = [WL·k(t)−WS ·(1−k(t))]

·w(t)(1−w(t))

whereWS = 2,WL = 3, FS = 2, FL =
4, k′ = 0.3, k′′ = 0.7.

The above simulation has been

run using the following system

of differential equations:

k̇ = [FL·w(t)−FS (1−w(t))]

·k(t)(1−k(t))

ẇ = [WL·k(t)−WS ·(1−k(t))]

·w(t)(1−w(t))

where WS = 2, WL = 3, FS =
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The simulation on this page has been

run using the following system of

differential equations:

k̇ = [FL·w(t)−FS (1−w(t))]

·k(t)(1−k(t))

ẇ = [WL·k(t)(k′′−k(t))

−WS ·(k(t)−k′(1−0.002·t))

(1−k(t))]·w(t)(1−w(t))

where WS = 2, WL = 3, FS = 2,

FL = 4, k′ = 0.3, k′′ = 0.7.
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Abstract
We adopt the robust control, or game theoretic, approach of [5] to option

pricing. In this approach, uncertainty is described by a restricted set of possible

price trajectories, without endowing this set with any probability measure. We

seek a hedge against every possible price trajectory.

In the absence of transaction costs, the continuous trading theory leads to

a very simple differential game, but to an uninteresting financial result, as the

hedging strategy obtained lacks robustness to the unmodeled transaction costs.

(A feature avoided by the classical Black and Scholes theory through the use

of unbounded variation cost trajectories. See [5].)

We therefore introduce transaction costs into the model. We examine first

the continuous time model. Its mathematical complexity makes it beyond a

complete solution at this time, but the partial results obtained do point to a

robust strategy, and as a matter of fact justify the second part of the paper.

In that second part, we examine the discrete time theory, deemed closer to

a realistic trading strategy. We introduce transaction costs into the model from

the outset and derive a pricing equation, which can be seen as a discretization of

the quasi variational inequality of the continuous time theory. The discrete time

theory is well suited to a numerical solution. We give some numerical results. In

the particular case where the transaction costs are null, we recover our theory of

[5], and in particular the Cox, Ross and Rubinstein formula when the contingent

claim is a convex function of the terminal price of the underlying security.

1 Introduction

We consider the classical problem of pricing a contingent claim based upon an

underlying stock of curent price S(t), and defined by its terminal value, or payoff,

M(S(T )) at exercise time T . In the case of a (European) call, we have M(s) =
[s −K]+ = max{s −K, 0} for a given striking price K .

This problem is classically solved by Black and Scholes’theory [6] in the contin-

uous trading framework, and approached by the theory of Cox, Ross and Rubinstein

[8] in the limiting vanishing step size case for the discrete trading, discrete time

theory. The fundamental device of these theories, due to Merton, is to construct
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a replicating portfolio, made up of the underlying stock and riskless bonds, and

a self-financed trading strategy, or hedging strategy, that together yield the same

payoff as the contingent claim to be priced. However, the classical theory of Black

and Scholes, based upon the “geometric diffusion” market model, is known to

have the major weakness that transaction costs cannot be taken into account in any

meaningful way. See [15].

In [5], we proposed a robust control approach to that same idea, that we quickly

review hereafter. The distinctive feature of our theory is in our market model. We

forgo any stochastic description of the underlying stock price. Instead, we assume

that we know hard bounds on the possible (relative) variation rate of the stock

price. And we seek to manage our portfolio through self-financed trading in such

a way as to do at least as well as the option, in terms of final value, on all possible

price histories, leading to a minimax control problem.

A very similar approach has been taken independantly and simultaneously with

our research by J.-P. Aubin, D. Pujal and coworkers, see [13,2], using their tools of

viability theory. A game theoretic approach is also used by [12] in connection with

transaction costs, but to investigate a different problem of optimizing these costs

from the viewpoint of the banker. Essentially the same market model as ours has

been proposed in [14], where they give it the name we shall use of “interval model”.

In the absence of transaction costs, the continuous trading theory leads to a

simple differential game. However, the solution of that game yields the so-called

“parity value” for the option, something rather far from observed prices on the

market. Correlatively, the bang-bang hedging strategy obtained, that we call the

“naive strategy”, lacks robustness to the unmodeled transaction costs, in particular

if the underlying stock price fluctuates close to the money resulting in a perpetual

dillema for the trader. (In [5] we argued that its inherent robustness is the main

reason to prefer the Black and Scholes strategy and option price. This is done at

the price of adopting, for the underlying stock price, trajectories of unbounded

variation and known quadratic relative variation—the volatility. Whether this is

realistic in a world where stock prices are updated at discrete time instants is a

matter of debate.)

We propose then to include transaction costs into our differential game model.

This leads to a three-dimensional impulse control game that has up to now resisted

our attempts to solve it via classical means.1 It displays, however, at least one

feature of robustness against fluctuating stock prices: the fact that no trading should

occur during a final time interval, after a final jump in portfolio composition. This

gives a strong hint as how the solution can be approached by a discrete time theory,

with a step-size function of the transaction costs and of the maximum relative

variation rate hypothesized for the underlying stock.

Therefore, in a second part, we investigate the discrete time theory. The theory

we obtain is well suited to a numerical solution, particularily so in the convex

1At the time of the revision of this paper we are close to a solution in terms of characteristics.

It displays an interesting new type of singularity.
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case where we are able to show that it preserves the convexity of the option price

with respect to the current underlying stock’s price, yielding a simplification into

the computation. Also, not surprisingly, the discrete time pricing equation can be

seen as a finite differences approximation of the continuous time equation. But

the continuous time theory is far from developed to the point where a rigorous

convergence proof would be feasible.

In the case where the transaction costs vanish, we recover our theory of [5].

Hence, if furthermore the contingent claim’s payoff, is a convex function of the

stock price (e.g. for a simple European call), it is strongly reminiscent of the theory

of Cox, Ross and Rubinstein [8], to which it gives a normative value even for a

non-vanishing step size. Otherwise, it is shown to give a higher equilibrium price

to the option than the previous theory. (If one identifies our (1 − α) and (1 + β)
with their d and u.)

2 Continuous Time Theory

2.1 The Models

2.1.1 Market Model

In that market, we have a riskless security, called bonds, evolving at a known

constant rate, which in fact sets the lending and borrowing rate on that market. Let

this rate be denoted ρ. The exercise time of the option considered is T . And let

R(t) = eρ(t−T )

be either the value of a bond, or the end-time factor in our market.

We denote S(t) the underlying stock price at time t . We let:

Definition 2.1. The set� of admissible price histories is defined by two positive

numbers α̃ and β̃, and is the set of all absolutely continuous time functions t �→ S(t)

such that at every instant where it is differentiable, it satisfies the inequalities

−α̃ ≤ Ṡ
S
≤ β̃ (1)

or, equivalently that between any two instants of time t1 < t2,

e−α̃(t2−t1)S(t1) ≤ S(t2) ≤ eβ̃(t2−t1)S(t1).

We choose to represent that hypothesis in a system theoretic fashion:

Ṡ = τ̃ S, (2)

where the time function t �→ τ̃ (t) ∈ [−α̃, β̃] is assumed to be measurable, and

represents an a priori unknown disturbance.
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We shall use the notations α = α̃ + ρ and β = β̃ − ρ. The positive numbers ρ,

α and β describe the market model and are assumed known.

Although this presentation is meant to emphasize the fact that there are no

probabilities involved, and that our “disturbance” τ̃ is just a mathematical device,

a renaming of the quantity that we have assumed to be bounded, it may be useful

to relate this form with one more reminiscent of the classical geometric diffusion

model. Let μ = (β̃ − α̃)/2 and σ = (β̃ + α̃)/2. Let also ν = (τ̃ −μ)/σ . Now, all

stock price trajectories can be represented by the system

Ṡ = (μ+ σν)S (3)

where ν is any measurable time function t �→ ν(t) satisfying |ν(t)| ≤ 1, ∀t . In

a sense, this is a “normalized” disturbance, and therefore σ is a measure of the

volatility of the stock considered.

2.1.2 Portfolio Model

We form a portfolio made up of x shares of the underlying stock, and y riskless

bonds. The value or worth w̃ of this portfolio at any time instant is thus

w̃(t) = x(t)S(t)+ y(t)R(t).

We aim to precisely define what is a self-financed hedging strategy.

Let us investigate how a self-financed trading strategy behaves in the presence

of transaction costs, since this is our objective. Assume these costs are proportional

to the amount traded, not necessarily with the same proportionality ratio for the

two comodities considered. Let us call c0 the trading cost ratio for the riskless

bond, and c1 for the underlying stock. Each transaction should finance those costs.

Therefore, let dx be the variation in x at a stock price of S, and dy the variation in

y at a bond value R, we should have

dxS + c1|dx|S + dyR + c0|dy|R = 0. (4)

We therefore let:

Definition 2.2.

a. A dynamic portfolio (or simply portfolio) is a pair of bounded variation time

functions (x(·), y(·)) defined over [0, T ].

b. A dynamic portfolio is said to be self financed if it satisfies (4) (in the sense

of Stieltjes calculus).

The costs c0 and c1 are assumed small, may be of the order of a few percent.

Introduce

ε = sign(dx), Cε := ε c0 + c1

1− εc0
(5)
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Proposition 2.1. A self-financed dynamic portfolio is entirely defined by its intial

composition (x(0), y(0)) and the bounded variation time function x(·). The time

function y(·) and its worth w̃(·) can be reconstructed through integration of the

differential relations

dy = − (1+ εc1)

(1− εc0)

S

R
dx (6)

and

dw̃ = ρw̃dt + (τ̃ − ρ)xSdt − CεSdx. (7)

Proof. Because c0 and c1 are smaller than one, it easily follows that dx and dy

should have opposite signs. Recall that ε = sign(dx). It therefore comes

(1+ εc1)dxS + (1− εc0)dyR = 0,

hence (6). Further more, the classical fact that ydR = ρyRdt = ρ(w̃ − xS)dt ,
yields (7). �

Notice that in (7), the last term is always negative, and represents the loss in

portfolio value due to the trading costs. Of course, the case without transactions

costs can be recovered by letting c0 = c1 = Cε = 0 in the above theory.

We shall let, for short, C+1 = C+ and C−1 = C− (a negative number). It is

worthwile to examine two extreme cases:

The case c0 = 0. If the riskless bond is, say money, and trading in that com-

modity is free, then we simply have Cε = εc, the transaction cost on the stock.

The case c0 = c1 = c. If both transaction costs are equal, an interesting feature

that shows up is that

1+ C+ = 1+ c
1− c =

1

1+ C−
.

More generally, we may notice the folowing fact:

Proposition 2.2. Whenever c0 ≤ c1, one has

1 < 1+ C+ ≤ 1

1+ C−

2.2 Hedging Strategies

2.2.1 Variations of x

We would like to let x(·) be our control. But there are costs associated with its

variations. Hence, in a classical system theoretic fashion, we are led to consider its
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derivative as the control. However, another difficulty shows up, since we want also

to allow discontinuities inx. We would therefore need a theory of impulse control in

differential games. It is worthwhile to write the Isaacs quasi-variational inequality

that this formally leads to. But the theory of this inequation is not available at this

time.

We shall in some respect get around that difficulty with the following approxi-

mating device. We shall let the monetary flux be our control:

ẋS = ξ̃ , or Sdx = ξ̃dt, ξ̃ ∈ [−X̃,+X̃], (8)

where we shall take X̃ to be a (very) large positive number, and investigate the

limit of the solution found as X̃ → ∞. Whether this limit is the solution of an

impulsive problem is a rather technical question, the more so here that we shall

deal with a differential game, not a mere control problem. The tools introduced

in a recent article [1] seem appropriate to attempt an extension to game problems.

We shall not be concerned with that problem here.

2.2.2 Trading Strategies

We shall let our control ξ̃ be a function of time, S(t), and x(t) if necessary. We

need to chose this function in such a way that the induced differential equations

have a solution. We therefore let

Definition 2.3. An admissible trading strategy is a function ϕ̃ : [0, T ]× R
+ ×

R → R such that the differential equation (8) with ξ̃ = ϕ̃(t, S(t), x(t)) has a

unique solution x(·) for every x(0) and admissible time function S(·) ∈ �.

As a result, an admissible trading strategy, together with an initial portfolio

(x(0), y(0)) yields a well-defined dynamic portfolio.

Our aim is described by the following definition:

Definition 2.4. At an initial market price S(0) given,

a. An initial portfolio and an admissible trading strategy ϕ̃ constitute a hedge at

S(0) if they insure that

∀S(·) ∈ � with S(0) given, w̃(T ) ≥ M(S(T )). (9)

b. The strategy ϕ̃ is a hedging strategy for the initial portfolio (x(0), y(0)) at

S(0) if together they constitute a hedge.

c. An initial portfolio is said to be hedging atS(0) if there exists a related hedging

strategy for it.

Finally, the relation with pricing is as follows:

Definition 2.5. The equilibrium price of the contingent claim (T ,M(·)) at S(0)

is the least worth w̃(0) = y(0)R(0) of all hedging initial portfolios of the form

(0, y(0)).
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This last definition stems from the following remark. Let an initial hedging

portfolio be given as (x(0), y(0)). Let ε = sign(x(0)), and let us assume that x(0)

and y(0) have different signs, as will be the case for efficient hedging portfolios

in the case of simple european options. The cost of creating it, or its price is

P(x(0), y(0)) = (1+ εc1)x(0)S(0)+ (1− εc0)y(0)R(0)

= (1− εc0)[w̃(0)+ Cεx(0)S(0)].

In the notations, of the next paragraph, this leads to define the price of the hedge as

P = (1− εc0)R(0)minv[W(0, u(0), v)+ Cεv]. On the other hand, if our theory

allows for a jump in x and y at initial time, satisfying (4), then it follows from (the

same reasoning as that leading to) equation (22) that indeed, R(0)W(0, u, 0) =
R(0)minv[W(0, u, v) + Cεv]. Since ε will be the same for all efficient hedging

portfolios (+1 or −1 in the case of a call or a put respectively), in comparing the

worth of hedging portfolios, we may neglect the factor (1−εc0), which disappears

altogether if we assume that our original wealth was invested in bonds.

2.3 End-time Values

It is convenient to transform everything in end-time values. We shall let

u = S

R
, v = xS

R
, w = w̃

R
,

τ = τ̃ − ρ, −α = −α̃ − ρ, β = β̃ − ρ,

ξ = ξ̃

R
, X = X̃

R
.

Notice that S, x and y are readily recovered from u, v, and w with the help of

x = v
u
, y = w − v. (10)

With these notations, the dynamics of the market and portfolio become

u̇ = τu, (11)

v̇ = τv + ξ, (12)

ẇ = τv − Cεξ. (13)

τ ∈ [−α, β], ξ ∈ [−X,+X]. (14)

Our objective is to find the cheapest hedging portfolio and corresponding hedg-

ing strategy

ξ = ϕ(t, u, v) (15)
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2.4 Mathematical Analysis of the Problem

The aim (9) of a hedging strategy ϕ can be written as

∀τ(·) ∈ [−α, β], M(u(T ))− w(T ) ≤ 0,

where one remembers that u(T ) is a function of u(0) and τ , and w(T ) a function

of v(0), w(0), and both τ(·) and ϕ. Obviously, this is equivalent to

sup
τ(·)

[M(u(T ))− w(T )] ≤ 0.

And for a given u(0), v(0), w(0), there exists a hedging strategy if (and only if

provided that the min below exists)

min
ϕ

sup
τ(·)

[M(u(T ))− w(T )] ≤ 0. (16)

Hence, in a typical “robust control” fashion, we face a minimax control problem

or dynamic game problem.

Now, notice that w does not appear in the right hand side of the dynamics (11),

(12), (13). Hence, we may integrate (13) in

w(t) = w(0)+
∫ t

0

(τ (s)v(s)− Cεξ(s))ds.

The relation (16) can therefore be rewritten

min
ϕ

sup
τ(·)

[M(u(T ))−
∫ T

0

(τ (t)v(t)− Cεξ(t))dt − w(0)] ≤ 0.

Now, u(t), v(t) and hence ξ(t) = ϕ(t, u(t), v(t)) are independent ofw(0). Hence,

the above relation is satisfied provided that

w(0) ≥ min
ϕ

sup
τ(·)

[M(u(T ))−
∫ T

0

(τ (t)v(t)− Cεξ(t))dt].

We are thus led to the investigation of the function

W(t, u(t), v(t)) = min
ϕ

sup
τ(·)

[M(u(T ))−
∫ T

t

(τ (s)v(s)− Cεξ(s)) ds], (17)

and define the price of the contingent claim investigated asW(0, u(0), 0).

We introduce the Isaacs equation of this game:

∂W

∂t
+min

ξ
sup

τ∈[−α,β]

{
τ

[
∂W

∂u
u+

(
∂W

∂v
− 1

)
v

]
+
(
∂W

∂v
+ Cε

)
ξ

}
= 0,

W(T , u, v) = M(u).
(18)
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(Notice that the function between braces in the r.h.s. above is not differentiable in

ξ because of the definition of Cε, involving ε = sign(ξ).)

If we adopt the approximation device of restricting ξ to a finite interval [−X,X],

then the minξ in (18) above should be restricted accordingly. And we get

Theorem 2.3. If (18) has a solutionW , then e−ρTW(0, u(0), 0) is the approxi-

mated equilibrium price of the contingent claim investigated.

Proof. From standard differential games theory (see [3,7]),W is indeed the min-

sup in (17). Hence the worth of the cheapest hedging initial portfolio with x(0) = 0,

hence v(0) = 0, for a given u(0) is w(0) = W(0, u(0), 0). Going back to the

original variables w̃(0) = e−ρTw(0) yields the result. �

2.5 No Transaction Costs

We first consider the case without transaction costs, i.e. Cε = 0. This was investi-

gated in more detail in [5], but we stress here a game theoretic analysis which was

not discussed there.

Here, we need not keep xS or v as a state variable as it can be changed instantly

at no cost. We therefore remain with two state variables (plus time):

u̇ = τu,
ẇ = τv.

The control variables are τ ∈ [−α, β] and v ∈ R. A trading strategy in this context

will be a function ϕ : [0, T ] × R
+ → R giving v(t) = ϕ(t, u(t)). The problem

at hand is to find states controllable by v to the set w(T ) ≥ M(u(T )) against any

control of τ .

The above analysis simplifies in

w(T ) = w(0)+
∫ T

0

τ(t)v(t)dt.

and

w(0) = min
ϕ

sup
τ(·)

[
M(u(T ))−

∫ T

0

τ(t)v(t)dt

]
,

which thus provides the equilibrium option price sought.

Therefore, our pricing equation is Isaac’s equation for this game:

∂W

∂t
+min

v
max
τ

[
τ

(
∂W

∂u
u− v

)]
= 0, W(T , u) = M(u). (19)

Theorem 2.4. In the absence of transaction costs, the equilibrium price of the

contingent claim investigated is the so-called parity value
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e−ρTM(eρT S(0)).

The corresonding hedging strategy is given by

x(t) = dM

ds
(eρ(T−t)S(t)).

Proof. For any v, the maxτ in (19) is non negative. Hence it is maximized by the

choice v = (∂W/∂u)u, and Isaac’s equation is reduced to ∂W/∂t = 0. Hence its

solution isW(t, u) = M(u). The results follow. �

We see that we recover the classical fact that the optimal x is the sensitivity of

the option’s value.

2.5.1 European Calls

Let us examine the case of a European call. ThenM = [u−K]+ is not differen-

tiable. Yet it is easy to see thatW = M is indeed the viscosity solution of Isaac’s

equation, since at u = K , we do have that for any p between 0 and 1,

min
v

max
τ

[τ(pu− v)] = 0.

However, this is not the last word about the non-differentiability ofW .

The corresponding strategy is the “naive strategy”:

v =
{

0 if u ≤ K,
u if u ≥ K.

The strategy at u = K is better analyzed in terms of the semi-permeability of the

manifoldw = [u−K]+. It is readily apparent that if we do not want the corner to

leak, we need that both ẇ ≥ 0 and ẇ ≥ u̇, which requires that v = 0 if τ < 0 (to

abide by the first constraint) and v = 1 if τ > 0 (to abide by the second.) Hence

the hedging strategy is a bang-bang function of the sign of the variation of the

underlying stock price; A very undesirable feature.

Moreover, if there are transaction costs, and if the prices oscillate around the

parity value, this will induce constant large buy and sell decisions which will cost

much and ruin the hedging strategy.

2.6 Non-zero Transaction Costs: A Partial Solution

To be more specific, we consider the case of a European call with striking price

K , whereM(s) = max{0, s −K}.
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2.6.1 Three-D Impulsive Control Formulation

In this paragraph, we investigate the problem allowing for instantaneous trading

of a finite amount of securities, hence jumps in x and y at times chosen by the

trader, but still in accordance with (4).

We let the trader choose instants of time tk and trading amounts ξk with signs

εk , and augment the dynamic equations with the jump conditions

v(t+k ) = v(t
−
k )+ ξk, (20)

w(t+k ) = w(t
−
k )− Cεkξk. (21)

The definition of a trading strategy for this paragraph is therefore as follows:

Definition 2.6. A trading strategy is defined by

a. a measurable function ξ(·) : [0, T ] → R called the continuous part,

b. an impulsive part made of

• a finite increasing sequence of time instants {tk}
• a sequence of corresponding numbers {ξk},

The corresponding dynamic portfolio is given by the equations (12) (20), and the

worth of the portfolio can be computed from (13) (21).

We denote symbolically by ϕ a feedback rule that lets one decide whether to

make a jump and of how much, and also compute the continuous part of the trading

strategy, knowing past and present u’s and v’s.

As previously noticed, w does not enter the right hand side. Using the equality

w(T ) = w(0)+
∫ T

0

(τv(t)− Cεξ(t))dt −
∑

k

Cεkξk,

We therefore end up with the dynamics (11), (12), (20) and the problem is to find

W(0, u(0), v(0)) = min
ϕ

sup
τ(·)

[
M(u(T ))−

∫ T

0

(τv(t)− Cεξ(t))dt +
∑

k

Cεkξk

]
.

Determination of this impulsive minimax is beyond the scope of the current

theory. One should refer to the theory of impulse control, as developed in [4]. How-

ever, added difficulties arise. On the one hand, this is a game not a control problem.

On the other hand, this is a deterministic problem, so that the corresponding PDE

is first order, and one would need to extend to quasi-variational inequalities the

technique of viscosity solutions. Moreover, the quasivariational inequality (QVI)

is further degenerate due to the fact that the second term in the brace in (22) is

nonpositive.2

2In that respect, we would have a more classical impulse control problem if the transaction

costs were chosen affine, with a fixed part added to the proportional part.
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Yet, it is interesting to write the quasi-variational inequality that is formally

associated with this impulsive game:

0 = min

{
∂W

∂t
+ max
τ∈[−α,β]

τ

[
∂W

∂u
u+

(
∂W

∂v
− 1

)
v

]
,

min
ξ

[W(t, u, v + ξ)−W(t, u, v)+ Cεξ ]

}
(22)

with furthermore ∂W/∂v ∈ [−C+,−C−] whenever the first minimum is obtained

by the first term in the brace, in order for (∂W/∂v + Cε)ξ to have a minimum in

ξ , which is then reached at ξ = 0.

It might be possible to construct the solution of this QVI. We conjecture that the

solution leads to hedging strategy involving, for any realistic initial condition, an

initial jump in v followed by a “coasting” period where ξ takes intermediate values

depending on the variations of u, followed by a final period with ξ = 0 as the

next paragraph shows, hence, providing a non-trivial hedging strategy for option

pricing with transaction costs, a feat known to be impossible with the classical

theory, see [15].

2.6.2 Four-D Non-impulsive Analysis

We now turn to the approximation device consisting in bounding |ξ | by a very

large number X that we shall let go to infinity.

We also turn back to the 3-state formulation, considering the qualitative problem

of driving the final state to the set {w(T ) − M(u(T )) ≥ 0}. The barrier of this

problem is the graph of the functionW of the 2-state variable formulation. But the

geometric intuition of semi-permeable surfaces will help here. Notice also that, to

gain in intuition (we like to think of the hedging strategy as maximizing the value

of the portfolio), we have changed the sign of the terminal term. We make use of

the Isaacs–Breakwell theory. The reader unfamiliar with that theory could as well

turn directly to the subsection 2.6.3.

Hamiltonian set-up. In terms of differential games, we must construct a “bar-

rier” separating states that can be driven to the desired set at time T against all

disturbances from those for which at least one disturbance function exists that will

prevent the aim being reached. Although we shall only sketch the mathematical

details, we shall make free use of the theory. See, e.g. [10,11].

Because we are in fixed end-time, the state space of this game is four-

dimensional: (t, u, v,w). Let (n, p, q, r) be a semi-permeable normal. It satisfies

n+max
ξ

min
τ
{[pu+ (q + r)v]τ + (q − Cε)ξ} = 0,
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and the controls on barrier trajectories are given by

τ =
{
−α if pu+ (q + r)v > 0,

β if pu+ (q + r)v < 0,
ξ =

⎧
⎪⎪⎨
⎪⎪⎩

X if q > C+,

0 if C− < q < C+,

−X if q < C−.

Furthermore, on a smooth part of a barrier, along the barrier trajectories the semi-

permeable normal satisfies the adjoint equations:

ṅ = 0,

ṗ = −τp,
q̇ = −(1+ q)τ,
ṙ = 0.

Barrier sheet towards u < K . Let us construct the natural barrier arriving

on the part u < K , w = 0 of the target set boundary, that we parametrize with

u(T ) = s, v(T ) = χ . We get

u(T ) = s ≤ K, p(T ) = 0,

v(T ) = χ, q(T ) = 0,

w(T ) = 0, r(T ) = 1.

So, at final time, we get τ = −α and ξ = 0. The equations integrate backwards in

u(t) = seα(T−t), p(t) = 0,

v(t) = χeα(T−t), q(t) = e−α(T−t) − 1,

w(t) = χ(eα(T−t) − 1), r(t) = 1.

This solution is not valid before the time tα when q crosses the value C−, i.e.

T − tα =
1

α
ln

(
1

1+ C−

)
.

Prior to tα , one has q < C−, and therefore, if that trajectory is still part of a

barrier, ξ = −X. In view of the fact that we are interested in the caseX→∞, this

means a negative jump in v, i.e. in x, the underlying stock content of our portfolio.

Regular barrier sheet towards u(T ) > K . We now consider the natural barrier

towards u(T ) > K , w(T ) = u(T ) − K . We again parametrize that boundary by

u(T ) = s and v(t) = χ . We get now:
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u(T ) = s ≥ K, p(T ) = −1,

v(T ) = χ, q(T ) = 0,

w(T ) = s −K, r(T ) = 1.

The corresponding value of τ at time T depends on the sign of s − χ . Let us first

consider the case s > χ . We have then at time T and just before τ = β, and still

ξ = 0. The differential equations integrate backwards in

u(t) = se−β(T−t), p(t) = −eβ(T−t),

v(t) = χe−β(T−t), q(t) = eβ(T−t) − 1,

w(t) = χ(e−β(T−t) − 1)+ s −K, r(t) = 1.

This solution is not valid before the time tβ when q crosses the value C+:

T − tβ =
1

β
ln(1+ C+). (23)

Prior to that time, and again if the trajectories were part of a continuing barrier,

we would have ξ = X, which indicates a positive jump in v, hence in x.

Singular barrier sheet towards u(T ) > K . A particular case arises if we

consider the case s = χ . Then it is readily apparent that pu + (q + r)v remains

null along any time interval [t, T ] on which ξ = 0. Then, any τ satisfies the semi-

permeability condition, and so does ξ = 0 as long as

ln(1+ C−) ≤
∫ T

t

τ(θ)dθ ≤ ln(1+ C+).

Along these trajectories,u = v ∈ [s/(1+C+), s/(1+C−)]∩[se−β(T−t), seα(T−t)],
and w = u−K .

Thus, for each s we have two free parameters: t and
∫ T
t
τdθ , yet this constitutes

only a 2-D manifold, because all are embedded into the 2-D manifold u = v =
w +K , t arbitrary.

One of these trajectories for each s is obtained with τ = β. It is the “last”

trajectory of the sheet we would construct withχ ≤ s. It will come as no surprise to

the reader that the trajectories constructed with χ > s, i.e. in our original variables

x > 1, will play no role in the solution.

Intersection. These two three-dimensional sheets intersect along a 2-D edge,

that joins continuously with the above singular 2-D manifold, and that we can

parametrize with h = T − t and u ∈ [K exp(−βh),K exp(αh)] as

v = v̂(h, u) := ueβh −K
eβh − e−αh

, w = ŵ(h, u) := (1− e−αh)v̂(h, u).
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Notice that because of Proposition 2.2, and assuming that α ≤ β (maximum

rate of decrease of a stock price not larger than the maximum rate of increase),

tα < tβ . Hence the above intersection only holds over the time interval [tβ , T ],

because before, the sheet towards u > K is missing.

A careful study of the intersection shows that it is a τ -dispersal line, i.e. that the

trader must watch the evolution of the stock price and adapt to it.

Composite barrier. These semi-permeable surfaces define a composite natural

barrier that can as usual be described as (the graph of) a functionw = W(t, u, v) =
inf{w | (t, u, v,w) is hedgeable}. We get here h = T − t and

W(t, u, v) =
{
(1− e−αh)v if v ≥ v̂(h, u),
(1− eβh)v + ueβh −K if v ≤ v̂(h, u).

We may further notice that if u ≤ K exp(−βh), we always are in the first case

above, and if u ≥ K exp(αh), taking into account the fact that we consider only

the cases v ≤ u, we always are in the second case.

2.6.3 Interpretation of the Results

As a cue to interpreting the geometry of the barrier in the state space, notice that

if a point (t, u, v,w) is “hedgeable”, then any point (t, u, v,w′) with w′ > w is

also admissible. Therefore for a given (t, u), say, we should look for a barrier point

with those coordinates and the lowest possible w as a limiting admissible state,

and therefore an equilibrium price for the call.

The main point we have shown is that the terminal part of the play leads to

ξ = 0 as an optimal behavior, i.e. to a constant x, no trading is necessary during

the final T − tβ time interval. Therefore the main weakness of the “naive” strategy

of [5], which was a risk of constant and costly trading, is avoided. The whole idea

to include the transaction costs into the model was aimed at that result.

If u < Ke−β(T−t), then according to our model, the call is and shall remain out

of the money. The value of the call is 0. As a matter of fact, the only relevant barrier

is our sheet towards u < K . For a given u and t it is intersected at minimum w by

χ = 0 and indeed yields w = 0.

If u > Ke−β(T−t), the call may end up in the money. If moreover u > Keα(T−t),
then it will surely do so. The intersection of the two sheets of the composite barrier

is at v = u, w = u − K . One should have (at least) one share of the stock, and

may have borrowed an amount KR(t), worth K at exercise time.

In between, and for the last instant of times, the limiting v and w are just such

that with no trading, if the stock goes down at maximum rate, we shall end up

with w = 0, and if it goes up at maximum rate, we shall have just w = u − K .

The corresponding equilibrium value for the call is a linear function of u (with

h = T − t the maturity):
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w = 1− e−αh

eβh − e−αh
(ueβh −K).

It coincides with one step of the discrete time theory hereafter (see also [5]),

and therefore more prominently of [8]. As a matter of fact, since we have found

that the optimal behavior was to let T − tβ time pass without trading, therefore

without incurring trading costs, we find one step of the discrete time theory with

that step size.

We therefore suggest exploiting this result by using a discrete time strategy with

that step size. This is the minimum time it takes for the stock to increase by a

relative amount −C−, i.e. of the order of (but slightly less than) c0 + c1.

2.6.4 Closing Costs

Before we investigate the discrete time theory, we must make a digression on

closing costs.

If there are trading costs, it is not equivalent to ending up with no stock and no

debt or with, say s worth of stock, and as much in debt, as there is a cost to selling

the stock and using the proceeds to repay the debt.

The target set at exercise time should therefore be changed to reflect that fact.

Let η = sign(v). The correct target set for u(T ) < K is then

w + C−ηv ≥ 0.

(If we know that only positive v’s will be used, we may simply set w+C−v ≥ 0,

but the above form is useful for the theoretical analysis.) In the case u(T ) > K ,

there are two possible ways of comparing a portfolio and the option. Either we

decide to liquidate any position, and compare situations with v = 0, or we want to

bring our portfolio to a position similar to that just after exercising the call, i.e. with

v = u. Both methods do not lead to the same conclusions. The first one has the

advantage of leading to a continuous target set for the portfolio. Incidentally, one

should then exercise the call only if the net proceeds after liquidating the position

are positive, i.e. if (1+ C−)u(T )−K > 0. And the target set then reads

w + C−ηv ≥ [(1+ C−)u−K]+.

We forgo the mathematical analysis of this case, as it is at this time less advanced

than the previous one. The analysis seems to point to a delay without trading at

the end of length

T − tβ =
1

β
ln

1+ C+

1+ C−
, (24)

hence roughly twice as long as in the case without closure costs.
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3 Discrete Time

We turn to the discrete time theory. In [5], we argued that this is a more realistic

theory as a trader is likely to pay attention to a given portfolio a finite number

of times per day. Here, however, we have another justification, arising from the

continuous time theory itself, where we have seen that introducing transaction costs

automatically leads to optimal hedging strategies made of jumps in the contents

of the portfolio, with no trading at least after the last jump.3 This suggests using

the characteristic step size (23) or (24) above. This is typically of the order of one

third to one half day. The present theory can also be exploited for other step sizes.

3.1 The Model

3.1.1 Market Model

We let now the time t be an integer, i.e. we take the step size �t as our unit of

time, so that t is now an integer ranging from 0 to a given positive integer T . Let

also the price of a unit riskless bound be

R(t) = (1+ ρ)(t−T )

so that ρ in this section is eρ�t − 1 of the continuous time theory. Likewise,

concerning the underlying stock price S we let:

Definition 3.1. The set� of admissible price histories is defined by two positive

numbers α̃ and β̃ and is the set of all sequences {S(t)}, t ∈ {1, . . . , T } such that

(1− α̃)S(t) ≤ S(t + 1) ≤ (1+ β̃)S(t) (25)

We choose to define

τ̃t := S(t + 1)− S(t)
S(t)

,

so that the above definition also reads

S(t + 1) = (1+ τ̃t )S(t), τ̃t ∈ [−α̃, β̃]. (26)

Notice that the α̃ and β̃ of this section are related to those of the previous section

via the same relation as ρ.

3.1.2 Portfolio Model

We call xt and yt the number of shares in the portfolio immediately before the

transactions at time t , and w̃t = xtS(t) + ytR(t) the corresponding value of the

portfolio. We shall make use of w̃+t = xt+1S(t) + yt+1R(t), the value of the

portfolio immediately after the trading at time t , and likewise for v and w below.

Let also dx(t) = xt+1 − xt and dy(t) = yt+1 − yt . We therefore have

3And affine transaction costs would lead to purely impulsive strategies anyhow.
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Definition 3.2.

a. A dynamic portfolio is a pair of sequences ({xt }, {yt }), defined over t ∈
{1, . . . , T }.

b. A dynamic portfolio is said to be self financed if it satisfies (as equation (4)):

dx(t)S(t)+ c1|dx(t)|S(t)+ dy(t)R(t)+ c0|dy(t)|R(t) = 0. (27)

We choose ξ̃t , the amount in S traded at time t as our control, so that

(xt+1 − xt )S(t) = ξ̃t .

Let ε = sign(ξ̃ ). The same reasoning as in the continuous time case may be

used to conclude that self-financing of the strategy imposes the following:

Proposition 3.1. A self-financed dynamic portfolio satisfies

(yt+1 − yt )R(t) = −
1+ εc1

1− εc0
ξ̃t .

and

w̃t+1 = (1+ ρ)(w̃t − Cε ξ̃t )+ (τ̃t − ρ)(xtS(t)+ ξ̃t ).

Introduce, as in the continuous time theory, the end-time values

ut =
S(t)

R(t)
, vt =

xtS(t)

R(t)
, wt =

w̃t

R(t)
, ξt =

ξ̃t

R(t)
,

as above,

v+t =
xt+1S(t)

R(t)
, w+t =

w̃+t
R(t)

,

and let

−α := −α̃ − ρ
1+ ρ ≤ τt := τ̃t − ρ

1+ ρ ≤ β := β̃ − ρ
1+ ρ , (28)

After some simple calculations, the discrete time market and portfolio model

then read

ut+1 = (1+ τt )ut ,

v+t = vt + ξt , vt+1 = (1+ τt )v+t , (29)

w+t = wt − Cεξt , wt+1 = w+t + τtv+t .

We shall consider feedback trading strategies:
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Definition 3.3. A trading strategy is a sequence of functions ϕt : R
+×R → R.

The self-financed dynamic portfolio generated from an initial portfolio (x0, y0)

by a price history {St } ∈ � and the trading strategy {ϕt } is the pair of sequences

generated by (29) with, for all t ∈ {0, 1, . . . , T − 1} : ξt = ϕt (ut , vt ).

We now state our objective: finding hedging strategies and the equilibrium price

of the contingent claim.

Definition 3.4. At a given market price S(0),

a. An initial portfolio (x0, y0) and a trading strategy constitute a hedge at S(0)

if, for any {St } ∈ �, with S(0) given, together they yield wT ≥ M(uT ).
b. The corresponding trading strategy is then called a hedging strategy.

c. An initial portfolio (x0, y0) is said hedging at S(0) if there exists a corres-

ponding hedging strategy.

And finally

Definition 3.5. The equilibrium price of the contingent claim investigated at

S(0) is the least worth w0 = y0R(0) of all hedging portfolios of the form (0, y0).

Remark 3.1. The definition a) above may be slightly modified to reflect the

preferred notion of hedge in the presence of closing costs (e.g., judged at T +

imposing v+T ≥ uT , or alternatively v+T = 0 and w+T ≥ [(1 − c1)u − K]+). See

the section on continuous trading for further hindsight into these definitions.

3.2 Dynamic Programming

Let At be the set of states (ut , vt , wt ) from which there exists a trading strategy

ξk = ϕk(uk, vk), k ≥ t that, for any possible future sequence {τk}, drives the

portfolio to an admissible state at time T , i.e. such that wT ≥ M(uT ). It is clear

that if (u, v,w) ∈ At , then any (u, v,w′)withw′ > w will also be in At . We may

thus characterize the set At as the epigraph of its floor function

Wt (u, v) = min

⎧
⎪⎨
⎪⎩
w

∣∣∣∣

⎛
⎜⎝
u

v

w

⎞
⎟⎠ ∈ At

⎫
⎪⎬
⎪⎭

so that

⎛
⎜⎝
u

v

w

⎞
⎟⎠ ∈ At ⇔ w ≥ Wt (u, v).

It is convenient to perform the classical dynamic programming construction,

leading to the Isaacs equation, in two steps. Let first A+t be the set of states

(ut , v
+
t , w

+
t ) at t+ that will be driven to At+1 by any τ , andW+

t the corresponding

floor function. Thus,
⎛
⎜⎝
u

v+

w+

⎞
⎟⎠ ∈ A+t ⇐⇒ ∀τ ∈ [−α, β],

⎛
⎜⎝
(1+ τ)u
(1+ τ)v+
w+ + τv+

⎞
⎟⎠ ∈ At+1.
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or equivalently

w+ ≥ W+
t (u, v

+)⇐⇒ ∀τ ∈ [−α, β], w+ + τv+ ≥ Wt+1((1+ τ)u, (1+ τ)v+).

Thus, we have

W+
t (u, v

+) = max
τ∈[−α,β]

[Wt+1((1+ τ)u, (1+ τ)v+)− τv+]. (30)

Now, At is the set of all states (u, v,w) that can be sent by an appropriate control

ξ into a (u, v+, w+) in At+1, hence,

w ≥ Wt (u, v)⇐⇒ ∃ξ : w − Cεξ ≥ W+
t (u, v + ξ).

Therefore

Wt (u, v) = min
ξ

[W+
t (u, v + ξ)+ Cεξ ] (31)

It is useful to give the form taken by the recursion merging the two steps from

tt+1 to t+ and from t+ to t into a single Isaacs equation:

Wt (u, v) = min
ξ

max
τ∈[−α,β]

[Wt+1((1+ τ)u, (1+ τ)(v + ξ))− τ(v + ξ)+ Cεξ ].

(32)

to be initialized with

WT (u, v) = M(u) (33)

We have thus proved the following result:

Theorem 3.1. If equations (32), (33) have a solution Wt (u, v), the equilibrium

price of the contingent claim at S(0) is (1+ ρ)−TW0((1+ ρ)T S(0), 0).

(The coefficients (1 + ρ)−T and (1 + ρ)T are there to come back in the original

variables, as opposed to their end-time values.)

Equations (30) and (31), or equivalently (32) and (33), also provide a construc-

tive algorithm to numerically compute the equilibrium price. We discuss that mat-

ter at the end of Subsection 3.4.

3.3 Limiting Cases

3.3.1 Zero Transaction Costs

The case with no transaction costs corresponds here toCε = 0. Then, in (32) ξ only

appears in combination with v as (v+ ξ) (i.e. v+), which can therefore be taken as
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our mute maximization variable. If moreover the final valueWT does not depend

on v, then the r.h.s. above never depends on v either, leading to a functionWt (u):

Wt (u) = min
v+

max
τ∈[−α,β]

[Wt+1((1+ τ)u)− τv+].

We shall argue below that in the case of simple European options, the maximum

in τ is reached at an end point of the admissible interval. As a consequence, this

maximum is minimum when τ = −α and τ = β yield the same value, i.e.

Wt+1((1− α)u)+ αv+ = Wt+1((1+ β)u)− βv+

leading to

v+(u) = Wt+1((1+ β)u)−Wt+1((1− α)u)
α + β

and thus

Wt (u) =
α

α + βWt+1((1+ β)u)+
β

α + βWt+1((1− α)u). (34)

These are exactly the equations obtained by Cox, Ross and Rubinstein [8]. The

reference [5] develops in some more detail the reason why the two theories seem

to coincide. The (big ?) difference, though, is that the theory of Cox, Ross, and

Rubinstein is based upon a market model which is not realistic for finite step sizes,

and is only meant to be meaningful in the limit as the step size goes to zero. Here

we have a normative theory even for finite step sizes. However, with the same

historical data, we shall be led to a model with a larger volatility σ = (α + β)/2
than in their approach.

3.3.2 Vanishing Step Size

It is interesting to investigate the limiting case of our theory, with transaction costs,

when the step size goes to zero in the above recursion. Thus we replace the step

size “one” of the above theory by h. We choose to modelize stock price histories

of bounded variation, as opposed to the classical Black and Scholes model. (See

[5] for more details.) Thus replace τ by τh = hτ ∈ [−hα, hβ].

Equation (32) now reads

Wt (u, v) = min
ξ

max
τ∈[−α,β]

[Wt+h((1+ hτ)u, (1+ hτ)(v + ξ))− hτ(v + ξ)+ Cεξ ]

The following analysis is formal. We strongly conjecture that it can be made

precise, though at a rather high mathematical price. Rewrite the above equation as

0 = min
ξ

max
τ∈[−α,β]

{
Wt+h((1+ hτ)u, (1+ hτ)v)−Wt (u, v)− hτ(v + ξ)+

Wt+h((1+ hτ)u, (1+ hτ)(v + ξ))−Wt+h((1+ hτ)u, (1+ hτ)v)+ Cεξ
}
.

(35)
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The first line in the above display always goes to zero as h → 0. Now, two

situations may arise as h→ 0.

Either the minimum in ξ is attained for a non zero ξ . Nevertheless, the second

line must also go to zero, since the sum does. Therefore, in the limit we must have

min
ξ

[Wt (u, v + ξ)−Wt (u, v)+ Cεξ ] = 0,

where we recognize the second term of (22). In this case, placing ξ = 0 will yield

a positive r.h.s. But the second line in the display (35) is zero for ξ = 0. Thus the

first is positive, and the term above is the minimum of the two lines.

Or the minimum in ξ is reached at ξ = 0. This means that the second line in

the display would be positive for non zero ξ ’s. And the first line reads, dividing

through by the positive h,

max
τ∈[−α,β]

[
1

h

(
Wt+h((1+ hτ)u, (1+ hτ)v)−Wt (u, v)

)
− τv

]
= 0.

In the limit as h goes to zero we recognize the first line of (22).

Altogether, we see that we end up with the quasi-variational inequality (QVI)

(22) of the continuous time theory. Thus, equation (32) can be seen as an “upwind”

finite difference scheme for the continuous QVI, strongly suggesting that the solu-

tion of the discrete trading problem converges to that of the continuous trading one

as the step size goes to zero.

3.4 The Convex Case

As is the case without transaction costs, convexity of the evaluation functionM at

terminal time is preserved by the recursion and helps in the computations. Let us

state the main fact:

Theorem 3.2.

a. The functions Wt and W+
t generated by the recursion (30), (31), (33) are

convex in v for each u.

b. If furthermore the functionM is convex, then they are jointly convex in (u, v).

Proof. We provide the proof of the second statement. The first one goes along the

same lines, just simpler.

Notice first thatM being convex (in u),WT is jointly convex in (u, v). Assume

that Wt+1(u, v) is convex in (u, v). So is Wt+1((1 + τ)u, (1 + τ)v) − τv. And

therefore, according to (30),W+
t is the maximum of a family of convex functions,

thus convex.

Assume therefore thatW+
t is convex in (u, v). Introduce the extended function

Ŵ(η, ξ) =
{
+∞ if η 	= 0,

−C−εξ if η = 0.
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It is convex in (ξ, η). Now, (31) reads

Wt (u, v) = min
η,ξ

[W+
t (u− η, v − ξ)+ Ŵ(η, ξ)].

Hence Wt is the inf convolution of two convex functions, therefore it is convex.

The theorem follows by induction. �

Beyond its theoretical significance, —there are deep reasons to expect the value

of a call to be convex, at least in u (see, e.g. [9])— this fact has an important

computational consequence. Let us first emphasize the following fact:

Corollary 3.1. IfM is convex, the function τ �→ [Wt+1((1+τ)u, (1+τ)v)−τv]

is convex.

As a consequence, the maximum in τ in (30) is necessarily reached at an end

point of the segment [−α, β]. Computationally, this means that the maximization

is reduced to comparing two values, a significant simplification. The practical

consequence is that using the recurrence relation to compute a pricing is very fast

for a convex terminal value. We typically had run times of 6 seconds per time step

on a 500 MHz PC, with u and v discretized in 200 steps each, a golden search in

ξ , and P1 finite elements interpolation of the functionWt .

This will not be so for a digital call, say. The maximization in τ then has to

be done via an exhaustive search. Yet, since we preserve the convexity in v, the

minimization in ξ can still be performed via an efficient algorithm.

Remark 3.2. The various ways of taking closing costs into account usually pre-

serve the convexity ofM .

3.5 Partial Solution for a European Call

If we takeM(s) = max{0, s−K}, we can perform “by hand” the first steps of the

recursion (32). We find the following facts.

• The optimal choice for ξ(T ) is always zero: there is no incentive to perform a

portfolio readjustment at final time since this has a cost, and buys us nothing

in this formulation without closure costs.

• If ut ≥ (1− α)t−TK , one finds that the recursion reaches a fixed point

Wt (u, v) = [(1+ C+)(1+ β)− 1](u− v)+ u−K.

The optimal trading strategy is always to jump to v = u, i.e. own one share

of the underlying stock.

• If ut ≤ (1 + β)t−TK , the situation is slightly more subtle, at least for large

trading costs. As a matter of fact, if α + C− < 0, for the last time steps,

where (1 − α)T−t > 1 + C−, the optimal hedging strategy is ξt = 0, hence

do not trade. This is again a feature of the robustness of this theory against

small variations in u. For earlier t’s, the optimal hedging strategy is to jump

to v = 0, and the lowest value of a replicating portfolio is
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Wt (u, v) = [1− (1+ C−)(1− α)]v.

That is, one needs to have at least (1+C−)(1−α)v worth of riskless bonds to

pay for the trading in of the stock at hand at the next time instant. (Remember

that vt is the value of the stock in the portfolio before the trading at time t .)

• For u between these two limits, the value is piecewise affine in u and v. We

have shown in the previous subsection that the “worst” market evolution, i.e.

the one that dimensions the necessary portfolio, is always an extreme value,

which makes the numerical solution very fast (only τ = −α and τ = β have

to be compared).

• In the case where −α = C−, which corresponds to the critical time of the

continuous time theory, further degeneracies appear in the minimization in ξ

in the recursion (32), making ξ = 0 a possible optimal hedging strategy for a

larger region of the (u, v) space.

• Adding a closure cost does not change the above results much.

Figure 1: Equilibrium prices for various transaction costs, 20 time steps

4 Conclusions

Our objective was to introduce transaction costs in our non-stochastic theory of

option pricing, not so much to have a more realistic theory, although this may be

of interest, but mainly because we speculated that doing so would alleviate the bad

feature of the previous continuous trading theory, which was found to give a naive

strategy much too sensitive to trading costs (which had been neglected) in case the

stock price oscillates around the present-value of the striking cost.

This aim seems to be indeed achieved, since at least for a (small) final time

interval, no trading occurs. Yet at this time, we do not have a complete solution of

the continuous time problem.



Robust Control Approach to Option Pricing 415

Figure 2: Equilibrium prices for various maturities, c0 = 2%, c1 = 5%

So we turn to a discrete time scheme, which may be considered as a more

realistic formulation anyway. The corresponding problem can easily be solved

numerically. The option value it will yield is reminiscent of that of Cox, Ross and

Rubinstein in that it is piecewise affine, and coincides with it in the case of simple

put or call options with no transaction costs in the theory. We point out that this is

now a normative theory even with a finite step size, and not only as the step size

vanishes. A particularily meaningful step size is the critical time deduced from the

continuous trading strategy. Moreover, we conjecture that the limit of that theory

as the step size goes to zero is the solution of the continuous time theory, in effect

making our algorithm an efficient approximation scheme for the latter.

At this time, detailed numerical comparisons are being made between this theory

and classical stochastic theories and between option pricing with or without trading

costs. Even more importantly, we want to see whether this theory accounts for

observed option prices on the market. Notice that we have more parameters to

adjust than Black and Scholes, say.
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Abstract
This paper exposes in voluntarily simple terms the concept of S-adapted

equilibrium introduced to represent and compute economic equilibria on

stochastic markets. A model of the European gas market, that has been at

the origin of the introduction of the concept, is recalled in this paper and the

results obtained in 1987, when the contingent equilibrium has been computed

for a time horizon extending until 2020, are compared with the observed trend

in these markets over the last two decades. The information structure sub-

sumed by this concept of S-adapted strategies is then analyzed, using different

paradigms of dynamic games. The paper terminates with some open and

intriguing questions related to the time consistency and subgame perfectness

of the dynamic equilibrium thus introduced.

1 Introduction

This paper gives a tutorial overview of an equilibrium concept for a class of stochas-

tic games that model random competitive processes where the uncertainty is not

influenced by the actions of the agents (players). In [15] such a solution concept

for stochastic games has been introduced and characterized under the name of S-

adapted equilibrium. A stochastic variational inequality (VI) served to character-

ize the equilibrium. There has been recently a renewed interest in the application

of mathematical programming techniques to the solution of stochastic variational

∗The research of this author has been supported by an SNSF grant
†The research of this author has been supported by an NSERC grant.
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inequalities [6] and the modeling of oligopolies in random markets [9], [10]. In

[6] a motivating example consisting of a model of the European gas market was

borrowed from [19] which seems to have been the first application of this concept.

This model of the European gas market is documented in [14] and [13] which are

not widely available reports. So our first aim is to recall this particular model and

to show how the S-adaptation was “invented” to represent energy and resource

markets. This has defined a new class of stochastic games where the characteristic

feature is for the random disturbances not to be influenced by the players’ actions.

Our second aim is to analyze in more detail the properties of the S-adapted infor-

mation structure, using the context of classical games in extensive forms [4], [5],

the framework of stochastic variational inequalities and the paradigm of piecewise

deterministic differential games [11], respectively.

The paper is organized in two parts and six sections. Part 1 corresponds to sec-

tion 2 and summarizes the model of the European gas market that has been the

origin of the S-adapted strategy concept. We show that an S-adapted strategy has

an interpretation in terms of contingent gas contracts with indexation clauses. The

second part of the paper deals with a general theory of games that are played on

“uncontrolled event trees”, i.e. where the uncertainty is not dependent on the play-

ers’ actions and can be represented by a discrete event process. In section 3 we start

from the basics and we interpret the concept of S-adapted strategies in the classi-

cal context of games in extensive form. In section 4 we develop the relations that

exist between the S-adapted equilibria defined in [14] and the concept of stochas-

tic variational inequalities; we discuss existence and uniqueness of an S-adapted

equilibrium. In section 5, we expose the extension of the concept of S-adapted

strategies to the context of multistage and of piecewise deterministic games. For

multistage games we provide a maximum principle which clearly shows the prox-

imity of the concept with open-loop equilibria for deterministic multistage or dif-

ferential games. In continuous time we relate the S-adapted information structure

to the class of piecewise deterministic differential games (PDDG) introduced in

[7]. The PDDG formalism has been applied to the analysis of stochastic oligopolies

in [11], under the assumption that the random market disturbances are independent

of the firms’ actions. The Piecewise-Open-Loop information structure was used

in this model which differs from the S-adapted one. In [9] the S-adapted informa-

tion structure was applied to the stochastic oligopoly of Ref. [11] and the results,

compared numerically, showed a surprising proximity. In the present paper we

investigate a little further the links that can be established with the theory of open-

loop differential games and, in particular, the necessary optimality conditions in

the form of maximum principles. This leads us to the final section 6 where we

address the issues of time consistency and of subgame perfectness.

Part I. The Motivating Energy Modeling Study

In 1987, in his PhD thesis [19], G. Zaccour extended the stochastic programming

method to a game theoretic context, by introducing a Nash equilibrium in a class
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of strategies where the decisions of each player were indexed over the nodes of

an event tree. This event tree was used to represent the uncontrolled uncertainty

characterizing the oil price scenarios. This solution concept has been called S-

adapted for “sample path adapted”. In this first part we revisit this initial model

that has had the misfortune of not being published in a widely circulated journal1

although it has served as the motivating example for a recent publication concerning

the solution of stochastic variational inequalities [6].

2 A Model of the European Gas Market

In this section the European gas market model is presented with enough detail to

permit an analysis of the scenario simulation results that were obtained and an

interpretation in terms of contingent contracts. Furthermore, as the modeling was

undertaken almost 20 years ago, we can now compare the simulations obtained

from the model with the actual realization in the period 1985–2000. So this is a

case where the model can be put to a test against reality.

2.1 The Structure of the European Gas Market

Typically the European gas market is organized as a multilevel structure involving

producers, distributors and consumers as schematized in Figure 1.

A modeling exercise has been undertaken in 1985 to represent the evolution of

this market over the following four periods indicated in Table 1.

Table 1: The four time periods of the gas market model

1985–1989 1990–1994 1995–1999 2000–2019

The model does not consider the distributors as active players and concentrates on

the producers and their production units as indicated in Table 2.

Table 2: The players and their production units

Algeria → Arzew, Skikda, Algeria Pipe

Holland → Groningen

Norway → EKOFISK, Troll

FUSSR → USSR1, USSR2

The nine consuming regions are shown in Table 3.

We assume that the market is oligopolistic and that the producers behave as Nash–

Cournot equilibrium seekers.

1The reason for this delayed publication deserves to be told. The paper, submitted to a

famous OR journal, has been lost by the editor in charge. . .
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Producers Distributors Consuming regions

��
��
��
��
��
��

��
��
��
��
��
��

��
��
��
��
��
��













�

���������

�













�

�

���������

�













�

���������

�













�

�

���������

�

Figure 1: A multilevel market structure

Table 3: The consuming regions

Belgium–Luxembourg

France North France South

Italy North Italy South

Holland UK

FRC North FRC South

2.2 Modeling of Gas Contracts

Competition on natural gas markets takes usually the form of negotiation of long-

term contracts between producers and distributors. From a producer perspective,

the main motivation for long-term contracts is that developing a gas field is an

extremely expensive and lengthy venture and therefore a (long-term) contract is a

guarantee that a demand exists for this field. From the perspective of a distributing

company, a contract is synonymous with a reliable supply at a certain price. In

practice, contracts are much more complex arrangements than a simple pair (price,

quantity). They usually include number of operational clauses, a price indexation

clause, lower and upper bounds on quantity etc.

The price escalation clause in gas contracts is based mainly on the price of oil

and the lower bound on quantity represents a take-or-pay clause. Since obviously

future price of oil is a random event, a gas contract between a seller and a buyer
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may take the form of a set of pairs (price, quantity), each one corresponding to a

state of the world considered for oil price.

This indexation clause in the contractual terms is translated in the game-theoretic

model through the introduction of the S-adapted information structure. For achiev-

ing this, one represents the uncertainty as an event tree, where the paths correspond

to different oil price scenarios. The gas demand law in each consuming region is

affected by the random oil price scenario. A player decision vector specifies for

each node of the event tree the quantities to be exchanged with the distributors

under the price of oil characteristic of this node. The tree structure can be inter-

preted in contractual terms: For a producer and distributor, the set of pairs (price,

quantity) mentioned above is obtained by collecting the results for all nodes in the

event tree that correspond to the same period. The lowest quantity in this set can

be interpreted as a take-or-pay quantity clause. The highest one provides the upper

bound on the volume of gas that can be lifted (annually for instance). Therefore

these results correspond to quantities of gas that are contingent to the price of oil.

2.3 A Model of Competition Under Uncertainty

We can provide a mathematical formulation of the model sketched above. Consider

a set of time periods t ∈ {0, . . . , T }. Let J be the set of consuming regions. In each

region j ∈ J one considers a set of demand laws indexed over a set of scenarios

� which represent different conjunctural evolutions of the gas market. A scenario

ω ∈ � is represented as a path in an event tree as indicated in Figure 2. The set N t

contains the nodes nt of the event tree at period t . These nodes represent all the

different possible histories of the random events up to time t . We say that a scenario

passes through node nt if it has up to time t the history represented by node nt .

The cumulative probability of all the scenarios passing through the node nt ∈ N t

is denoted π(nt ). The set of players (producers) is denotedM = {1, . . . , m}. Each
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Figure 2: Event tree

player k controls a set Uk of production units. Each unit ℓ ∈ Uk is described by

a. The reserves it exploits Rℓ(t) (with initial condition Rℓ(0) = R0
ℓ given)

b. The production capacity Kℓ(t) (with initial condition Kℓ(0) = K0
ℓ given)
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c. The production cost function Gℓ(qℓ(t)), which is defined as a convex twice

differentiable monotonically increasing function

d. The investment cost function Ŵℓ(qℓ(t)), also defined as a given convex twice

differentiable monotonically increasing function.

The players have to choose, at each period, the amount they produce and the

investment in capacity expansion. When they make their decisions they know

the node of the event tree that has been reached, i.e. they know the history of

the gas market. The players decisions are therefore indexed over the nodes of

the event tree. These contingent decisions are taken by the different players in

order to be in a Nash equilibrium, i.e. each player’s contingency plan is the best

reply, in terms of expected profits to the contingency plans adopted by the other

players.

The stochastic game problem can then be summarized as follows

Equil. [πk =
T∑

t=0

β ti

{∑

j∈J

∑

ℓ∈Uk

∑

nt∈N t

π(nt )
[
qℓj (n

t )(Pj (n
t ))

−Gℓ(qℓj (nt ))− Ŵℓ(Iℓ(nt ))
]}]

k∈M (1)

s.t.

Rℓ(n
t ) = Rℓ(a(nt ))− qℓ(a(nt )) Reserves depletion (2)

Kℓ(n
t ) = Kℓ(a(nt ))+ Iℓ(a(nt )) Capacity expansion (3)

qℓ(n
t ) ≤ Kℓ(nt ) Capacity bounds (4)

Pj (n
t ) = fj (Qj (nt )) Demand laws (5)

0 ≤ Iℓ(a(nt )), qℓ(nt ), Rℓ(nt )
∀t, nt ∈ N t , ℓ ∈ Ui, k ∈ M. (6)

In the profit function (1), the term Pj (n
t ) represents the clearing market price

of gas in consuming region j , given the economic conjuncture represented by

the node nt . This price depends on the total quantity supplied on the market and

will be further discussed in the next subsection. In the constraints (2) and (3),

we use the notation a(nt ) to denote the unique predecessor of the node nt in the

event tree. These constraints represent state equations in the parlance of control

theory. As indicated, the investment and reserve commitment decisions taken at

the antecedent node a(nt ) determine the state variables Rℓ(n
t ) and Kℓ(n

t ).

One complements the model with the following specifications:

Production cost functions: We assume that the marginal production cost2

increases when the production q gets closer to the capacity K

2The numerical values for the parameters entering in the definition of the cost and demand

functions can be obtained in the report [13] which is available upon request to the authors.
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G′(qℓ) = αℓ +
γℓ

Kℓ − qℓ
.

Investment cost functions: We assume constant marginal investment cost with

differences among producing units

Ŵ′(Iℓ) =

⎧
⎪⎨
⎪⎩

$ 15/MMBTU Troll

$ 16.9/MMBTU USSR 2

≡ 0 Algeria, Holland.

2.4 The Stochastic Demand Law

The natural gas (inverse) demand law in each consuming region defines the price

of gas as an affine function of the total quantity put on this market by the producers.

Both the slope and intercept at the origin are random parameters depending on the

price of oil. The event tree of Figure 3 shows the possible time evolutions of oil

price. It shows a starting value of $ 30/BBL in 1985-89 with a predicted decline

to $ 15/BBL in 1990-1994 followed in 1995-1999 by two possible price increases

to $ 20/BBL or $ 30/BBL respectively. Further branching occurs after that period

leading to prices ranging from $ 20 to $ 60/BBL in 2000-2019. At each node the

probabilities of each branch is also indicated. Different demand laws are specified

for each node.
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Figure 3: Stochastic oil prices
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Table 4: Flows in mtoe (NHV)

Period 1985–89 1990–94 1995–99 2000–2019

Source Destination $ 30 $ 15 $ 20 $ 30 $ 20 $ 30 $ 30 $ 60

U.K. U.K. 33.70 35.00 37.00 37.00 38.00 38.00 38.00 38.00
FRG FRG (North) 10.00 13.70 12.74 11.40 12.40 11.62 11.71 8.39
FRG FRG (South) 3.70 0.10 1.06 2.40 1.41 2.18 2.09 5.41
France France (North) 1.86 2.61 3.00 3.00 3.00 3.00 3.00 1.58
France France (South) 2.94 0.29 0.00 0.00 0.00 0.00 0.00 1.42
Italy Italy (North) 2.03 0.00 0.04 0.69 0.45 1.06 1.10 1.39
Italy Italy (South) 8.37 10.00 9.96 9.32 9.55 8.94 8.90 8.61
Alg. pipe Italy (South) 5.06 4.25 7.55 9.00 9.30 10.82 10.84 9.66
Arzew France (North) 3.24 2.43 4.48 5.47 5.53 7.00 7.03 6.28
Arzew Belgium Lux. 3.55 2.79 3.98 4.55 4.61 5.30 5.32 4.52
Skikda France (South) 5.28 3.97 6.93 8.83 8.18 10.55 10.55 10.25
FURSS1 FRG (South) 13.67 16.01 16.90 15.88 17.88 17.26 17.30 12.82
FURSS1 France (South) 7.92 12.56 15.14 14.14 17.45 16.75 16.74 13.22
FURSS1 Italy (North) 9.72 14.54 17.15 16.38 18.90 18.60 18.62 14.70
FURSS2 U.K. 0.00 0.00 22.38 22.42 22.44 22.51 22.51 22.09
Holland Holland 22.93 20.96 24.11 23.97 24.35 23.97 23.90 22.08
Holland FRG (North) 16.66 13.77 13.79 14.60 12.63 12.99 12.90 13.00
Holland France (North) 3.31 4.04 3.93 3.71 3.50 3.14 3.10 3.52
Holland Italy (North) 5.34 4.13 5.11 6.25 4.63 5.50 5.41 7.17
Holland Belgium Lux. 3.86 4.67 4.22 3.88 4.25 3.77 3.75 3.29
Ekofisk U.K. 9.07 8.70 4.52 4.70 0.00 0.00 0.00 0.00
Ekofisk FRG (North) 7.06 3.82 8.34 9.50 0.00 0.00 0.00 0.00
Ekofisk France (North) 1.49 1.23 11.88 1.65 0.00 0.00 0.00 0.00
Ekofisk Belgium Lux. 2.18 2.58 3.06 2.83 0.27 0.27 0.00 0.00
Troll U.K. 0.00 0.00 0.00 0.00 9.23 9.10 8.97 7.50
Troll FRG (North) 0.00 0.00 0.00 0.00 12.34 13.11 13.03 13.99
Troll France (North) 0.00 0.00 0.00 0.00 3.17 3.07 3.03 3.88
Troll Belgium Lux. 0.00 0.00 0.00 0.00 3.82 3.47 3.72 3.47
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2.5 The Equilibrium Strategies

The computation of the equilibrium strategies, adapted to the event tree describing

the uncertainty on demand gave the flows to consuming regions shown in Table 4

and total production decisions shown in Table 7.

The equilibrium strategy is interesting in a period where there are several nodes,

like in 1995–99. Depending on the prevailing oil price ($ 20 or $ 30) the invest-

ment decision will be different. Consider, for example, the reserve commitments

shown in Table 7. In 1995–99, Algeria commits 22.94 mtoe or 27.85 mtoe of

its reserves if the price of oil is $ 20 or $ 30 respectively. The reserve commit-

ment decision is an inter-temporal decision, since like investment for capacity

expansion, it determines the evolution of the reserves (another type of nonrenew-

able capital). In Figure 3 one sees the different situations corresponding to the

two nodes. In the $ 20 node the perspective is a branching between $ 20 or $ 30

prices for the future (final) period 2000–2019, with respective probabilities 0.40

and 0.60. The reserve commitment decision is taken via an arbitrage between

the immediate profit (in 1995–99) and the value of reserves in the forthcoming

period 2000–2019. This future value is obtained as the conditional expectation

of the two possible values if the oil price were to be low ($ 20) or moderate

($ 30). Indeed this arbitrage is also made as the best response to the commitments

decided by the competitors. In the $ 30 node, of period 1995–99, the perspective

is a branching between $ 30 or $ 60 prices for the future (final) period 2000–

2019, with respective probabilities 0.75 and 0.25. This is a different perspective,

with different immediate profits and future values of reserves, hence the different

commitment.

The resulting prices of gas on the different markets are shown in Table 5.

Table 5: Price of gas $ 83/MMBTU on different markets

Period 1985–89 1990–94 1995–99 2000–2019

Oil price $30 $15 $20 $30 $20 $30 $30 $60

Holland 6.29 3.26 4.11 5.88 4.06 5.85 5.85 10.60
U.K. 4.72 2.61 2.66 3.50 2.66 3.51 3.515 4.715
Germany (North) 4.35 2.59 3.23 4.41 3.24 4.44 4.45 7.29
Germany (South) 4.35 2.59 3.23 4.42 3.24 4.44 4.45 7.29
France (North) 4.57 2.71 3.11 4.02 3.04 3.95 3.46 6.18
France (South) 4.57 2.66 3.06 4.00 2.97 3.82 3.82 6.18
Italy (North) 4.22 2.66 3.28 4.39 3.35 4.45 4.45 7.33
Italy (South) 4.22 2.71 3.28 4.39 3.25 4.45 4.45 7.33
Belgium- 5.11 3.09 3.71 4.95 3.07 4.93 4.94 8.04
Luxemb.

The total gas demand is shown in Table 6. Annual production and reserves at

the end of period are in Table 7.
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Table 6: Annual total gas demand in mtoe (PCI)

Period 1985–89 1990–94 1995–99 2000–2019

Oil price $30 $15 $20 $30 $20 $30 $30 $60
Gas Demand 182.9 182.1 227.3 231.7 247.2 252.0 251.5 236.3

Table 7: Annual production and reserves at the end of period

Period 1985–89 1990–94 1995–99 2000–2019
Oil price $30 $15 $20 $30 $20 $30 $30 $60
$83/bbl

(a) 17.14 13.44 22.94 27.85 27.62 33.66 33.74 30.71
Algeria

(b) 2745 2678 2564 2539 2011 1890 1864 1925

(a) 52.09 47.56 51.17 52.40 49.37 49.37 49.06 49.06
Holland

(b) 1481 1243 987 981

(a) 19.80 16.32 17.80 18.87 28.82 29.01 28.75 28.85
Norway

(b) 176(1) 94 5
1733(2) 1733 1733 1733 1202 1179 1199 1197

(a) 31.31 43.10 71.58 68.83 76.63 75.12 75.16 62.85
FUSSR

(b) 3280 3065 2707 2721 1174 1205 1218 1464

(1) Ekofisk
(2) Troll
(a) production
(b) reserves

2.6 20 Years After

This model was proposed almost 20 years ago to represent the possible evolutions

of market shares on a time horizon extending up to 2020. We have now observed the

evolution of the price of oil and we can obtain from the energy statistics the volumes

of gas circulating in Europe. We may thus compare the market shares3 of the

different producers “forecast” in 1985 for the next fifteen years and observations.

The assumptions made at that date regarding the price of oil, expressed in $1983,

were as follows: $30/bbl for the period 1985-1989, $15/bbl for 1990-1994 and two

possibilities, $20 and $30, for 1995-1999. During this last period, the price of oil

was actually closer to $20/bbl than to $30/bbl and therefore we shall compare the

realizations with the “forecast” made under this assumption. The market shares

3We could have done this comparison on the basis of quantities instead of market shares.

The advantage of this formulation is that all root mean square errors are easily comparable

with market shares as unit of measurement.
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predicted and the ones observed have been compared4. We only report the Root

Mean Square errors (RMSE) for the different markets in Table 8.

Table 8: Root Mean Square Errors

Holland 0.03113
UK 0.15103
Germany 0.04296
France 0.09296
Italy 0.09296
Belgium–Luxembourg 0.05461

As it can be readily seen, the model predicted quite well in the case of Holland,

Germany and Belgium–Luxembourg. The performance is good for France and

Italy. In the case of France, the model forecast an important role for Norway and

in the case of Italy, the model underestimated the market share of the USSR. The

relatively bad performance in the UK case is due to a forecast of an important role

of Russian gas during the last period (1995–1999) and the result was no gas from

Russia at all.

This comparison exercise shows that the S-adapted information structure, when

applied to model stochastic resource markets can provide useful insights. One

could also re-run the model for the realized scenario and compute the value of

information by comparing the deterministic solution with the uncertain one.

2.7 In Summary

The European gas market modeling exercise has the following original features:

• It models some real life contingent contracts that have indexation clauses

triggered by the random evolution of the price of oil;

• In doing so it uses a formalism of a Nash–Cournot game played over an event

tree that represents the possible evolutions (scenarios) of the price of oil;

• The equilibrium is characterized as the solution of an extended variational

inequality for which we have existence and uniqueness results, as shown in

section 4;

• The model has dynamical constraints representing the capacity expansion and

the reserve depletion processes; the decision of investment and production

(reserve commitment) are therefore similar to control variables that influence

the evolution of a state variable. An economic interpretation of the decision

taken at each node can be obtained by considering the tradeoffs for the agents

between the immediate gain and the impact of the current decision on the

conditional expected value of the state variables in the next few periods, as

discussed in section 5.

• Finally a comparison of the scenarios simulated and the actual realization

shows a good fit.

4The fully detailed tables can be obtained from the authors, on request.
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Part II. The Theory of Games Played on Uncontrolled Event Trees

In Part 1 we have reviewed an economic model where the players choose con-

tingency plans represented as solutions indexed over the set of nodes of an event

tree. In this second part we study the information structure that is subsumed by

this indexing of decisions over an event tree. For that we use a variety of different

paradigms that are used to study dynamic games.

3 A Formulation of S-Adapted Strategies in the
Classical Game Theory Framework

In this section we present S-adapted strategies as a particular type of information

structure for a game in extensive form. To simplify the exposition we restrict

ourselves to the two-player case.

3.1 A Two-Player Game in Extensive Form

We consider a two-player game with sequential simultaneous moves. Nature inter-

venes randomly after every decision run consisting of an action chosen by player

1 and an action chosen by player 2. Players cannot observe the action taken by the

opponent. Nature selects an event randomly and independently of players’ moves.

Nature’s moves can be sequentially dependent, like e.g. in a Markov chain or can

be the representation of a more general stochastic process. Nature’s moves are

known to each player. Players use V-N-M utilities so they strive to maximize their

expected payoffs. A run is a sequence of a two-decision move, one by each player,

followed by Nature’s move. The game is played over T runs. Payoffs (in utils)

depend on the terminal node reached after the last run. A run is illustrated in Fig-

ure 4 where, as usual, the action nodes are represented by squares, event nodes by

circles. The information structure is represented by the dotted lines that connect

together all the elements belonging to the same information set. At the beginning

of the run, Player 1, knowing that the game is in node s chooses an action. Player 2

chooses her action without knowing the choice made by Player 1, as indicated by

the dotted line. Nature then makes a random move, without taking into account the

actions chosen by the players (this is also indicated by a dotted line crossing all

the nodes, at that decision level). Next run is played similarly, Player 1 knowing

the new node s′ which is the updated history of Nature’s moves, etc. . .

3.2 Normal Form Representation

We index the runs over a set of time periods t ∈ {0, 1, . . . , T − 1}. It is convenient

to introduce an initial state of Nature denoted ξ(0). Nature’s moves make this state

evolve over periods. The Nature state evolution is then represented by a stochastic

process {ξ(t) : t = 0, 1, . . . , T }. The information structure described above in

Figure 4 says that each player has at her disposal at period t the whole history
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Figure 4: A “run" in the extensive form game

ht = {ξ(0), . . . , ξ(t)} of the ξ(·) process up to time t . Therefore Player k picks,

at time t an action in a finite set U tk , using a strategy defined by the mappings

γ tk : ht �→ γ tk ∈ P[U tk], k = 1, 2, t = 0, 1, . . . , T − 1, (7)

where P[U tk] is the simplex of probability measures on the finite set U tk . The

rewards are defined at terminal nodes n(T ) of the game tree. We represent them

by two functions of the terminal nodes Gk(n(T )), k = 1, 2. With this construct,

when the players adopt strategies γk = {γkt : t = 0, 1, . . . , T − 1}, k = 1, 2,

respectively, the rewards become random variables G̃k(T ) with probability laws

depending on the strategies pair γ = (γ1, γ2). So we define the game payoffs by

Vk(γ1, γ2) = Eγ

[
G̃k(T )

]
, k = 1, 2. (8)

We now use the usual definition of an equilibrium
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Definition 3.1. An equilibrium is an admissible strategy pair (γ ∗1 , γ
∗
2 ) such that

V1(γ1, γ
∗
2 ) ≤ V1(γ

∗
1 , γ

∗
2 ), (9)

V2(γ
∗
1 , γ2) ≤ V2(γ

∗
1 , γ

∗
2 ), (10)

for any admissible strategy γ1 or γ2.

We notice that, with our assumption of finiteness of state and action sets, and

using Kuhn’s theorem [16], we can formulate this game as a (large scale) bimatrix

game. However, if one deals with the modeling of an economic competition, a

formulation as a matrix game is not very convenient. First of all the sizes of

the matrices tend to be huge. Furthermore the equilibria will be most probably

obtained as mixed-strategies with a rather difficult interpretation. This is why in

the following section we shall reformulate the model as a stochastic concave game

with actions in vector spaces.

4 S-Adapted Strategies in Dynamic Games

In this section we extend the framework in order to describe economic competition

“a la Cournot” in a dynamic and random environment. For that purpose we shall

introduce a formalism that is akin to stochastic programming ([2]). From now on

we use the term period instead of run.

4.1 Strategies as Variables Indexed on an Event Tree

The set of periods is T = {0, 1, . . . , T }. The randomness affecting the competition

process is an exogenous stochastic process (ξ(t) : t ∈ T ) represented by an event

tree. This tree has a root node n0 in period 0 and has a set of nodes N t in period

t = 1, . . . , T . Each node nt ∈ N t represents a possible sample value of the history

ht of the ξ(·) process up to time t . The tree graph structure represents the nesting of

information as time periods succeed each other. Introduce the following notations:

• a(nt ) ∈ N t−1 is the unique predecessor of node nt ∈ N t in the event tree

graph for t = 1, . . . , T ;

• S(nt ) ∈ N t+1 is the set of possible direct successors of node nt ∈ N t for

t = 0, . . . , T − 1;

• a complete path from the root node n0 to a terminal node nT is called a

scenario. Each scenario has a probability and the probabilities of all scenarios

sum to 1;

• with each node nt is associated the “probability of passing through this node”

denotedπ(nt ); it is the sum of the probabilities of all the scenarios that contain

this node, indeed π(n0) = 1 and π(nT ) is equal to the probability of the single

scenario that terminates in (leaf) node nT .
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We consider a set M = {1, . . . , m} of players. For each player k ∈ M , we define

a set of decision variables indexed over the set of nodes. We call xn
t

k ∈ IRmk the

decision variables of player k at node nt .

Remark 4.1. The S-adapted information structure is subsumed by the indexing

of the decision variables over the set of nodes in the event tree. Indeed, each node of

the event tree is an exhaustive summary of the history of the ξ(·)-process. Making

the decision variables depend on the nodes in the event tree is therefore equivalent

to saying that the decisions are adapted to the history of the ξ(·)-process, which is

exactly what is meant by S-adapted strategies.

4.2 Rewards and Constraints

4.2.1 Transition and Terminal Rewards

Define, for each node nt , t = 1, . . . .T , a transition reward function

Ln
t

k (x
nt , xa(n

t )),

where Ln
t

k (·, ·) is twice continuously differentiable. Notice that we make the

rewards depend on the transition from decisions at the preceding period and

antecedent node a(nt ) and decisions at the current period and node nt ; therefore it

is a transition reward that should be associated with time period t−1 and therefore

discounted by a factor β t−1
k if a discount factor βk ∈ [0, 1] were used by Player k.

We shall not introduce discount factors in our formalism, for the sake of keeping

it as simple as possible.

At each terminal node nT is defined a terminal reward �n
T

k (x
nT ) which is also

supposed to be twice continuously differentiable.

4.2.2 Constraints

We introduce two groups of constraints for each player

f n
t

k (x
nt

k ) ≥ 0, (11)

gn
t

k (x
nt

k , x
a(nt )
k ) ≥ 0, (12)

where fk and gk are mappings from Euclidean spaces to Euclidean spaces that are

also supposed to be twice continuously differentiable.

Remark 4.2. These constraints are decoupled for the different players. We could

introduce as well constraints that involve ancestors of the current node nt , like

e.g. hk(x
nt

k , x
a(nt )
k , . . . , x

ap(nt )
k ) ≥ 0, where aℓ(nt ) represents the operator that
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associates with a node nt its ℓ-period ancestor in the event tree5. We shall keep the

formulation (11–12) for the sake of simplifying the notations.

4.3 Normal Form Game and S-Adapted Equilibrium

Definition 4.1. An admissible S-adapted strategy for player k, is a vector γk =
{xntk : nt ∈ N t , t = 0, . . . , T − 1} that satisfies all the constraints (11)–(12). We

call Ŵk the set of admissible S-adapted strategies of Player k.

Associated with an admissibleS-adapted strategy vector γ = {γk}k∈M we define

the payoffs

Vk(γ ) =
t=1,...,T∑ ∑

nt∈N t

π(nt )Ln
t

k (x
nt , xa(n

t ))+
∑

nT ∈NT

πn
T

�n
T

k (x
nT ), k ∈ M.

The strategy sets Ŵk and the payoff functions Vk : Ŵ1× . . .×Ŵk× . . .×Ŵm→ IR

define a game in normal form. An S-adapted equilibrium is an equilibrium for this

particular normal form game.

Definition 4.2. An S-adapted equilibrium is an admissible S-adapted strategy

vector γ ∗ such that

Vk(γ
∗) ≤ Vk([γ ∗−k, γk]), k = 1, . . . , m, (13)

where,

[γ ∗−j , γk] = (γ ∗1 , . . . , γk, . . . , γ ∗m),

represents a unilateral deviation by Player k from the equilibrium.

4.4 Concave Game Properties and Variational Inequality Reformulation

The game defined above is a concave game as defined by Rosen [17]. We can

therefore adapt the existence and uniqueness theorems proved by Rosen.

4.4.1 Existence and Uniqueness Conditions

Lemma 4.1. Assume the functions Ln
t

k (x
nt , xa(n

t )) and gn
t

k (x
nt

k , x
a(nt )
k ) are con-

cave in (xn
t

k , x
a(nt )
k ); assume the functions f n

t

k (x
nt

k ) are concave in xn
t

k and assume

the functions �n
T

k (x
nT ) are concave in xn

T

k . Assume that the set of admissible

strategies is compact. Then there exists an equilibrium.

5This type of constraints could be used to represent capacity accumulation in technology

models. A technology with life τ has, at time t , a capacity which corresponds to the sum

of all investments made over the past τ years (t − τ + 1, . . . , t).
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Proof. Using classical results proved in [17] and based on the Kakutani fixed point

theorem one easily obtains the existence of equilibria. �

We can also adapt the results proved in [17] to provide conditions under which

this equilibrium is unique. It is convenient to introduce the notations xn
t

k =
(xn

t

k , x
a(nt )
k ) and xn

t = (xnt , xa(nt )) respectively. Define now the pseudo-gradients

Gn
t

(xn
t

) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂Ln
t

1 (x
nt )

∂xn
t

1
...

∂Ln
t

k (x
nt )

∂xn
t

k
...

∂Ln
t

m (x
nt )

∂xn
t

m

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, t = 1, . . . , T , (14)

Ĝn
t

(xn
T

) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂�n
t

1 (x
nT )

∂xn
T

1
...

∂�n
t

k (x
nt )

∂xn
T

k
...

∂�n
t

m (x
nt )

∂xn
T

m

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, t = 1, . . . , T , (15)

and the Jacobian matrices

J nt (xn
t

) = ∂G
nt (xn

t
)

∂xn
t , t = 1, . . . , T (16)

Ĵ nt (xn
T

) = ∂Ĝ
nT (xn

T
)

∂xn
T

. (17)

Lemma 4.2. If, for all xn
t

the matrices Qn
t
(xn

t
) = 1

2 [J nt (xn
t
) + (J nt (xn

t
))′]

and Q̂n
T
(xn

T
) = 1

2 [J nT (xn
T
) + (J nT (xn

T
))′] are negative definite, then the

equilibrium is unique.

Proof. This is exactly the setting of Theorem-5 in Rosen’s paper [17]. The

negative definiteness of the matrices Qn
t
(xn

t
) and Q̂n

T
(xn

T
) implies the strict
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diagonal concavity of the function
∑m
k=1 Vk(γ ) which implies uniqueness of the

equilibrium. �

Remark 4.3. Another result of Rosen’s paper [17] could extend straightfor-

wardly to this stochastic equilibrium framework. It is related to the existence of

normalized equilibria when there exists a coupled constraint h(xn
t
) ≥ 0 at each

node, where h is a concave function satisfying the constraint qualification condi-

tions. We shall not develop further this aspect of the modeling of interacting firms

that have to satisfy jointly some global constraints, as it is typically the case in

environmental management. We refer to [3], [8], [12] for more developments on

dynamic game models with coupled constraints.

4.4.2 Variational Inequality Reformulation

It is well known that Nash-equilibria in concave games can be characterized as

solutions of a variational inequality (VI). This type of characterization extends

readily to the case of equilibria in the class of S-adapted strategies. This has been

done in [6] and, more recently, in [9] and [10]. The VI formulation is useful for the

design of efficient numerical methods. The challenge in the solution of stochastic

VI’s is to deal with the large dimension of the problem, when the event tree grows

bigger. In the three references given above, one applies approximation techniques

to obtain ε-equilibria using reduced size event trees, obtained through sampling.

We shall not develop further this topic and refer the interested reader to these

papers for details.

5 A Stochastic Control Formulation

In this section we slightly modify the formalism used previously in order to estab-

lish a link with the theory of open-loop multistage or differential games. The

particularity of the control formalism is to have state equations that define state

variables as consequences of the choice of control variables. The control variables

are therefore the independent variables, the state variables are dependent vari-

ables. Introducing costate variables, defined as the Lagrange multipliers associated

with the state equations, permits the elimination of state variable variations in the

expression of the differential of the Lagrangian. Then, the necessary optimality

conditions are written in terms of the control variations. This is, in a few words,

the idea behind the maximum or extremum principles that have been obtained in

open-loop optimal control or differential game Nash-equilibrium problems. We

shall now explore the possibility characterizing the S-adapted equilibria through

maximum principles.

We shall first obtain such a characterization for a multistage game, with random

disturbances represented by an uncontrolled event tree and with a general state

equation shared by all players. In a second subsection we shall explore this type
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of characterization for a piecewise deterministic game, with random Markov dis-

turbances, where each player has a specific dynamics, the linking occurring only

at the level of the reward functions that involve the whole state variable vector.

5.1 A Multistage Game Formulation

Consider an event tree with nodes nt ∈ N t , t = 0, 1, . . . , T . Let π(nt ) be the

probability of passing through node nt ∈ N t , t = 0, 1, . . . , T . A system of state

equations is defined over the event tree. Let X ⊂ IRν , with ν a given positive

integer, be a state set. For each node nt ∈ N t , t = 0, 1, . . . , T let Un
t

k ⊂ IRμ
nt

k ,

with μn
t

k a given positive integer, be the control set of player k. Denote Un
t =

Un
t

1 × · · · ×Untk × · · · ×Un
t

m the product control sets. Associated with each node

nt we define a transition function f n
t
(·, ·) : X × Unt �→ X. The state equations6

are given by

x(nt ) = f a(nt )(x(a(nt )), u(a(nt ))), (18)

u(a(nt )) ∈ Ua(nt ), nt ∈ N t , t = 1, . . . , T . (19)

According to the state equation (18), at each node nt , a vector of controls decision

u(nt )will determine, in association with the current state x(nt ) the state x(n′), for

all descendent nodes n′ ∈ D(nt ). This is illustrated in Figure 5.

��
��
x(nt ) �

�
�
���

�
�
�
���

�

�
�

�
�f n

t
(x(nt ), u(nt ))

�
�

�
�f n

t
(x(nt ), u(nt ))

�
�

�
�f n

t
(x(nt ), u(nt ))

Figure 5: The stochastic state equations

In this state equation formalism, the decisions of the players are the controls

uk(n
t ) that are chosen independently. The state variables x(nt ) are determined once

the controls have been chosen. The state variables are shared by all the players and

6In order to differentiate the treatment of dynamic games from the preceding formulation

as concave games, we shall use different notations for the indexing of variables over the

event tree nodes. More specifically we shall now use x(nt ) instead of xn
t
.
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they enter into the definition of their reward functions as shown below in Eq. (20).

At each node nt , t = 0, . . . , T − 1, the reward to player k is a function of the state

and of the controls of all players, given by φn
t

k (x(n
t ), u(nt )). At a terminal node

nT the reward to Player k is given by a function �n
T

k (x(n
T )). This defines the

following multistage game, where we denote x = {x(nt ) : nt ∈ N t , t = 0, . . . , T }
and u = {u(nt ) : nt ∈ N t , t = 0, . . . , T − 1} respectively and where Jk(x,u) is

the payoff of Player k:

Jk(x,u) =
T−1∑

t=0

∑

nt∈N t

π(nt )φ(nt )k(x(n
t ), u(nt ))+

∑

nt∈NT

πn
T

�n
T

k (x
nT ), k ∈ M, (20)

s.t.

x(nt ) = f a(nt )(x(a(nt )), u(a(nt ))), (21)

u(a(nt )) ∈ Ua(nt ), nt ∈ N t , t = 1, . . . , T , (22)

x(n0) = x0 given. (23)

Definition 5.1. An admissible S-adapted strategy for Player k is defined by

a vector u = {u(nt ) : nt ∈ N t , t = 0, . . . , T − 1}. It defines a plan of

actions adapted to the history of the random process represented by the event

tree.

We can now define a game in normal form, with payoffs Vk(u, x
0) = Jk(x,u),

k ∈ M , where x is obtained from u as the unique solution of the state equations

that emanates from the initial state x0.

Definition 5.2. An S-adapted equilibrium is an admissible S-adapted strategy

u∗ such that for every player k the following holds

Vk(u
∗, x0) ≥ Vk([u∗−k,uk], x0). (24)

It defines a plan of actions adapted to the history of the random process represented

by the event tree.

Remark 5.1. In the definition of the S-adapted equilibrium we can notice the

close resemblance to the open-loop information structure. The important differ-

ence lies essentially in the definition of state equations over an exogenous event

tree, and of the controls as vectors indexed over the set of nodes of the event

tree.

5.2 Lagrange Multipliers and Maximum Principles

As for open-loop multistage games we can formulate necessary conditions for an

S-adapted equilibrium, in the form of a maximum principle.
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For each player k, we form the Lagrangian

Lk(x, u, λk) = φn0
k (x

n0 , un0)+
T−1∑

t=1

∑

nt∈N t

π(nt )

{
φn

t

k (x(n
t ), u(nt ))+ λk(nt ) • (f a(n

t )(x(a(nt )), u(a(nt )))− x(nt ))
}

+
∑

nt∈NT

πn
T
{
�n

T

k (x
nT )+ λk(nT ) • (f a(n

T )(x(a(nT )), u(a(nT )))− x(nT ))
}

(25)

where the symbol • is used to represent a scalar product. In this expression we have

introduced, for each player k, a costate variable λnk , also indexed over the set of

nodes and having the same dimension as xn. Then we can define, for each player

k and each node n ∈ N t , t = 0, 1, . . . , T − 1, the pre-Hamiltonian function

H nk (x(n), u(n), λk(S(n)) = φnk (x(n), un)+ (
∑

n′∈S(n)

πn
′

πn
λk(n

′)) • f n(x(n), u(n)),

(26)

where λk(S(n)) stands for all the vectors λn
′
k with n′ ∈ S(n).

Remark 5.2. The main difference with the usual Hamiltonian of multistage

games with the open-loop information structure, lies in the consideration of an

average sensitivity vector (
∑
n′∈S(n)(π

n′/πn)λk(n
′)). The interpretation of this

average sensitivity is clearer when one notices that the ratio (πn
′
/πn) is the tran-

sition probability from node n to node n′.

Theorem 5.1. Assume that u∗ is an S-adapted equilibrium at x0, generating

the state trajectory x∗(n
t ) over the event tree. Then there exists, for each player k

a costate trajectory λk(n
t ) such that the following conditions hold, for k ∈ M ,

uk(n
t ) = u∗(n

t )
k , x(nt ) = x∗(nt )

0 =
∂H nk

∂unk
n ∈ N t , t = 0, 1, . . . , T − 1, (27)

λnk =
∂H nk

∂xn
n ∈ N t , t = 0, 1, . . . , T − 1, (28)

λn
T

k =
∂�n

T

k (x
nT )

∂xn
T

nT ∈ NT . (29)
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Proof. In the Lagrangian expression (25) we regroup the terms that contain xn.

Lk(x, u, λk) =
T−1∑

t=0

∑

nt∈N t

π(nt )
{
Hk(n

t )(x(nt ), u(nt ), λ
S(nt )
k )− λk(nt )x(nt )

}

+
∑

nT ∈NT

πn
T
{
�n

T

k (x
nT )− λnTk xn

T
}
. (30)

Conditions (26) and (27)–(29) are then obtained by equaling to 0 the partial deriva-

tives of the Lagrangian w.r.t. xt and ut . �

5.3 Piecewise Deterministic Differential Games

When one formulates an S-adapted strategy for a continuous time dynamic game,

one obtains a structure which is quite close to the class of piecewise deterministic

games introduced in [7]. This will be presented below, in the particular case where

each player controls her own dynamics.

5.3.1 A Stochastic Systems with Decoupled Controls

We consider a system observed over an infinite time interval t ∈ [0, T ). Player k

is characterized at time t by a state variable xk(t) ∈ IRmk . We assume that each

player k controls the system by selecting an absolutely continuous function xk(·),
also called trajectory. Let I be a finite set. For each i ∈ I a reward rate to Player k is

given by the functionLik(x(t), ẋk(t)) taking value in the extended line IR∪{−∞}.
The reward takes a value−∞when the velocity ẋk(t) is not admissible. We notice

that only the time derivative of xk(·) enters into the reward function of Player k,

whereas the whole vector x(·) appears as an argument of the reward function to

create the interdependency between all players. We could also define terminal

rewards�ik(x(T ))with values in IR, but, for the sake of simplicity we shall assume

�ik(x(T )) ≡ 0.

Let ξ(·) be a stochastic (uncontrolled) jump process taking values in the set

I . We denote τ0 = 0, τν , ν = 1, 2, . . . , the time of the ν-th jump, iν = ξ(τν),
hν = (τ0, i0, τ1, i1, . . . , τν, iν) the history of the ξ(·)-process up to jump time τν ,

and h̃(t) = (ξ(s) : s ≤ t) the history of the ξ(·)-process up to current time t .

5.3.2 S-Adapted Information Structure and Equilibria

At each jump time τν , each player k, knowing the historyhν , selects an a.c. function

xk(t) : [τν, T )→ IRmk , with xk(τν) = xk(τ−ν ) that is the trajectory of this player

until the next jump occurs at random time min{T , τν+1}.
Even though the ξ(·)-process can be very general, we shall concentrate from

now on the case of a continuous time Markov chain with constant jump rates

qij = lim
dt→0

P[ξ(t + dt) = j |ξ(t) = i]
dt

. (31)
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Associated with a strategy vector γ we define the payoff to Player k as given by

Vk(γ ; i, x0) = Eγ

[∫ T

0

L
ξ(t)
k (x(t), ẋk(t)) dt |ξ(0) = i, x(0) = x0

]
. (32)

As usual an equilibrium at (i, x0) is defined as a strategy vector γ ∗ such that for

every admissible [γ ∗−k, γk] the following holds

Vk(γ
∗; i, x0) ≥ Vk([γ ∗−k, γk]; i, x0). (33)

5.3.3 Comparison with Piecewise Open-Loop Equilibria

In [7] an information structure, called Piecewise Open-Loop (POL) has been

introduced for this type of piecewise deterministic games. In POL strategies,

the players observe, at each jump time τν , the ξ -process value ξ ν = ξ(τν) and

the trajectory values xν = x(τν). Then each player k selects an a.c. function

xk(t) : [τν, T )→ IRmk , with xk(τν) = xk(τ−ν ) that is the trajectory of this player

until the next jump occurs at random time min{T , τν+1}. In [11] POL equilibria

have been computed for an oligopoly model with uncontrolled jump Markov dis-

turbances. The POL information structure leads to a class of Markov strategies

defining a Markov process χ(τν) = (ξ(τν), x(τν)) observed at successive random

times τν . POL equilibria are characterized by a discrete event dynamic program-

ming equation.

The important difference, between S-adapted and POL strategies is that, in the

former, the trajectory states are not observed at jump times. In both information

structures, the players observe the values taken by the ξ(·) process. In POL the play-

ers use Markov strategies that depend only on the current χ(τν) = (ξ(τν), x(τν))
observation. In an S-adapted strategy, the player has to recall the whole history hν
of the ξ(·)-process up to time τν . This information is necessary for reconstruct-

ing the trajectories realization up to time τν . If the players were restricting their

information uniquely to the current ξ(τν) value they could not infer the current

trajectory state value x(τν).

5.3.4 A Stochastic Maximum Principle

We consider state and costate variables x̃(t, hν) and λ̃k(t, hν) that are indexed over

the history of the ξ(·)-process up to the last jump time τν and with a running time

t ≥ τν . We denote (t, hν)ω the history sample value, at time t , that is associated

with an elementary realization (scenario) ω ∈ �.

We build the Lagrangian

Lk(x, zk, λk) =
∫

ω∈�
dp(ω)

∫ T

0

{
Lk(x̃((t, hν)ω), zk((t, hν)ω))

+ λ̃k((t, hν)ω) • (zk((t, hν)ω)− ˙̃xk((t, hν)ω))
}
dt. (34)
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After change of order of integration and integration by parts we obtain

Lk(x, zk, λk) =
∫

ω∈�
dp(ω)

[∫ T

0

{
Lk(x̃((t, hν)ω), z̃k((t, hν)ω))

+λ̃k((t, hν)ω) • (zk((t, hν)ω))+ ˙̃λk((t, hν)ω) • x̃k((t, hν)ω))
}
dt

+[λ̃k((t, hν)ω) • x̃k((t, hν)ω)]T0
]
. (35)

If we define the pre-Hamiltonian for Player k at history point hν(ω) as

H̃k(x̃, λ̃k, z̃k) = Lk(x̃, z̃k)+ λ̃k • z̃k, (36)

the expression (35) becomes

Lk(x, zk, λk) =
∫

ω∈�
dp(ω)

[∫ T

0

{
H̃k(x̃((t, hν)ω), λ̃k((t, hν)ω), z̃k((t, hν)ω))

+˙̃λk((t, hν)ω) • x̃k((t, hν)ω))
}
dt

+[λ̃k((t, hν)ω) • x̃k((t, hν)ω)]T0
]
. (37)

If we introduce the Hamiltonian

H̃k(x̃, λ̃k) = sup
zk

{Lk(x̃, zk)+ λ̃k • zk} (38)

We have now to consider the set of all scenarios ω that share the same history

up to time t . Call hθ,iν the history hν with τν = θ and ξ(τν = i). If the history

of the process is (t, hθ,iν ), with t ≥ θ , on a small time interval [t, t + dt), we can

have either an evolution (t + dt, hθ,iν ) with an elementary probability 1− qidt or

a switch to (t + dt, ht,iν+1), j 	= i, with an elementary probability qijdt . Here h
t,i
ν+1

stands for the history where one appends the jump time t and the after jump state

ξ(t) = j to the history hθ,iν .

We shall still simplify the notations by designing λ̃ν,θ,i and x̃ν,θ,i the costate

and state variables indexed on history hθ,iν and λ̃
ν+1,t,j
k the costate variable indexed

over the history h
t,i
ν+1. Through standard reasoning of convex analysis we finally

obtain the optimality conditions in the form of a family of coupled Hamiltonian

systems

˙̃xν,θ,i(t) ∈ −∂λkH̃k(x̃ν,θ,i(t), λ̃
ν,θ,i
k (t)), (39)

˙̃
λ
ν,θ,i

(t) ∈ −∂xkH̃k(x̃ν,θ,i(t), λ̃
ν,θ,i
k (t))−

∑

j∈I−i
qij (λ̃

ν+1,t,j
k (t)− λ̃ν,θ,ik (t)).

(40)

Remark 5.3. The family of coupled Hamiltonian systems defined in (39)–(40)

is very rich as there is a continuum of possible histories. This characterization of

the equilibrium will be useful for understanding the qualitative properties of the

equilibrium strategies.
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6 The Time Consistency and Subgame Perfectness Issues

6.1 A Reminder

Dynamic games admit equilibria that may have two desirable properties:

Time consistency: This property is verified for open-loop Nash equilibria in

deterministic differential games. It says that, along an equilibrium trajectory, if the

game is stopped at a given time t and then the play resumes from the state x∗(t)
reached along the trajectory, the continuation of the same open-loop equilibrium

will still be an admissible equilibrium for this new game.

Subgame pefectness: This property (see [18]) holds true for feedback Nash

equilibria in deterministic or stochastic differential games. It says that, if one has

defined an equilibrium strategy γ ∗ and that the players have not played according

to this equilibrium for some time and a state x(t) has been reached at time t , then

resuming the play according to γ ∗ from the initial condition t, x(t) will still be an

equilibrium.

6.2 Properties of S-Adapted Equilibria

6.2.1 Time Consistency

S-adapted equilibria are time consistent. Consider first the case of a multistage

game as defined by Eqs. (20)–(23) that is played on a finite event tree. Given an

S-adapted strategy defined by the controls u(nt ) indexed over the nodes nt and an

initial state x(n0) one can define an extended trajectory which associates a state

x(nt )with each node nt . Now, let u∗ = {u∗(nt ) : nt ∈ N t , t = 0, 1 . . . , T −1} be

an S-adapted equilibrium, with the associated extended trajectory x∗ = {x∗(nt ) :

nt ∈ N t , t = 0, 1 . . . , T } emanating from x(n0) and let us consider the subgame

that starts at a node nτ , with initial state x∗(nτ ). The S-adapted strategy u∗(·)
restricted to the nodes that are descendants of nτ , is still an equilibrium for this

subgame. We call D[nτ ] the set of all nodes that are descendants of nτ . The proof

of this result is, as usual, a direct application of the tenet of transition or Bellman

principle. If the restricted strategy {u∗(nt ) : nt ∈ D[nτ ]} were not an equilibrium,

a Player k could improve her payoff by changing unilaterally her strategy on this

portion of the event tree. The new strategy for the subgame could be combined

with the vector {u∗(nt ) : nt ∈ N \ D[nτ ]} to define a new S-adapted strategy

for the whole game, where Player k has changed her strategy unilaterally and has

improved her payoff. This would contradict the equilibrium property assumed for

u∗(·).

6.2.2 Subgame Perfectness

S-adapted equilibria are not subgame perfect. The reason is that these strategies

are very much akin to open-loop ones for deterministic games. If players do not

play correctly at a node nt , the control vector is u(nt ) instead of u∗(nt ). Then
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the trajectory is perturbed and the initial S-adapted strategy is not an equilibrium

any more for the subgames that would initiate from the nodes n′ ∈ S(nt ) with

trajectory state x′ = f n‘t (x∗(nt ), u(nt )). In short, an error in play will destroy the

equilibrium property for the subsequent subgames.

6.2.3 Extended Time Consistency for PDDGs

For PDDG’s, the S-adapted equilibria are time-consistent over a set of sample

trajectories that is very rich indeed. Since the set of scenarios is infinite and non-

denumerable, it is possible to reach at time t a discrete state ξ(t) = i and any

continuous state x(t) ∈ X i(t), where X i(t) is an infinite non-denumerable set.

Assume that the players, after playing a non-equilibrium strategy reach at time t a

state (i, x) where x ∈ X i(t). This means that there is a history h
t,i
ν+1 which would

have led to x at time t if the players had played the equilibrium. Furthermore,

since we assume that the uncontrolled random process is a Markov chain, the

future of the process is only conditioned by the current state ξ(t) = i. Therefore,

for the subgame defined from that point on, the S-adapted equilibrium remains an

equilibrium. Therefore, we see that a sort of local subgame perfectness is likely to

be observed in PDDGS’s played under the S-adapted information structure.

7 Conclusion

In this paper we have explored the different facets of the concept of S-adapted equi-

librium in a dynamic game. We have recalled that the concept has been introduced

to represent the adaptation to random uncontrolled events that take place in the

indexation clauses of gas contracts in the energy markets. Recalling the model that

had been identified in 1987 to represent the evolution of the European gas market

until 2020, we observe that the predicted equilibrium trajectories are reasonably

close to those that have been observed in practice. We have then studied the various

facets of the information structure subsumed by the S-adapted strategy concept

with the help of different paradigms used in the theory of dynamic games. The

most basic one is the formulation of a game in extensive form. The S-adapted strat-

egy can be represented simply, using the classical tool of information sets. We then

moved to a representation as a concave game, where the S-adapted information

structure leads to equilibria that can be computed through mathematical program-

ming techniques; furthermore, existence and uniqueness conditions are readily

obtained, by straightforward extension of the classical results of Rosen concerning

concave games. Finally, we have explored the control/differential game formalism.

In a multistage game context one can formulate a maximum/equilibrium principle

that characterizes an S-adapted equilibrium. In a differential game context, with

jump Markov disturbances, the maximum principle becomes more “abstract” due

to the fact that there is a continuum of possible trajectories for the continuous time
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Markov chain. The maximum principles are related to the property of time consis-

tency that the S-adapted equilibria exhibit. The property of subgame perfectness

indeed is not verified, although due to the richness of possible trajectories of the

jump Markov process, the time consistency property leads to a situation which is

close to subgame perfectness in the domain of reachable initial states. However,

the full exploration of this property is still to be made.
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Abstract
The existence of Nash equilibria is investigated for one-stage and two-stage

rent-seeking games with endogenous rent which depends on the aggregate

expenditure by all rent-seeking agents such as individuals, firms or countries.

Under reasonable assumptions on lottery production functions and rent func-

tion, both games turn out to have a unique equilibrium. The conditions for the

equilibrium aggregate expenditure by all agents to increase in the first stage

and for the total rent over two stages to dissipate are derived for the two-stage

rent-seeking games.

1 Introduction

Rent-seeking games in which agents such as individuals, firms and countries try to

obtain rents or prizes through non-market activities in the form of bribing bureau-

crats, politicians, or in more general terms, rent-providers, are widely observed

phenomena. Since the pioneering work of Tullock [6], many papers have been

written on rent-seeking games, but in most of them rents have been assumed to

be fixed at exogenously given levels independent of agents’ expenditures to rent-

providers. Furthermore, most of the papers on rent-seeking games have analyzed

only one-stage or one-shot games in which the games are played only once. If xi is

i-th agent’s expenditure for rent-seeking activity, and if xi is assumed to produce

lotteries in the amount of fi(xi), where 0 < f ′i < ∞ for xi ∈ (0,∞), its prob-

ability of winning the rent is given by the expression fi(xi)/'
n
j=1fj (xj ), where

n is the number of active agents. In general, the lottery production function may

take any functional form. However, in most papers on rent-seeking games, it has

been assumed that fi(xi) = xαi , where α is a positive constant not necessarily

less than one. If α < 1, the lottery production function has decreasing returns,

and if α > 1, increasing returns. In the constant returns case where α = 1, i-th

agent’s probability of winning the rent is equal to the ratio of its expenditure to

the total expenditure by all agents. Perez-Castrillo and Verdier [4] have conducted

a systematic analysis of the existence of pure Nash equilibrium in a one-stage

rent-seeking game with exogenous rent on the basis of winning probability given
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by a logit function, i.e. xαi /'
n
j=1x

α
j . Okuguchi [2] has proven the existence of a

unique pure Nash equilibrium in a similar game without using logit function for

winning probability but assuming homogeneous agents, i.e. fi(xi) ≡ f (xi) for all

i, as well as diminishing returns technology for lottery production. Szidarovszky

and Okuguchi [3,5] have generalized his result for the case with nonhomogeneous

agents. Chung [1] has first analyzed one-stage rent-seeking game where prize or

rent is endogenously determined by the aggregate expenditure by all agents. In his

game, any agent’s probability of winning the rent is given by a logit function, and

the aggregate expenditure by all agents is assumed to have immediate influence

on the amount of rent offered by the rent-provider. This, however, is inappropri-

ate when rent-seeking activities extend over more than one period. In multi-stage

rent-seeking games agents learn how to influence the rent-provider over time, or

the rent-provider learns how much rent to provide over time taking into account

agents’ expenditures in earlier stages. It may therefore be more appropriate to

assume aggregate expenditure by all agents to influence the rent-provider with a

time delay.

The plan of this paper is as follows. In Section 2, we will analyze the existence

of pure Nash equilibrium in a one-stage rent-seeking game with endogenous rent

and without assuming logit function for winning probability. In Section 3, after

formulating a two-stage rent-seeking game, where the rent in the first stage is

assumed to be exogenously given but that in the second stage is determined by the

aggregate expenditure by all agents in the first stage, we will prove the existence of

a unique subgame perfect Nash equilibrium. We will also analyze the effects of a

change in the number of agents on the first-stage equilibrium aggregate expenditure

by all agents. These effects will have bearings on the rent dissipation problem,

which will be our concern in Section 4. Section 5 concludes.

2 One-Stage Game with Endogenous Rent

Let n be the number of agents in a rent-seeking game, f (xi) be the i-th agent’s

lottery production function, where xi is its expenditure devoted to rent-seeking

activity, and R
(∑n

j=1 xj
)

be the rent as a function of the aggregate expenditure

by all agents. We have to assume the following.

Assumption 1.
{
f (0) = 0, f ′(0) = ∞, f ′(∞) = 0,

f ′(xi) > 0, f ′′(xi) < 0, xi ∈ (0,∞).

Assumption 2.
⎧
⎪⎨
⎪⎩

R(0) = 0, R(∞) = a finite positive number,

R′(0) = ∞, R′(∞) = 0,

R′(X) > 0, R′′(X) < 0, X ≡ 'xj ∈ (0,∞).
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Since the i-th agent’s winning probability for the rent is f (xi)/'
n
j=1f (xj ), its

expected net-rent, πi , is defined by

πi = R('xj )f (xi)/'f (xj )− xi, i = 1, 2, . . . , n, (1)

where πi is assumed to satisfy

Assumption 3.

πi(x1, . . . , xi, . . . , xn) = 0 for xi = 0, i = 1, 2, . . . , n.

We note that in view of Assumption 2,

x1 = x2 = . . . = xn = 0

is not an equilibrium. The first-order condition for maximizing πi with respect to

xi is

∂πi

∂xi
=
{[
f
′
(xi)'f (xj )− f (xi)f

′
(xi)

]
/('f (xj ))

2
}
R('xj )

+ f (xi)R′('xj )/'f (xj )− 1 = 0, i = 1, 2, . . . , n. (2)

It is clear that xi ≡ x for all i. Rewrite (2) as

G(x) = H(x), (3)

where

G(x) ≡ g(x)(n− 1)/n2,

g(x) ≡ f ′(x)R(nx)/f (x),
H(x) ≡ 1− R′(nx)/n.

In view of the assumption on f , f ′ and R, we see that g(x) is sufficiently large

for a sufficiently small x and g(∞) = 0. Differentiating g(x) we can show that

g′ < 0 if and only if

{f ′′f − (f )2/ff ′}R/R′ + n = {(σ2 − σ1)/ǫ + 1} n < 0,

where

σ1 ≡ x
f
′

f
, σ2 ≡ x

f
′′

f
′ , ǫ ≡ X

R
′

R
,X ≡ nx.

σ1 and σ2 are the elasticities of f and f
′
, respectively, with respect to change in x,

and ǫ is the elasticity of the rent with respect to change in the aggregate expenditure

by all agents. The immediately above inequality holds under
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Assumption 4. σ1 − σ2 > ε.

The function H(x) on the RHS of (3) has the following properties due to

Assumption 2.

H(0) = 1− R
′(0)

n
< 0,

H(∞) = 1− R
′(∞)
n

> 0,

H ′(x) = −R′′(nx) > 0, x ∈ (0,∞).

Given n, G(x) is strictly decreasing in x if and only if Assumption 4 holds. It

takes a sufficiently large value for a sufficiently small x, and converges to 0 as x

approaches ∞. On the other hand, H(x) is strictly increasing. It takes a negative

value and a positive one for x = 0 and x = ∞, respectively. Hence the curves for

G(x) and H(x) can be shown as in Figure 1, and they have a unique intersection.

Summarizing, we have

H(x)

x0

G(x)

x

H(x)

G(x) E

Figure 1: Existence of a unique Nash equilibrium.

Theorem 2.1. Under Assumptions 1–4, the one-stage endogenous rent-seeking

game has a unique symmetric pure Nash equilibrium.

The lottery production function given by,

f (xi) = xαi , 0 < α < 1,
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yields

σ1 = α, σ2 = α − 1.

Assumption 4 therefore becomes

ε < 1,

where ǫ need not necessarily be constant. Hence,

Corollary 2.1. Under Assumptions 1–3, there exists a unique symmetric pure

Nash equilibrium if the elasticity of the rent with respect to change in the aggregate

expenditure by all agents is less than one.

3 Two-Stage Rent-Seeking Game

We now formulate a two-stage rent-seeking game in which the first-stage rent is

exogenously given but the second-stage one depends on the aggregate expenditure

by all agents in the first stage. Without loss of generality, we normalize the first-

stage rent to 1. Let x1i and x2i be the i-th agent’s first and second stage expenditures

respectively. Let, in addition, fi(x1i) = x1i, fi(x2i) = x2i , and R('x1j ) be the

second-stage rent. Furthermore, let δ = 1/(1+ r), where r is the rate of interest.

The expected present value of the net-rent for the i-th agent over the two stages,

πi ≡ π1i + π2i , is given by

πi ≡
x1i

'x1j
− x1i + δ

{
R('x1j )x2i

'x2j
− x2i

}
, i = 1, 2, . . . , n. (4)

We will now examine the existence of a subgame perfect Nash equilibrium. Given

'x1j , the optimal strategy for the second stage is the solution of the following

equation.

∂π2i

∂x2i
= δ

{
R('x1j )('x2j − x2i)

('x2j )2
− 1

}
= 0, i = 1, 2, . . . , n. (5)

It is easily found that the optimal strategy is identical for all agents. Define X1 ≡
'x1j , and let the second stage optimal strategy as a function of the aggregate

expenditure in the first stage be

x2i ≡ x2 ≡ ϕ(X1) ≡
{
(n− 1)/n2

}
R(X1), i = 1, 2, . . . , n.

Clearly, ϕ′(X1) > 0 and ϕ
′′
(X1) < 0. We may rewrite (4) as

πi =
x1i

'x1j
− x1i + δ

{
R('x1j )

n
− ϕ('x1j )

}
, i = 1, 2, . . . , n. (6)
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The first-order condition for maximization of this with respect to x1i is

∂πi

∂x1i
= (X1 − x1i)

X2
1

− 1+ δ
{
R
′
(X1)

n
− ϕ ′(X1)

}
= 0, i = 1, 2, . . . , n. (7)

The second-order condition is satisfied in view of R
′′
< 0 and the definition of

ϕ(X). Clearly, x1i ≡ x1 for all i. Define

ψ(X1) ≡ (n− 1)/X1 + δR
′
(X1)/n. (8)

This expression has the following properties.

ψ(X1) = ∞ for a sufficiently small X1,

ψ(∞) = 0,

ψ
′
(X1) = −(n− 1)/X2

1 + δR
′′
(X1)/n < 0, X1 ∈ (0,∞).

Summing (5) from 1 to n and rearranging, we get the equilibrium condition,

ψ(X1) = n. (9)

The downward-sloping curve for ψ(X1) and the horizontal line with height n

intersect uniquely as in Figure 2. This establishes

ψ (X1)

ψ (X1)

n

E

X*
1 X1

0

Figure 2: Subgame perfect Nash equilibrium in two-stage rent-seeking game.
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Theorem 3.1. The two-stage rent-seeking game with endogenous rent has a

unique symmetric subgame perfect Nash equilibrium.

We note in passing that since the curve for ψ shifts upwards as δ increases,

the equilibrium value X∗1 increases as the interest rate decreases. It is easy to see

that X∗1 , the solution of (7), depends on n. To see this dependence more clearly,

note that the function ψ(X1) depends on n, and let the solutions of (9) for n and

(n+ 1) agents be X∗1(n) and X∗1(n+ 1), respectively. Taking into account Figure

2 for the cases of n and (n + 1) agents, we can assert that X∗1(n + 1) � X∗1(n)
according as

n

X∗1(n)
+ δ
R
′
(X∗1(n))

n+ 1
− n− 1

X∗1(n)
− δ
R′(X∗1(n))

n
� 1, (10)

which, in the light of

δ
R′(X∗1(n))

n
=
(
n− [(n− 1)/X∗1(n)]

)

n

is rewritten as

2n− (2n+ 1)X∗1(n)

(n+ 1)X∗1(n)
� 0. (11)

Hence,

X∗1(n+ 1) � X∗1(n) according as X∗1(n) � n/(n+ 0.5) ≡ X0
1 .

Hence, we have proven

Theorem 3.2. The subgame perfect Nash equilibrium aggregate expenditure in

the first-stage increases and decreases in the event of an increase in the number

of agents if X∗1(n) < X
0
1 and X∗1(n) > X

0
1 respectively.

4 Rent Dissipation

In this section we will analyze whether the total rent over two stages will dissipate

or not as the number of agents increases. Let the ratio of the present value of total

expenditure by all agents over two stages to the present value of the total rent over

two stages be

D(X∗1) ≡ (X∗1 + δX∗2)/(1+ δR(X∗1))
≡ (X∗1 + δnϕ(X∗1))/(1+ δR(X∗1)).
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SinceX∗1 ≤ 1,D(X∗1) < 1 holds. IfD increases as n increases, the rent dissipates.

By simple calculation we get

D(X∗1(n+ 1))−D(X∗1(n)) (12)

=
(X∗1(n+ 1)−X∗1(n))+ δX∗1(n)X∗1(n+ 1)

[
R(X∗1 (n))
X∗1 (n)

− R(X∗1 (n+1))

X∗1 (n+1)

]

(1+ δR(X∗1(n)))(1+ δR(X∗1(n+ 1)))

+
n
n+1δR(X

∗
1(n+ 1))− n−1

n
δR(X∗1(n))+ δ2

n(n+1)R(X
∗
1(n))R(X

∗
1(n+ 1))

(1+ δR(X∗1(n)))(1+ δR(X∗1(n+ 1)))
.

IfX∗1(n+1) > X∗1(n), all four expressions between the braces in the numerator of

(12) become positive. The positivity of the expression between the second braces

comes from the concavity of the function R. If, on the other hand, X∗1(n + 1) <

X∗1(n), the sign of the right hand side of (12) is indeterminate. We have therefore

established

Theorem 4.1. If X∗1(n) < X0
1 , the rent dissipates as the number of agents

increases. In the other case it may or may not dissipate.

5 Conclusions

In this paper we have analyzed the existence of a unique pure Nash equilibrium in

two rent-seeking games. In Section 2, we have proven the existence of a unique

pure Nash equilibrium in a one-stage game, where the lottery production function

has decreasing returns and where, in addition, rent depends on the aggregate expen-

diture by all agents. In Section 3, we have formulated and analyzed a two-stage

rent-seeking game, where the first-stage rent is fixed but that in the second stage

is determined by the agents’ total expenditure in the first stage. We have proven

that under our assumptions a unique subgame perfect Nash equilibrium exists. The

equilibrium aggregate expenditure in the first stage by all agents may increase,

decrease or may not change as the number of agents increases. In Section 4, we

have derived a sufficient condition for rent dissipation for our two-stage game.
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Abstract
The purpose of this paper is to compare two ways of modelling exploitation

of common renewable resource by a large group of players.

1 Introduction

Let us consider the following situation: a large group of players extract a common

renewable resource. This resource may be the atmosphere (extraction stands for

pollution), oceanic fishery (fishing), a lake or a river (fishing or pollution), or a

forest (extracting wood). Large group means “large enough to make one player’s

influence on the system insignificant – negligible”.

Examples from real life show that in such situations players facing lack of

restrictions usually do not take into account their influence on the ecosystem and

just maximize their instantaneous payoff, which often mean that they extract as

much as they can. This is a general rule and there may be only few exemptions,

for whom using more “environment-friendly” strategy increases payoff even if

they know that their decision has negligible effect on the state of the environ-

ment.

Such a situation may lead to destruction of the common resource, disastrous to

all its users. It took place in the whaling industry: species after species of whales

got almost extinct.

The purpose of this paper is to compare two ways of modeling a situation like

those mentioned above by two kinds of games: with a continuum of players and

with finitely many players. In both kinds of games the measures on spaces of play-

ers are normalized in order that the results could be comparable. By increasing the

number of players we do not want to illustrate situations in which additional physi-

cal agents join the game and increase the potential maximal aggregate exploitation,

∗The research is supported by KBN grants # 1 H02B 015 15 and # 5 H02B 008 20
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but the situation in which the decision making process becomes more decentral-

ized but potential maximal aggregate exploitation remains the same (in the case of

a rainforest we have the same workers and equipment, but the decision about the

level of extraction can be made by one, two, n . . . players or by so many players

that the influence of one player on the ecosystem is negligible: e.g. when each

lumberman decides for himself).

We recall some properties of dynamic games with continuum of players. The

games considered are with discrete time and such that the instantaneous payoff

of every player depends on his own strategy and the aggregate (or mean) strategy

of all players, strategies available in one-stage games depend on the state of the

system changing in response to the aggregate strategy. The properties obtained are

essentially different from properties of games with finitely many players; all of

them were proven in Wiszniewska-Matyszkiel [12]. The theoretical results allow

us to find all dynamic equilibria in the game with a continuum of players. An

equilibrium in the game with finitely many players is calculated directly by using

optimization theory, mainly Bellman’s equation.

A continuous time analogue of the problem considered in this paper is examined

by Wiszniewska-Matyszkiel in [17].

1.1 Games with a Continuum of Players

Games with continuum of players (e.g. Schmeidler [5], Mas-Colell [4], Balder

[1], Wieczorek [6], Wieczorek and Wiszniewska [7], Wiszniewska-Matyszkiel

[9]) illustrate situations where the number of agents is large enough to make a

single agent insignificant – negligible. This happens in many real situations: at

competitive markets, stock exchange, or while we consider emission of greenhouse

gases and similar global effects of exploitation of the common global ecosystem.

Obviously, the insignificance of a single player does not disappear when time

is introduced into consideration. Moreover, this phenomenon may occur more

visibly: the relation between a dynamic equilibrium and a family of static equilibria

corresponding to it, quoted in theorem 3.1 below, is unlikely to hold in a dynamic

game with a finite number of players.

Although the general theory of dynamic games with continuum of players is still

being developed, there are interesting applications of such games: Wiszniewska-

Matyszkiel [8] and [11] concerning models of exploitation of common ecosystems

by large groups of players, Karatzas, Shubik and Sudderth [3] and Wiszniewska-

Matyszkiel [15] and [18] analyzing dynamic games with continuum of players

modeling financial markets and Wiszniewska-Matyszkiel [12] containing an exam-

ple of dynamic game modeling of presidential elections preceded by a campaign.

This paper appears in a sequence of the author’s papers concerning dynamic

games with a continuum of players: [13] and [14] developing a general theory of

such games and [12], [15] devoted to a certain class of games with discrete time

and continuum of players with special focus on applications.
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1.2 Example to be Considered

The example we are going to examine in this paper is a relatively simple discrete

time dynamic game describing exploitation of a rainforest. It was first considered

by Wiszniewska-Matyszkiel [12] in its continuum-of-players form.

This example exhibits essential properties of more general dynamic games

(called decomposable large games, as in Wiszniewska-Matyszkiel [12]). More-

over, we show that considering finitely many players, no matter how many, makes

modeling the insignificance of a single player’s effect on the system impossible.

The example will be formally stated along with the general game. The situation

it describes is as follows:

Example 1.1. Discrete time rainforest

A group of players extract a rainforest. They can extract some fixed surplus

part of the state without damaging the system. If they extract more, they affect the

“basis” of regeneration (because of heavy rains the soil erodes immediately, which

then makes it unable to sustain trees). Even if they extract less than the surplus,

the future state of the system cannot be improved.

This example is going to be formalized in the sequel.

Some surveys on game-theoretic models of exploitation of common ecosystems

can be found in e.g. Kaitala [2] or Wiszniewska-Matyszkiel [10] (this survey

contains also some information about dynamic games with continuum of players

modeling such exploitation) and [16].

2 Definition of Simple Dynamic Games

We shall consider two games, differing from each other by the space of players.

The space of players will be denoted by�while λwill denote the measure defined

on �: in the case of a game with a continuum of players, the players are assumed

to form the unit interval (� = [0, 1]) with the Lebesgue measure λ, in the other

case, there are n players (� = {1, . . . , n}), all of them of measure λ(i) = 1/n.

A set X ⊂ R
m will be the set of (possible) states of the system; in our example

m = 1 and X = [0,M].

There is an initial state of the system x̄ ∈ X; in our example x̄ > 0.

A time set is either T = {0, 1, 2, . . . } or T = {0, 1, . . . , T }, in our example the

first case is considered: T = {0, 1, 2, . . . }.
The symbol X will stand for the set of all functions X : T → X, and is called a

set of trajectories.

Every function X ∈ X such that X(t0) = x̄ will be called a trajectory of the

system starting from x̄ (X(t) will denote the state of the system at time t for this

trajectory).

A set S ⊂ R
k will be the space of (static) strategies; in our example k = 1 and

S = R+.
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The set of all functions D : T → S will be denoted by S.

A nonempty valued correspondence S : � × X ⊸ S is a correspondence of

players’ strategies. Instead ofS(ω, ·)we shall writeSω. The setSω(x) is understood

as the set of (static) strategies available to player ω at (time) t and (state of the

system) x. Every d ∈ Sω(x) is individual static strategy available to player ω at

t and x. If the trajectory of the system is X, then any function D ∈ S such that

D(t) ∈ Sω(X(t)) is ω ’s dynamic strategy available to him at X.

In our example Sω(x) = [0, c · x], for some constant r < c ≤ 1+ r , where the

number r > 0 denotes the rate of regeneration of the system and its meaning will

be explained in the sequel.

Any function δ : �→ S measurable with respect to the corresponding measures

on both sets and for almost every ω fulfilling δ (ω) ∈ Sω(x), will be called static

profile available at (state) x; δ(ω) is player ω’s strategy at (profile) δ. The set of

all static profiles will be denoted by '.

The number uδ =
∫
�

δ(ω)dλ(ω) is called the aggregate of δ, where λ denotes the

appropriate measure on the set of players: the Lebesgue measure for the continuum-

of-players case and the normalized counting measure for finite sets.

The sets of all aggregates of static profiles available at various states constitute

a correspondence Y : X onto⊸ Y, called a correspondence of available profile

aggregates, whose range Y is called a set of aggregates.

The set of all functions U : T → Y will be denoted by Y. Such functions will

be called aggregate functions.

The next element of the game is a function P : �× S×Y×X → R∪ {−∞},
called a players’ instantaneous payoff function. The function P(ω, ·, ·, ·), denoted

by Pω, is an individual instantaneous payoff function (instantaneous payoff for

short) of player ω. In general, the function P may depend also on time.

In our example Pω(d, u, x) = ln(d) (we also let ln 0 = −∞).

A regeneration function ϕ : X × Y → R
k is a function such that the behavior

of the system is ruled by the equation

X(t + 1) = X(t)+ ϕ(X(t), U(t))

(the behavior equation).

In our example k = 1 and the regeneration function fulfills ϕ(x, u) =
−max(0, u− r · x) i.e. the behaviour equation has the form

X(t + 1) = X(t)−max (0, U(t)− r ·X(t)) ,

where r is the rate of regeneration of the system.

Let U be an aggregate function. The trajectory starting from x̄ and fulfilling the

behavior equation together withU will be called corresponding toU, and denoted

by XU . Such a trajectory is obviously unique.

An aggregate function U is admissible if for every t , U(t) is available at XU (t)

(i.e. U(t) ∈ Y (XU (t))).
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The next element of the model is a summable function� : T → R+\{0} called

a discounting function; in our example �(t) = (1+ ξ)−t for some ξ > 0.

A function � : � × T → S measurable as a function of the first argument, is

called a dynamic profile if for every t the function�(·, t) is a static profile available

at the stateXU�(t), where the aggregate functionU� is defined byU�(t) = u�(·,t)
and called the aggregate of the dynamic profile �. The trajectory XU� is called

corresponding to the dynamic profile � and for simplicity denoted by X�.

The payoff function of player ω is a function�ω : S×Y→ R (it is a function

of ω’s own strategy at a profile and the aggregate of this profile). The payoff is

equal to instantaneous payoffs discounted and summed over time:

�ω(D,U) =
∑

t∈T

Pω(D(t), U(t), XU (t))�(t).

If a player ω expects some admissible aggregate function U , he maximizes his

payoff given U .

3 Results

In this section we shall present some results concerning equilibria in both kinds of

games.

A Nash (or Cournot-Nash) equilibrium is a profile such that almost no player

has an incentive to change his strategy, unless the remaining players have changed

theirs. Here “almost no” denotes almost no according to the measure considered on

the set of players. Such formulation encompasses both standard definition of Nash

equilibrium for games with finitely many players (since no player is of measure 0)

and standard definition of Nash equilibrium in games with continuum of players

(like in Schmeidler [5], Balder [1] or Wiszniewska-Matyszkiel [9]).

3.1 Results for Games with a Continuum of Players Proven Earlier

In the case of games with continuum of players like those considered in this

paper, we can reformulate the definition of equilibrium as in Wiszniewska-

Matyszkiel [12] and consider profiles such that almost no player has an incentive

to change his strategy, unless the aggregate of the profile has changed. Obviously,

we shall obtain the same equilibria.

An equilibrium (or dynamic equilibrium to emphasize the difference from static

equilibrium which will be defined in the sequel) is a dynamic profile � such that

for a.e.ω, �(ω) ∈ Argmax
{
�ω(D,U�)

∣∣ D ∈ S,D(t) ∈ Sω(X�(t)) for all t
}
,

i.e. for a.e. ω and every dynamic strategyD available at X�, �ω(�(ω), U�) ≥
�ω(D,U�).
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IfU is an admissible aggregate function, then the set of player ω’s dynamic best

responses to U is equal to

Bω(U) = Argmax {�ω(D,U) | D ∈ S,D(t) ∈ Sω(XU (t)) for all t} ,

and the set of aggregates of dynamic best responses

B(U) = {U� | � ∈ ',�(ω, ·) ∈ Bω(U) for a.e. ω}.

A dynamic equilibrium is, equivalently, a dynamic profile � whose aggregate

is a fixed point of the correspondence B.

It is worth emphasizing that Nash equilibrium can be defined this way only in

the game with continuum of players, since in games with finitely many players

each players has non-negligible influence on the aggregate.

In the case of games with continuum of players besides the equilibrium in the

dynamic game we shall consider equilibria in static games corresponding to it.

Such procedure is possible also in games with finitely many players, but in that

case it does not make any sense: there will be no correspondence between static and

dynamic equilibria, and static equilibria cannot be used to calculate equilibrium

in the dynamic game.

We define as follows.

A game Gx with the same space of players, with player’s ω payoff function

equal to his instantaneous payoff function Pω(·, ·, x) and player’s ω strategy set

equal to Sω(x), will be called a static game at state x corresponding to G.

A static equilibrium at state x is a static profile δ such that for a.e. ω,

δ(ω)∈ Argmax
d∈Sω(x)

Pω (d, uδ, x).

The set of static best responses of player ω to u ∈ Y (representing aggregate

of a profile) at state x is defined by

Bω(u, x) = ∈ Argmax
d∈Sω(x)

Pω(d, u, x),

and the set of aggregates of static best responses to u at state x by

B(u, x) = {uδ | δ ∈ ' and for a.e. ω, δ(ω) ∈ Bω(u, x) } .

Static equilibrium profile δ may be equivalently defined by the condition

uδ ∈ B (uδ, x) ,

i.e. δ is a profile, whose aggregate is a fixed point of the correspondence B(·, x).
As in the case of the definition of dynamic equilibrium, this definition makes

sense only for games with continuum of players.

There are some relations between dynamic and static best response sets, and

between dynamic and static equilibria. These relations may seem counterintuitive
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at first since they differ from known results for games with finitely many players,

but in fact they are quite simple in the case of dynamic games with discrete time

and continuum of players.

The following results were proven in Wiszniewska-Matyszkiel [12]:

Theorem 3.1. Let (�, λ) be the unit interval [0, 1] with the Lebesgue measure.

a) For every admissible aggregate function U and a dynamic strategy D, con-

dition 1 implies 2. If, moreover, the payoff �ω(D,U) is finite, then 1 and 2

are equivalent.

1. For every t the vector D(t) is a static best response of player ω to U(t)

at the state of the system XU (t).

2. The function D is a dynamic best response of player ω to the aggregate

function U .

b) For every dynamic profile� condition 3 implies 4. If for almost every player

the payoff �ω(�(ω, ·), U�) is finite, then 3 and 4 are equivalent.

3. The static profile�(·, t) is for every t a static equilibrium at the state of

the system X�(t).

4. The dynamic profile � constitutes a dynamic equilibrium.

An obvious consequence of theorem 3.1 is the following statement:

Corollary 3.1. Let (�, λ) be the unit interval with the Lebesgue measure. If the

functionPω is upper semi-continuous and strictly quasi-concave ind and the values

of the correspondence Sω are compact convex, then for every aggregate function

U such that the set of admissible payoffs of player ω for this U is bounded from

above and is not equal to {−∞}, there is exactly one ω’s dynamic best response

to U .

For our example we can state the following result.

Proposition 3.1. Let (�, λ) be the unit interval with the Lebesgue measure.

a) If c = 1 + r , then no dynamic profile such that a set of players of positive

measure get finite payoffs is an equilibrium, and every dynamic profile yielding

the destruction of the system at finite time (i.e. ∃t̄ ∀t > t̄ X�(t) = 0) is an

equilibrium.

b) If c < 1 + r , then the only (up to measure equivalence) equilibrium is

a profile � such that �(ω, t) = c · x̄ · (1+ r − c)t (the only profile fulfilling

�(ω, t) = c ·X�(t) for all ω, t).

For comparison with the counterpart of this proposition for the n-player case,

the proof is quoted.



462 A. Wiszniewska-Matyszkiel

Proof.

a) Let � be a dynamic equilibrium such that a set of players of a positive

measure get finite payoffs,U the aggregate of this profile, andX the corresponding

trajectory. By theorem 3.1, the only static best response of every player to U(t) at

the state X(t) is d = (1 + r)X(t), therefore the aggregate of the resulting static

profile is equal to (1 + r)X(t). Therefore U(t̄) = (1 + r)X(t̄) for t̄ such that

X(t̄) > 0, which implies that X(t) = 0 for t > t̄ , therefore Sω(X(t)) = {0}. So

for t ≥ t̄ every dynamic profile such that X is the trajectory corresponding to it,

fulfills �(ω, t) ≡ 0.

Hence for t ≥ t̄ the instantaneous payoff Pω(�(ω, t), U�(t), X
�(t)) = ln 0 =

−∞. Therefore for a.e. player the payoff is equal to −∞.

That means, there exists no equilibrium with payoffs finite for a non-negligible

set of players.

Now let � be a dynamic profile destructing the system at a finite time, U the

statistics of the profile � and X the trajectory corresponding to it. The trajectory

X fulfills X(t) = 0 for t > t ∈ R. Since the only possible strategy of player ω

for t > t is d = 0, his only possible payoff for the aggregate function U is −∞,

whatever admissible dynamic strategy he chooses.

Therefore Bω(U) = {D ∈ S| for a.e. t D(t) ∈ Sω(X(t))} ∋ �(ω, ·), which

ends this part of the proof.

b) Let us note that there exists no profile destructing the system at finite time.

Therefore best responses for every profile’s aggregate yield payoffs greater than

−∞. Since for every ω, u, x Bω(u, x) = {c · x}, the only (up to measure

equivalence) equilibrium fulfils �(ω, t) = c · X�(t) for every ω, t . Therefore

�(ω, t) = c · x̄ · (1+ r − c)t for every ω, t . �

3.2 Games with Finitely Many Players

Now we shall consider the game with a finite number n of players (� = {1, . . . , n}
with all atoms of measure λ({i}) = 1/n).

In this case the definition of an equilibrium cannot be simplified as it was in the

case of continuum of players.

An equilibrium is a dynamic profile � such that for a.e. ω,

�(ω) ∈ Argmax
{
�ω(�̃(ω), U�̃)∣∣ �̃ – dynamic profile s.t. �̃(ν) = �(ν) for all ν 	= ω

}
,

i.e. for a.e. ω and every dynamic profile �̃ such that �̃(ν) = �(ν) for all ν 	= ω,

�ω(�(ω), U�) ≥ �ω(�̃(ω), U�̃).
Analogously we can define a dynamic equilibrium by best responses: it is a

dynamic profile such that each player’s strategy is the best response to the strategies

of the remaining players, with best responses defined in the obvious way.

The following proposition states that the players take their impact on the system

into account and extract less than in the non-atomic case in order to protect the

system.
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Proposition 3.1. Let c = 1+ r .
a) No dynamic profile yielding payoffs equal to −∞ for any player is an equi-

librium.

b) A profile � defined by the equation �(ω, t) = z̄n · x̄ · (1 + r − z̄n)t for

z̄n = max (nξ(1+ r)/(1+ nξ), r) is a dynamic equilibrium (� is the only solution

to the system of equations �(ω, t) = z̄n ·X�(t)).

In the case of finitely many players we do not have any useful relation between

static and dynamic equilibria, and the scheme of the proof will be quite different:

the equilibrium will be calculated by definition.

The best response to a profile can be reduced only to the best response to the

aggregate of the strategies of the remaining players – which in this case usually

differs from the aggregate of the whole profile.

To prove proposition 3.1 we shall need the following lemma stating the structure

of the set of best responses of one player (without loss of generality the n-th

player) under some assumption about the remaining players’ choices. That is we

shall calculate the best response of the n-th player, to any profile � such that the

aggregate of the remaining players’ strategies is equal to C ·X�(t) for a constant

C

(
i.e. 1

n

n−1∑
ω=1

�(ω, t) = C ·X�(t)
)

for all t .

Lemma 3.1. Assume that the profile � is such that 1
n

n−1∑
ω=1

�(ω, t) = C · X�(t)

for all t . Then the only best response of the n-th player is of the fixed rate form

D(t) = z̄ ·X(t),where z̄ =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

n · (r − C) if
nξ ·(1+r−C)

1+ξ < n · (r − C),

1+ r if
nξ ·(1+r−C)

1+ξ > 1+ r,
nξ ·(1+r−C)

1+ξ if neither of above.

and X(t) is the actual state at time t .

Proof. The optimization problem of the n-th player is:

sup
D∈DC

∞∑

t=0

ln (D(t))

(1+ ξ)t ,

where the set DC is the set of all controls available to the player while the remaining

players extract C ·X.

Let us denote by Z the function of the ratio Z(t) = D(t)/X(t), where X is the

trajectory corresponding to 1
n
D + CX. Obviously, every ratio function Z defines

unique control function D. We shall denote by UZ the aggregate of every profile

such that the first n− 1 players extract at the aggregate rate C and the n-th player

extracts at rate Z.
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We can find the optimal control for optimization over a constrained class of

controls D̃C = {D ∈ DC : Z(t) ≡ z, 0 ≤ z ≤ 1+ r} (defined by fixed ratio of

the state Zz(t) ≡ z) for various initial states and calculate the value function

VC : X → [−∞,+∞):

VC(x̄) = sup
D∈D̃C

∞∑

t=0

ln (D(t))

(1+ ξ)t .

This is equivalent to VC(x̄) = sup
0≤z≤1+r

∞∑
t=0

ln
(
z·X

UZz
(t)
)

(1+ξ)t .

Let us note that if C ≤ r − [(1+ r)/n] then the n-th player cannot affect

the system whatever strategy he chooses. Therefore z̄ = 1 + r obviously defines

his unique optimal control in this case by D(t) = z̄ · X(t) and this D is opti-

mal not only over constrained class of controls, but also over the whole class of

controls.

Now we shall calculate the optimal z̄ in the case where C > r − [(1+ r)/n].

The trajectory XUZz corresponding to the aggregate function U zz (such that

U zz(t) = ((1/n)z+ C)XUZz (t)) fulfills XUZz (t) = x̄ (1+ r − (1/n)z− C)t
for z ≥ max (0, n(r − C)) while for z < max (0, n(r − C)) it fulfills X ≡ x̄.

Therefore

z̄∈ Argmax
0≤z≤1+r

∞∑

t=0

ln
(
z ·XUZz (t)

)

(1+ ξ)t

= Argmax
max(0,n·(r−C))≤z≤1+r

∞∑

t=0

ln

(
z · x̄ ·

(
1+ r − 1

n
z− C

)t)

(1+ ξ)t

= Argmax
max(0,n·(r−C))≤z≤1+r

(
(ln x̄ + ln z) ·

∞∑

t=0

1

(1+ ξ)t

+ ln

(
1+ r − 1

n
z− C

)
·
∞∑

t=0

t

(1+ ξ)t

)

= Argmax
max(0,n·(r−C))≤z≤1+r

(
(ln x̄ + ln z) · 1+ ξ

ξ

+ ln

(
1+ r − 1

n
z− C

)
· 1+ ξ
ξ2

)
.

The necessary condition for optimum in the interval (max(0, n · (r − C)), 1+ r)
is (1/z)·(1+ ξ)/ξ− 1

n
/(1+ r − 1

n
z− C)·(1+ ξ)/ξ2 = 0, which is equivalent to

(1/z) = 1/
(
nξ ·

(
1+ r − 1

n
z− C

))
, therefore z̄ = (nξ · (1+ r − C))/(1+ ξ),

which is obviously positive.
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It is immediate that the maximized function is strictly concave, therefore if

(nξ · (1+ r − C))/(1+ ξ) ∈ [n · (r −C)), 1+ r], then the maximum is attained

at this point.

If (nξ · (1+ r − C))/(1+ ξ) < n · (r − C), then the optimal z̄ is equal to

n · (r − C).
If (nξ · (1+ r − C))/(1+ ξ) > 1+ r , then the optimal z̄ is equal to 1+ r .
Therefore the optimal z̄ is defined by

z̄ =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

n · (r − C) if nξ ·(1+r−C)1+ξ < n · (r − C),

1+ r if nξ ·(1+r−C)1+ξ > 1+ r,
nξ ·(1+r−C)

1+ξ if neither of above.

To prove the optimality of the control function we have calculated above, we

shall use the Bellman equation for the value functionW :

W(x) = max
d∈Sω(x)

(
ln d + 1

1+ ξ W
(
x + ϕ

(
x,

1

n
d + Cx

)))
,

with the transversality condition

(1+ ξ)−t ·W
(
X̄(t)

) t→∞→ 0

along the trajectory X̄ = XU corresponding to the aggregate function U defined

by U(t) = (1/n)D̄(t)+ CX̄U (t) for D̄ such that

D̄(t) = Argmax
d∈Sω(X̄(t))

(
ln d + 1

1+ ξ W
(
X̄(t)+ ϕ

(
X̄(t),

1

n
d + CX̄(t)

)))
.

This is equivalent to

W(x) = max
max(0,n·(r−C))≤z≤1+r

(
ln (z · x)+ 1

1+ ξ W
(
x ·

(
1+ r − 1

n
z− C

)))
,

with the transversality condition 1/(1+ ξ)t · W
(
X̄(t)

) t→∞→ 0 along the trajec-

tory X̄ = XU corresponding to the aggregate function U defined by U(t) =(
(1/n)Z̄(t)+ C

)
X̄U (t) for Z̄ such that

Z̄(t) = Argmax
max(0,n·(r−C))≤z≤1+r

(
ln
(
zX̄(t)

)
+ 1

1+ ξ W
(
X̄(t) ·

(
1+ r − 1

n
z− C

)))
.

We shall check whether the value function VC for the optimization over the

constrained set of controls (calculated above) fulfills this equation:

VC(x) = sup
max(0,n·(r−C))≤z≤1+r

ln (zx)+ 1

1+ ξ VC
(
x ·

(
1+ r − 1

n
z− C

))
,

which is an easy calculation.
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The transversality condition is also easy to check:

1

(1+ ξ)t · VC
(
X̄(t)

)
= 1

(1+ ξ)t · VC
(
x̄ ·

(
1+ r − 1

n
z̄− C

)t)

= 1

(1+ ξ)t
[

1+ ξ
ξ

(
ln

(
x̄ ·

(
1+ r − 1

n
z̄− C

)t)
+ ln z̄

)

+ 1+ ξ
ξ2

ln

(
1+ r − 1

n
z̄− C

)]
t→∞→ 0.

Therefore VC is the value function for our optimization, which implies that the

optimal control to our problem is defined by the fixed ratio z̄ of the state.

The last thing to show is that there is at most one optimal control. To prove this,

let us assume, conversely, that there exist two optimal controls, U ′ 	= U ′′. By the

strict concavity of the logarithm we have the inequality

∞∑

t=0

ln
(

1
2U

′(t)+ 1
2U

′′
(t)
)

(1+ ξ)t >
1

2

∞∑

t=0

lnU ′(t)

(1+ ξ)t +
1

2

∞∑

t=0

lnU ′′(t)

(1+ ξ)t ,

which contradicts optimality ofU ′ andU ′′ ifU = 1
2U

′+ 1
2U

′′
defines an admissible

control of the n-th player, i.e. for each t U(t) ≤ c ·XU (t).
To prove this, we first show that for each t we have the inequality XU (t) ≥

1
2XU ′(t) +

1
2XU ′′ (t), which can be done simply by induction. This implies that

U(t) = 1
2U

′(t)+ 1
2U

′′
(t) ≤ 1

2 · c ·XU ′(t)+
1
2 · c ·XU ′′ (t) ≤ c ·XU (t). �

Proof. (of proposition 3.1)

a) Using lemma 3.1 we prove that the payoffs of the players at any equilibrium

will be always greater than −∞.

At first assume that each of n − 1 players always extracts as much as he

can: (1 + r)X(t). Then the optimal control of the remaining player at time

t equals z̄ · X(t), where z̄ is the constant defining the unique best response

of the remaining player, therefore the aggregate function U fulfills U(t) =
((1/n) · z̄+ [(n− 1)/n](1+ r)) ·X(t).

Since 0 < z̄ = (1+ r)ξ/(1+ ξ) < 1+r , the system will not be destroyed

and payoffs of all players are greater than −∞.

If at some time t the n−1 players extract less than [(n− 1)/n](1+r)X(t),
then, by taking a strategy as above, the player get payoff greater than −∞,

therefore for the optimal S̄ he also gets payoff greater than −∞, which ends

this part of the proof.

b) We use lemma 3.1 and check which z̄ defines the best response to C =
[(n− 1)/n]z̄:

First we check for (nξ · (1+ r − C))/(1+ ξ) < n · (r − C). Then z =
n (r − [(n− 1)/n]z), i.e. z = r . If we substitute this into the inequality, we

get that z = r holds whenever r > nξ .
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Now we check when (nξ · (1+ r − C))/(1+ ξ) > 1+ r ,
i.e. (ξ · (1+ r))/(1+ ξ) > 1+ r , which is never fulfilled.

Last we check what happens if neither of above inequalities hold. Then

z̄ = nξ ·(1+r−[(n−1)/n]z̄)
1+ξ , therefore z̄ = (nξ · (1+ r))/(1+ nξ).

When we combine all this results, we get

z̄n = max ([(nξ · (1+ r))/(1+ nξ)], r) < 1+ r .
�

3.3 The Game with Continuum of Players Versus Games with Finite Number

of Players

Let us note that the constants z̄n defining the players’ rate of extraction at symmetric

equilibria for the n-player games fulfill: z̄n < 1+ r and z̄n ր 1+ r as n tends to

infinity.

This implies that the system will not be destroyed at finite time: the players

do not feel negligible and they care for the system, although for a large n single

player’s influence on the system is small. It is important that such careful behavior

is not necessary to avoid a disaster: in our model while at least one player refrains

from extracting 1+ r , the remaining ones cannot destroy the system.

The convergence to the “disastrous” limit 1+r is what we expect: this is the rate

of extraction of the symmetric equilibrium in the case of a continuum of players.

4 Conclusions

In this paper we stated some properties of dynamic games with a continuum of play-

ers and discrete time, such that the instantaneous payoff of every player depends

on his own strategy and the aggregate strategy, strategies available in one-stage

games depend on the state of the system changing in response to the aggregate

strategy.

In such a game a player’s strategy is a best response to some dynamic aggregate

strategy if (and only if whenever the payoff is finite) it is a sequence of best

responses to the respective aggregates in one-stage games corresponding to the

dynamic game, while a dynamic profile is an equilibrium if (and only if whenever

the payoff of almost every player is finite) it is a sequence of equilibria in one-stage

games corresponding to the dynamic game. These results, strange at first sight,

stem from the phenomenon of insignificance of every single player.

This phenomenon was illustrated by an example of extraction of a common

ecosystem presented twice in different ways, as two games differing from each

other only by space of players. A continuum of players always destroy the system

in equilibrium, while finitely, but arbitrarily many players will not do it.

Therefore games with a continuum of players are better for modeling real situ-

ations in which people feel negligible, especially those situations in which a large

group of people, each of them feeling insignificant, extract a common ecosystem.
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As it should be expected, the rate of extraction in a symmetric equilibrium in

the n-players game increases and tends to the rate of extraction in a continuum-

of-players game as n increases and tends to infinity.
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Abstract
We develop a mathematical model within a game theoretical framework to

capture the flow control problem for variable rate traffic at a bottleneck node.

In this context, we also address various issues such as pricing and allocation

of a single resource among a given number of users. We obtain a distributed,

end-to-end flow control using cost functions defined as the difference between

particular pricing and utility functions. We prove the existence and unique-

ness of a Nash equilibrium for two different utility functions. The paper also

discusses three distributed update algorithms, parallel, random and gradient

update, which are shown to be globally stable under explicitly derived condi-

tions. The convergence properties and robustness of each algorithm are studied

through extensive simulations.

1 Introduction

Today’s Internet strives to comply with the demands of a broad range of appli-

cations, much different from the original design goals. Implementation of RTT

(Real-Time Traffic) for increasingly popular applications like VoIP (Voice over

IP) or video conferencing is one such example. Pricing of the network resources

and charging the users in a way proportional with their usage is yet another one.

There is also an increasing need for mechanisms that ensure fair allocation of net-

work resources among the users. Achieving all these goals is only possible with

the introduction of new efficient and real-time implementable congestion and flow

control schemes, and we are already seeing efforts towards improving and modi-

fying the flow control mechanisms of TCP. Among many different approaches
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here, the game theoretic one has been enjoying increasing popularity as it provides

a fitting framework to study the underlying network optimization problems [1–4].

Game theory provides a natural framework for developing pricing mechanisms

to solve rate control, fairness and even routing problems. Users on the Internet are

of completely non-cooperative nature in terms of their demands for bandwidth, and

this leads specifically to the use of non-cooperative game theory for flow and con-

gestion control. An appropriate solution concept here is the non-cooperative Nash

equilibrium [5]. In this approach, a distributed, non-cooperative network game is

defined, where each user tries to minimize a specific cost function by adjusting

his flow rate, with the remaining users’ flows fixed. An advantage of this approach

comes from the fact that it leads to distributed schemes, and not a centralized con-

trol for the network, which fits well with today’s as well as tomorrow’s expected

trends of decentralized computing.

Most network games in the literature are focused on elastic, best-effort type

traffic [2]. As an example of a study that addresses the flow control problem in

a game theoretic framework, we can cite Altman and Başar [1], who show that

if an appropriate cost function and pricing mechanism are used, one can find an

efficient Nash equilibrium for a multi-user network, which is further stable under

different update algorithms. Another game-theoretic study is the one by Korilis

and Lazar [6], who investigate the existence of Nash equilibria of the flow control

model introduced earlier in [7]. They develop a general approach to study the

existence of Nash equilibria by using the concept of best reply correspondence.

We consider in this paper a more general model, with two components. The first

pertains to a classical admission control mechanism [8, p.494], where the users

are admitted to the network after given a certain QoS (Quality of Service) gua-

rantee in accordance with the available resources of the network. The guaranteed

minimum flow rate meets the requirements of the intended RTT application. The

second component of the model concerns elastic flow, and it accommodates a

wide range of traffic types, from medium to high elasticity. The distributed end-to-

end control system is modeled as a network game where users, or players, adjust

their excess flows rates, or strategies, according to their individual needs but also

taking into account the state of the network. The cost function we adopt for this

purpose features, in addition to a relevant pricing function, an inherent feedback

mechanism, enabling the users to acquire the basic (essential) information about the

state of the network. The non-cooperative game framework provides equilibrium

conditions for the system and most importantly, the market structure, where supply

and demand for bandwidth determine the allocation of network resources and

prices. Fairness is also an important issue, and this is built into the network so

that those users who are willing to pay for resources more than others receive a

proportionately larger portion of the resources. We model the individual user’s

demand for bandwidth in terms of two different utility functions: an affine and

a logarithmic function. For extensions of the non-cooperative flow control game

considered in this study to general network topologies and Internet-style networks
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including stability and convergence analysis under non-negligible delays, we refer

to our subsequent studies [9–12].

In the next section, we provide a description of the proposed model, and in Sec-

tion 3 we derive a unique Nash equilibrium. In Section 4, we investigate various

update algorithms and establish stability conditions. Simulation results are pre-

sented in Section 5, which are followed by the concluding remarks of Section 6.

2 The Model and The Cost Function

We consider a bottleneck node in a general network topology, with a certain level,

C, of available bandwidth, which is shared by N users or connections. The ith

user’s flow rate, λi , consists of two parts: The guaranteed minimum flow rate,

λi,min, and the variable excess flow rate, xi , defined as the difference between the

total flow and the minimum flow: xi = λi − λi,min. The guaranteed flow rate is

negotiated between the user and the network at the time of the connection setup and

remains constant thereafter. It plays a crucial role in meeting the QoS requirements

necessary for real-time traffic types. The problem of giving users guarantees for

their requested minimum flows while at the same time preserving the network

resources by respecting the bound C on the maximum available bandwidth at the

bottleneck node, can be solved through an admission control mechanism.

We assume that during the connection M out of N users request an excess

bandwidth on top of their prenegotiated guaranteed minimum flow rates. Hence,

we can consider a non-cooperative network game where M users compete for

the remaining available bandwidth, m, after all guaranteed minimum flows are

subtracted from the total capacity:m = C−
∑N
i=1 λi,min. We note that the excess

flow rate of a user is elastic in nature, i.e. it has no QoS guarantees and is bounded

above by the total available excess bandwidth, m.

The cost function for each user entering the game is defined as the difference

between the pricing and the utility functions. This cost function not only sets the

dynamic prices, but also captures the demand of a user for bandwidth. The first

term of the cost function, the pricing function, is defined as:

Pi(xi, x−i) =
ki

m− (xi + x−i)+
(xi)

2, (1)

where xi is the excess bandwidth taken by the ith user, x−i is defined as x−i :=∑
j 	=i xj , and ki ≥ 0 is the pricing parameter determined by the network. The

pricing term not only sets the actual price, but also has the regulatory function of

providing the user with feedback about the network status via the denominator

term, m−
∑
j xj . This term may also be seen as capturing the delay experienced

by the ith user. As the sum of flows of users approach the available capacity,m, the

denominator of (1) approaches zero, and hence the price increases without bound.

This preserves the network resources by forcing the users to decrease their elastic



476 T. Alpcan and T. Başar

flows. At the same time, a proportional relationship between demand and price

is obtained, which ensures that the prices are set according to market forces. The

price per unit flow is chosen to be proportional to the flow rate itself, resulting in

the quadratic term, x2
i . This pricing structure discourages a user from picking up an

arbitrary value for the minimum flow rate, λi,min, with the intention of minimizing

the fixed costs. In addition, it eliminates wide fluctuations in the excess rate, xi .

The second part of the cost function, the utility functionUi , quantifies the user’s

utility for having excess bandwidth and captures to some extent the ‘human factor’.

Although it cannot be exactly known to the network, some statistical estimates

can be collected, taking into account the habits of a specific type of a user over a

certain period of time. A reasonable assumption is to take it to be strictly concave

for elastic flows. Specifically, a logarithmic function can best represent the utility

function of the user in this case [13]. Hence, a possible realistic utility function for

a user demanding excess flow can be defined in terms of xi as:

Ui(xi) = ln(1+ xi)+ di, xi ≥ 0 ∀i, (2)

where di is a positive constant and will have no effect on the optimization process.

Based on the given pricing and utility functions, the cost function for user i is

simply, Ji = Pi −Ui . In other words, the flow rate of the ith user results from the

interaction between price and demand:

Ji(xi, x−i) =
kix

2
i

m− (xi + x−i)
− ln(1+ xi)− di, xi ≥ 0 (3)

Notice that the excess utility function, and hence the cost function, are defined

only in the region where xi ≥ 0. In the next section we will show that even if

xi ≤ 0 is allowed, the Nash equilibrium solution will still be the nonnegative.

A drawback of the realistic utility function above is that it leads to nonlinear

reaction functions for the users. Therefore an analytical analysis of the cost function

with this utility is very difficult and limited, if not impossible, even though an

existence and uniqueness result (on Nash equilibria) could be obtained, as we will

do in the next section. In order to make the analysis tractable, and to obtain explicit

results, we will use linear utility functions for the users, which lead to a set of

linear equations as reaction functions. Accordingly, for tractability we will also

adopt as the utility function of user i:

Ũi(xi) = aixi + d̃i, xi ≥ 0 ∀i, (4)

where ai is a positive constant not exceeding 1, and d̃i > 0. One possible inter-

pretation for the linear utility Ũi is that it constitutes a linear approximation to the

actual utility function at a given point. In this case, the system is analyzed locally

in the vicinity of the chosen point. The parameter ai is the slope of the utility

function at that point, say x0
i :

ai :=
∂Ui(x

0
i )

∂xi
⇒ 0 < ai ≤ 1, ∀i.
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The counterpart of the cost function (3) with the linear utility function (4) is

J̃i(xi, x−i) =
kix

2
i

m− (xi + x−i)
− aixi − d̃i, xi ≥ 0. (5)

Another interpretation for the linear utility would come from a worst-case per-

spective. The constant ai can be chosen so as to provide an upper bound for

marginal utility, or the slope of the logarithmic function at any given point xi . It

will be shown later that given the total flow rates of all other users, x−i , the opti-

mal flow rate of the ith user under linear utility, with ai = 1, is always higher than

the one under logarithmic utility. Hence, linear utility (4) with ai = 1 leads to a

worst-case flow for the ith user, namely

ai = max
xi≥0

∂Ui(xi)

∂xi
⇐⇒ ai = max

xi≥0

1

1+ xi
⇒ ai = 1, ∀i.

The parameter d̃i in (4) is the same as in (2), and since it is a constant it can be

ignored in the subsequent analysis. Notice that the same cost function structure (5)

is arrived at in both local and worst-case analyses, with ai chosen as described

above. Combining the worst-case and local analyses in a single step simplifies the

problem at hand significantly.

3 Existence and Uniqueness of a Nash Equilibrium

We first prove the existence of a unique Nash equilibrium for the logarithmic utility

model, described by the cost function (3). Next, we give a similar result under the

linear-utility cost function (5). Additionally, we derive the reaction functions in the

linear-utility case and compute the equilibrium point explicitly. We conclude the

section with a result (a Proposition) justifying the worst-case linear-utility function

analysis.

3.1 Existence and Uniqueness under Logarithmic Utility Functions

The underlying M-player non-cooperative game here is defined in terms of the cost

functions Ji(xi, x−i), i = 1, . . . ,M , where Ji is defined by (3), and the constraints

xi ≥ 0, (6)

M∑

j=1

xj ≤ m. (7)

The first constraint is dictated by the fact that the ith user has requested a flow

rate of at least λi,min. The second constraint is a physical capacity constraint, which

says that the aggregate sum of all flows in a node cannot exceed its total capacity.
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Theorem 3.1. There exists a unique Nash equilibrium in the network game

defined by (3) and (6)–(7), which is also an inner solution.

Proof. Let x := (x1, . . . , xM)
′ be the vector of flow rates of theM players, andX

be the subset of R
M where x belongs in view of the constraints (6)–(7). Then,X is

closed and bounded (therefore compact), and is convex, but is not rectangular. On

X, each Ji(xi, x−i) is continuous and bounded, except on the hyperplane defined

by (7) where it is infinite, and is moreover analytic in that region. Its first derivative

with respect to xi is

∂Ji(xi, x−i)

∂xi
=
kix

2
i + 2kixi[m− (xi + x−i)]

[m− (xi + x−i)]2
− 1

1+ xi
, (8)

and its second derivative is

∂2J (xi, x−i)

∂x2
i

= 4kixi

[m− (xi + x−i)]2
+

2kix
2
i

[m− (xi + x−i)]3

+ 2ki

[m− (xi + x−i)]
+ 1

(1+ xi)2
, (9)

which is clearly seen to be well-defined and positive on X, except on the hyper-

plane (7). Hence, for an arbitrarily small ε > 0, if we replace (7) with

M∑

j=1

xj ≤ m− ε, (10)

and denote the corresponding constraint set defined by (6) and (10) by Xε, on Xε
we have a game with a convex, compact nonrectangular action set, and a convex

cost function for each player. By a standard theorem of game theory (Theorem 4.4,

p. 176 in [5]), it admits a Nash equilibrium. Let us denote this equilibrium solution

by x∗ε , to depict its possible dependence on ε. We now claim that provided that

ε > 0 is sufficiently small, x∗ε does not depend on ε, and hence it provides also a

Nash equilibrium solution to the original game on X.

To prove this claim, let us study the optimization problem faced by a generic

player, i, in the computation of the Nash equilibrium. This optimization problem is

min
0≤xi≤mi (ε)

Ji(xi, x
∗
−i(ε)), (11)

wheremi(ε) := m−ε−x∗−i(ε), and x∗−i(ε) is the total flow from x∗ε of all players,

except the ith. We first note from (8) that (∂Ji/∂xi)(0, x
∗
−i(ε)) < 0, and hence

x∗i (ε) cannot be zero, and therefore x∗i (ε) > 0. We next show that x∗i (ε) cannot

equal mi(ε) either, and hence the solution to (11) has to be an inner solution. To

see this, let us evaluate (8) at xi = mi(ε):
∂Ji(mi, x

∗
−i(ε))

∂xi
= kimi(mi + 2ε)

ε2
− 1

1+mi
. (12)



Distributed Algorithms for Nash Equilibria of Flow Control Games 479

Now, unlessmi(ε) = O(ε), the first term above becomes unbounded as ε→ 0,

dominating the second term and therefore making (12) positive, which implies

that xi = mi(ε) cannot be the solution to (11). Hence, the only way (11) can

have a boundary solution is if mi(ε) = O(ε), but since there is only a single

constraint, namely (10), we would have mj (ε) = O(ε) for all j = 1, . . . ,M .

Hence the total flow would be O(ε), which contradicts the initial hypothesis that∑M
j=1 x

∗
j (ε) = m− ε. Therefore, for ε sufficiently small, the solution to (11) has

to be inner, and since this applies to all players, the Nash equilibrium has to be

independent of ε for ε > 0 sufficiently small. As a byproduct, we have also proven

the other claim of the theorem, which is that the Nash equilibrium is inner.

We next show the uniqueness of the Nash equilibrium. To preserve notation,

let ∂2J (xi, x−i)/∂x2
i given by (9) be denoted by Bi . Further introduce, for i, j =

1, . . . ,M, j 	= i,
∂2Ji(xi, x−i)

∂xi∂xj
= 2kixi

[m− (xi + x−i)]2
+

2kix
2
i

[m− (xi + x−i)]3
:= Ai,j ,

with both Bi and Ai,j defined on Xε, to avoid singularity on the hyperplane (7).

Suppose that there are two Nash equilibria, represented by two flow vectors x1

and x0, with elements x0
i and x1

i , respectively. Define the pseudo-gradient vector:

g(x) =

⎛
⎜⎝

∇x1J1(x1, x−1)
...

∇xMJM(xM , x−M)

⎞
⎟⎠ .

As the Nash equilibrium is necessarily an inner solution, it follows from the first

order optimality condition that g(x0) = 0 and g(x1) = 0. Define the flow vector

x(θ) as a convex combination of the two equilibrium points x0, x1:

x(θ) = θx0 + (1− θ)x1,

where 0 < θ < 1. By differentiating x(θ) with respect to θ , we obtain

dg(x(θ))

dθ
= G(x(θ))dx(θ)

dθ
= G(x(θ))(x1 − x0), (13)

where G(x) is defined as the Jacobian of g(x) with respect to x:

G(x) :=

⎛
⎜⎜⎜⎝

B1 A1 · · · A1

A2 B2 A2

...
. . .

...

AM AM · · · BM

⎞
⎟⎟⎟⎠
M×M

,

where we have used the simpler notation Ai for Ai,j , since Ai,j does not depend

on the second index j . Integrating (13) over θ from θ = 0 to θ = 1 we obtain

0 = g(x1)− g(x0) =
[∫ 1

0

G(x(θ))dθ

]
(x1 − x0), (14)
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where (x1−x0) is a constant flow vector. LetBi(x) =
∫ 1

0 Bi(x(θ))dθ andAi(x) =∫ 1
0 Ai(x(θ))dθ . In view of constraints (6) and (10), we have:

Bi(xi, x−i) > Ai,j (xi, x−i) > 0, ∀i, j.

Thus, it follows that Bi(x) > Ai(x) > 0, for any flow vector x(θ). �

In order to simplify the notation, define the matrix G(x1, x0)

G(x1, x0) :=
∫ 1

0

G(x(θ))dθ =

⎛
⎜⎜⎜⎝

B1 A1 · · · A1

A2 B2 A2

...
. . .

...

AM AM · · · BM

⎞
⎟⎟⎟⎠
M×M

.

Lemma 3.1. The matrix G(x1, x0) is full rank for any fixed x.

Proof. The matrix G is full rank if the only vector y satisfying G y = 0 is the

null-vector, y = 0. Expanding this equation for all i, one obtains

Biyi + Ai
∑

j 	=i
yi = 0. (15)

Rearranging the terms in (15) and solving for yi :

yi =
−Ai
Bi − Ai

M∑

j=1

yj , (16)

where the term Ai/(Bi − Ai) is strictly positive as a result of Bi > Ai > 0. Now

summing over i, we get

M∑

i=1

yi = −
M∑

i=1

Ai

Bi − Ai

M∑

j=1

yj ,

which can only hold if
∑M
j=1 yj = 0, and from (16), yi = 0 ∀i. Thus, we conclude

that the matrix G is full rank.

Finally, we rewrite (14) in the following form:

0 = G · [x1 − x0]. (17)

By Lemma 3.1, the square matrix G is full rank. Therefore, the only possibility

for (17) to hold is x1− x0 = 0. Therefore, the Nash equilibrium is unique. �

The lines of the proof above can actually be used to prove uniqueness of Nash

equilibrium whenever it exists for more general M-player games. We state and

prove this result below, which should be of independent interest.
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Corollary 3.1. Consider a non-cooperative game with M players, with twice

differentiable cost functions, Ji(xi, x−i) for player i, and a compact strategy space,

X. Let the pseudo-gradient vector be denoted by g(x), i.e.

g(x) :=

⎛
⎜⎝

∇x1J1(x1, x−1)
...

∇xMJM(xM , x−M)

⎞
⎟⎠ ,

and the Jacobian of g(x) with respect to x be denoted by G(x). Further define

G :=
∫ 1

0

G(x(θ))dθ.

If for all strategies that are in the interior of the strategy space, Xo, the matrix G

is full rank, then there is at most one equilibrium in Xo.

Proof. Suppose that there exist two Nash equilibria, represented by two flow

vectors x1 and x0, with elements x0
i and x1

i , respectively. As we consider only

inner solutions, it follows from first-order optimality conditions that g(x0) = 0

and g(x1) = 0. Define the flow vector x(θ) as a convex combination of the two

equilibrium points x0, x1:

x(θ) = θx0 + (1− θ)x1,

where 0 < θ < 1. By differentiating x(θ) with respect to θ , we obtain

dg(x(θ))

dθ
= G(x(θ))dx(θ)

dθ
= G(x(θ))(x1 − x0).

Integrating this over θ from θ = 0 to θ = 1 we obtain

0 = g(x1)− g(x0) =
[∫ 1

0

G(x(θ))dθ

]
(x1 − x0) ≡ G · [x1 − x0]. (18)

Since G is full rank, the only possibility for (18) to hold is x1 − x0 = 0. Thus, the

Nash equilibrium is unique whenever it exists. �

3.2 Existence of Unique Nash Equilibrium under Linear Utility Functions

Here, we show the existence of a unique Nash equilibrium for cost functions with

linear utility. Furthermore, by exploiting the linearity of reaction functions, we

compute the equilibrium point explicitly. Since we carry out the analysis for a gene-

ral ai , it applies not only to the worst-case analysis, but also to the local analysis,

where the logarithmic utility function is approximated by a linear function.
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Again, each user minimizes his cost function (3), under the constraints given

in (6) and (7). First assuming an inner solution, we have for the ith user:

∂J̃i(xi, x−i)

∂xi
=
kix

2
i + 2kixim− 2kixi(xi + x−i)

(m− (xi + x−i))2
− ai = 0, (19)

which can be solved for xi , to lead to: 1

xi = (m− x−i)
[

1±
(

ki

ki + ai

) 1
2

]

The solution with the plus sign is eliminated in view of the constraintm−x−i ≥
xi ; hence, the only feasible solution is the one with the minus sign:

xi = (m− x−i)
[

1−
(

ki

ki + ai

) 1
2

]
≡ mqi − qix−i, (20)

where

qi := 1−
(

ki

ki + ai

) 1
2

(21)

To complete the derivation we now check the boundary solutions. For the bound-

ary pointxi = 0, we observe from (19) that (∂J̃i(xi, x−i)/∂xi)=−ai , which means

that the user can decrease his cost by increasing xi . Hence, this cannot be an equili-

brium point. For the other boundary points xi = m−x−i and x−i = m, we observe

that at these points the cost goes to infinity. As a result, the inner solution is the

unique optimal response for the constrained optimization problem of the ith user,

for each fixed x−i < m. We observe from (20) that the unique optimal flow for

the ith user is a linear function of the aggregate flow of all other users. This set of

M equations can now be solved for xi, i = 1, . . . ,M . To ease the notation, let

x̄ := xi + x−i . Then, (20) can be rewritten as

xi = mqi − qi(x̄ − xi)⇒ xi =
qi

1− qi
m− qi

1− qi
x̄.

Summing both sides from 1 toM , and letting

λ :=
M∑

i=1

qi

1− qi
, (22)

we obtain

x̄ = λm− λx̄ ⇒ x̄ = λ

1+ λm.

1Here we assume throughout that xi 	= m − x−i , which will be seen shortly not to be an

assumption at all.
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Note that λ is well defined and positive, since 0 < qi < 1 ∀i. Hence x̄ < m,

thus satisfying the underlying constraint. Finally, substituting x̄ above into the

expression for xi (in terms of x̄), yields the following unique solution to (20):

x∗i =
1

1+ λ
qi

1− qi
m, i = 1, . . . ,M. (23)

Note that (23) is feasible since it is strictly positive, and
∑M
i=1 x

∗
i < m. We

summarize this result in the following theorem, whose proof follows from the

leading derivation:

Theorem 3.2. There exists a unique Nash equilibrium in the network game with

users having linear utility functions, and it is given by (23), where qi and λ are

given by (21) and (22) respectively.

We conclude the section with an important proposition, justifying the worst-case

analysis based on linear utility functions.

Proposition 3.1. Given the total flow rates of all users except the ith one, x−i =∑
j 	=i xj , the optimal flow rate of the ith user, x

opt
i,nonlin, having a logarithmic utility

and the cost function (3) is less than the optimal rate x
opt
i,lin obtained when the same

user has the linear utility (4) with ai = 1 and cost function (5).

Proof. The optimal solution of the ith user was already shown to be an inner

solution. Differentiating the linear utility cost, J̃i , given by (5), and the logarithmic

utility cost, Ji , given by (3), both with respect to xi , we obtain:

J̃
′
i = P

′
i − Ũ

′
i = P

′
i − 1, (24)

J
′
i = P

′
i − U

′
i = P

′
i −

1

1+ xi
, (25)

where a ‘prime’ denotes a partial derivative with respect to xi . The pricing function

Pi in (1) is unimodal with a global minimum at xi = 0. Hence, for xi ≥ 0, P
′
i is

a monotonically increasing function passing through the origin. Hence, the point

at which (24) is zero is strictly larger than the point at which (25) is zero, that is

x
opt
i,nonlin < x

opt
i,lin. This completes the proof. �

An intuitive explanation of this result lies in the high marginal demand of worst-

case utility, a = 1. The marginal demand of a user with linear utility is higher than

the one with logarithmic utility. The proposition above is based on this difference

in demand.

4 Update Algorithms and Stability

In the previous section, it was shown that a unique equilibrium point exists under

different cost functions, where each user attains a minimum cost given the equi-

librium flow rates of the other users. In a distributed environment, however, each
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user acts independently and convergence to this equilibrium point does not occur

instantaneously. Hence it is important to study the evolution of various iterative

processes toward the unique equilibrium. In the literature, there exist various iter-

ative update schemes with different convergence and stability properties [2]. We

consider here three asynchronous update schemes relevant to the proposed model:

PUA, parallel update algorithm, which is also known as the Jacobi algorithm;

RUA, random update algorithm, and GUA, gradient update algorithm, also known

as Jacobi over relaxation [14]. For the specific model at hand, individual users do

not need to know the specific flow rate of other users, except their sum. This fea-

ture is of great importance for possible applications, as it simplifies substantially

the information flow within the system.

4.1 Parallel Update Algorithm (PUA)

In PUA, the users optimize their flow rates at each iteration, in discrete time

intervals . . . , n− 1, n, n+ 1 . . . . If the time intervals are chosen to be longer than

twice the maximum delay in the transmission of flow information, it is possible to

model the system as an ideal, delay-free one. In a system with delays, users update

their flows using the available (delayed) information.

One important feature of PUA is that the users are myopic. They optimize their

flow rates based on instant costs and parameters, ignoring future implications

of their actions. In a delay-free system, this behavior affects convergence rate

adversely as it will be seen in the simulations.

For the cost function (3), the players use either nonlinear programming tech-

niques to minimize their cost at each iteration or directly the reaction function.

The analytical solution to the optimization problem of the ith user turns out to be

the root of the third-order equation:

kix
3
i + (2ki(m− x−i)+ k − 1)x2

i + (2(k + 1)(m− x−i))xi + [m− xi]2 = 0.

(26)

Only one root of this equation, denoted x̃i , is feasible: 0 < x̃i < m. The closed-

form solution for this root is at the same time the reaction function, which is highly

nonlinear in contrast to the linear reaction function given by (20). As the root

of (26) involves a complicated expression, we write the nonlinear reaction function

of the ith user only symbolically :

x
(n+1)
i = f (x(n)−i , ki). (27)

Stability and convergence of the system is as important as the existence of a

unique equilibrium. In an unstable system, the flow rates may oscillate indefinitely

if there is a deviation from equilibrium. Or, if the system does not have the global

convergence property, there exists the possibility of not reaching the equilibrium

at all through an iteration starting at an arbitrary feasible point.
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We now study the convergence of PUA for the linear reaction case. The update

function for the ith user is (from (20)):

x
(n+1)
i = mqi − qix(n)−i ∀i, n, (28)

where qi was defined in (21). Let △xi = xi − x∗i , where x∗i is the flow rate of the

ith user at the Nash equilibrium. Then we have

△x(n+1)
i = −qi△x(n)−i , ∀i. (29)

Let

‖�x‖ = max
i
|�xi |,

and note that from (29):

‖�x(n+1)‖ ≤ (M − 1)max
i
|qi | ‖�x(n)‖.

Clearly, we have a contraction mapping in (29) if (M − 1)maxi |qi | < 1. Thus,

the following sufficient condition ensures the stability of the system with linear

utility under the PUA algorithm:

|qi | ≤
1

M
, i = 1, . . . ,M. (30)

One simple way of meeting this condition is to set qi = 1/M, i = 1, . . . ,M .

From (21), (30) translates into the following stability condition on the pricing

parameter ki for each i :

ki ≥
(M − 1)2

2M − 1
ai . (31)

Notice that these apply not only to the analysis in the linear-reaction case, but

also to the local analysis of the nonlinear-utility cost function (3). Thus, the system

is locally stable and convergent under PUA if the condition above is satisfied. Next,

we show that the system not only has local stability and convergence property, but

is also globally stable and convergent for the nonlinear-utility cost. Before making

a precise statement of this result and proceeding with the proof, we present the

following two useful Lemmas.

Lemma 4.1. For any feasible point xo = x(n) at time (n), let x
(n+1)
i be the

outcome of the ith user’s nonlinear reaction function (27). If x
(n)
i > x∗i , where x∗

is the unique equilibrium, then x
(n+1)
i ≤ x(n)i .
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Proof. Assume that x
(n+1)
i > x

(n)
i > x∗i . Given the flow rate, x

(n)
i , of the ith user

at the time instant n, we linearize the logarithmic utilility, Ui , given in (2) around

this value, and turn it into (4) by defining

ai(x
(n)
i ) :=

∂Ui(x
(n)
i )

∂xi
= 1

1+ x(n)i
.

Thus, the nonlinear reaction function (27) is linearized to (28) at x
(n)
i . Using the

fact that ai(x
(n)
i ) > ∂Ui(x

(n+1)
i )/∂xi and following an argument similar to that

used in the proof of Proposition 3.1, the resulting flow, x
(n+1)
i,lin , provides an upper

bound on x
(n+1)
i . Combined with the contraction property of the linear reaction

function, we obtain:

x
(n+1)
i < x

(n+1)
i,lin < x

(n)
i . (32)

Obviously, (32) contradicts the assumption made, and hence x
(n+1)
i ≤ x(n)i . �

Lemma 4.2. For any feasible point xo = x(n) at time (n), if x
(n)
i < x∗i , then

x
(n+1)
i ≥ x(n)i .

Proof. The proof is very similar to that of Lemma 4.1. Suppose that x
(n+1)
i <

x
(n)
i < x∗i . Then, it can be shown that ai < ∂Ui(x

(n+1)
i )/∂xi , and x

(n+1)
i,lin provides

a lower bound on x
(n+1)
i . Again using the contraction property,

x
(n+1)
i > x

(n+1)
i,lin > x

(n)
i .

As this contradicts the initial hypothesis, x
(n+1)
i ≥ x(n)i . �

Theorem 4.1. The PUA is globally convergent and stable for both the linear and

logarithmic utility cost functions (3) and (5), under the sufficient condition (31).

Proof. The convergence result for the linear utility case was obtained above. In

principle, it is also possible to derive the global convergence result for the log-

arithmic utility case, using the same method, but this time the reaction function

is (27). This reaction function was obtained as one of the roots of the third-order

equation (26), and is highly nonlinear. Hence the method based on reaction func-

tions becomes practically intractable. We will, therefore, make use of the local and

worst-case analyses to obtain a global convergence result. As in Lemma 4.1, the

nonlinear reaction function (27) can be linearized to (28) at each x
(n)
i . Also note

that the existence of a unique feasible Nash equilibrium, 0 < x∗i < m, was already

established for the network game.
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For any feasible initial point, x0, we have the following cases for the ith user:

In the first case, x
(n)
i > x∗i , where x

(n)
i = xi,0 is the starting point. According

to Lemma 4.1, there are two possibilities: x∗i < x
(n+1)
i < x

(n)
i and x

(n+1)
i < x∗i <

x
(n)
i . The former case results in a monotonically decreasing sequence bounded

below by x∗i , whereas the latter case leads to an oscillating sequence around the

equilibrium.

In the second case, x
(n+1)
i < x∗i , where x

(n+1)
i can be considered as the starting

point at any time instant (n+ 1). Again by Lemma 4.2, there are two possibilities:

x∗i > x
(n+1)
i > x

(n)
i and x

(n+1)
i > x∗i > x

(n)
i . Similar to the previous case,

the former leads to a monotonically increasing sequence bounded above by x∗i ,

and the latter results again in an oscillating sequence around the equilibrium. In

order to analyze these cases, one can define the relative distance to equilibrium as

△x(n)i := x(n)i − x∗i .

If x
(n+1)
i > x

(n)
i , then the linearized reaction function at x

(n)
i provides an upper

bound, x
(n+1)
i,linear , on x

(n+1)
i , following an argument similar to the one in Proposi-

tion 3.1. The fact that (∂U
(n)
i /∂xi) < a

(n)
i justifies the given bound. Using the

contraction property of linearized reaction function (29) and the worst-case bound

above, we obtain:

△x(n+1)
i,linear < △x

(n)
i < △x(n)i,linear ∀i. (33)

For x
(n+1)
i < x

(n)
i , following a similar argument, it is easy to show that the

relation (33) also holds. Therefore, for all possible cases, we have shown that, at

each iteration locally linearized flows provide a decreasing upper bound to the

iterates of the nonlinear reaction function for the distance to equilibrium. Figure 1

summarizes this discussion graphically.

The flow rate of any ith user converges to the unique Nash equilibrium and the

nonlinear system is stable and globally convergent from any feasible initial point

x0. We note that the proof is based on the convergence of the linear system, which

is required for the convergence of the nonlinear system. Moreover, condition (30),

or equivalently (31), is sufficient for the convergence of the iteration corresponding

to linear and nonlinear reaction functions. �

4.2 Random Update Algorithm (RUA)

Random update scheme is a stochastic modification of PUA. The users optimize

their flow rates in discrete time intervals and infinitely often, with a predefined

probability pi , 0 < pi < 1, for user i. Thus, at each iteration a random set of

users among theM update their flow rates. Again, the users are myopic and make

instantaneous optimizations. In the limiting case, pi = 1, RUA is the same as

PUA. The non-ideal system with delay is also similar to PUA. The users make

decisions based on delayed information at the updates, if the round trip delay is

longer than the discrete time interval.
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Figure 1: (a) Comparison of nonlinear, locally linearized: ai = 1/(1 + xi) and linear
worst-case: ai = 1 flow rates, (b) distance to equilibrium, nonlinear and locally linearized.

For the linear-utility case (3) with linear reaction function (20), the update

scheme may be formulated for the ith user as follows:

x
(n+1)
i =

{
mqi − x(n)−i qi, with probability pi,

x
(n)
i , with probability 1− pi .

Subtracting x∗i from both sides, we obtain:

△x(n+1)
i =

{
−qi△x(n)−i , with probability pi,

△x(n)i , with probability 1− pi .

Taking the absolute value of both sides, and then taking expectations, leads to

E|△x(n+1)
i | ≤ piqiE|△x(n)−i | + (1− pi)E|△x

(n)
i |

≤ piqi
M∑

j=1

E|△x(n)i | + (1− pi(1+ qi))E|△x
(n)
i |.
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Choosing pi ≥ 1/(1+ qi), this expression can further be bounded by

E|△x(n+1)
i | ≤ piqi

M∑

j=1

E|△x(n)j |,

and summing over all users we obtain

M∑

i=1

E|△x(n+1)
i | ≤

(
M∑

i=1

piqi

)
·
M∑

i=1

E|△x(n)i | (34)

If
∑M
i=1 piqi < 1, μ(n) :=

∑M
i=1 E|△x

(n)
i | is a decreasing positive sequence,

and hence converges to the only equilibrium state of (34), zero. This implies

convergence of each individual term in the summation to zero, which in turn says

that x
(n)
i → x∗i , i = 1, . . . ,M , with probability 1. Notice that the sufficient

condition (30) for the stability of PUA also guarantees the stability of RUA for the

linear utility case.

The question now comes up as to the choice of pi that would lead to fastest con-

vergence in (34), which we will call the optimal update probability. Maheswaran

and Başar [15] show that in a quadratic system without delay, one can find a fairly

tight bound for optimal update probability as number of users goes to infinity, and

this bound is 2
3 . Repeating the same analysis for this model and linear cost func-

tion leads to an exact update probability popt = 2
3 , which is optimal for a large

number of users.

The stability and convergence results obtained also apply to the local analysis of

the nonlinear utility function as in PUA. Hence the nonlinear utility case is locally

stable under RUA. Moreover, Lemma 4.1 and Lemma 4.2 are valid for RUA, and

hence Theorem 4.1 holds, indicating the global stability of the algorithm.

4.3 Gradient Update Algorithm (GUA)

The gradient update algorithm can be described as a relaxation of PUA. For this

scheme, we define a relaxation parameter si, 0 < si < 1, for ith user, which deter-

mines the step-size the user takes towards the equilibrium solution at each iteration.

For the linear utility case, the algorithm is defined as:

x
(n+1)
i = x(n)i + si · [(mqi − x(n)−i qi)− x

(n)
i ] ∀i, n. (35)

Different from both PUA and RUA, the users are not myopic in this scheme.

Although they seem to choose suboptimal flow rates at each iteration instead of

exact optimal solutions, they benefit from this strategy by reaching the equilibrium

faster. GUA, despite its deterministic nature like PUA, is actually very similar to

RUA in analysis. When compared with PUA, as we observe in simulations, GUA

converges faster to Nash equilibrium than PUA in highly loaded delay-free systems,
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where there is a high demand for scarce resources and users act simultaneously.

An intuitive explanation can be made using the fact that equilibrium point is quite

dynamic in loaded systems during iterations. In PUA, users update their flows as

if it is static, while in GUA, users behave more cautiously and do not rush to the

temporary equilibrium point at each iteration. Thus, the wide fluctuations in flow

rates, which can be observed in PUA, are avoided in this case. One can interpret

the relaxation parameter si also as a measure of this caution. Another advantage of

GUA, its relative insensitivity to delays in the system, can also be explained with

the same reasoning.

A similar but deterministic version of the convergence analysis of RUA for the

linear utility function yields the same convergence result as in RUA, except that

pi is now replaced with si :

△x(n+1)
i = (1− si)△x(n)i − siqi

M∑

j 	=i
△x(n)j (36)

⇒ |△x(n+1)
i | ≤ (1− si)|△x(n)i | + siqi

M∑

j 	=i
|△x(n)j |, ∀i. (37)

Choosing si ≥ 1/(1 + qi), and imposing the condition
∑M
i=1 siqi < 1, the

flow rates of the users converge to the unique equilibrium as in other schemes.

Using (35), we obtain:

lim
n→∞

x
(n)
i = x∗i = mqi − x∗−iqi, ∀i.

The sufficient condition (30) also guarantees the stability of GUA for the linear

utility case. Moreover, since GUA is a modification of PUA, it can be shown that

Lemma 4.1 and Lemma 4.2 hold for the GUA as well. Thus, the stability results of

the RUA are directly applicable to GUA for both the linear and nonlinear reaction

functions.

Next, we investigate the possibility of finding an optimal relaxation parameter,

s, for the linear utility case, in the sense that it leads to fastest convergence to

the equilibrium. In order to simplify the analysis, we assume symmetric users,

resulting in qi = q = 1/M , and si = s, ∀i. For the special case of symmetric

initial conditions, we obtain from (36):

△x(n+1)
i = [1− s(1+ (M − 1)q)]△x(n)i .

The value of s, leading to fastest convergence in this case is

sopt =
1

1+ (M − 1)/M
⇒ lim

M→∞
sopt = 0.5, (38)

which leads to one-step convergence.
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For the general case, however, it is not possible to find a unique optimal value

of s, as different starting points for users which result in different △xi at each

iteration, affect the optimal value of s. Using simulations, we conclude that optimal

value of s for a delay-free linear system should be in the range 0.5 < sopt < 1.

The analysis for the linear utility case applies to the nonlinear utility case locally,

giving the same local stability and convergence results. One can show that in

addition to the local results, global convergence and stability of PUA also apply

to GUA. Therefore, GUA converges globally to the unique equilibrium in the

nonlinear utility case. As it will be shown in numerical examples, GUA becomes

advantageous only under heavy load, and loses its fast convergence property in

lightly loaded systems.

5 Numerical Simulations of the Update Schemes

Each update scheme analyzed in the previous section is simulated using MATLAB.

The proposed model is tested through extensive simulations for both nonlinear and

linear reaction functions. The latter can be considered as either worst-case analysis

or local approximation to the nonlinear utility cost. The system is simulated first

without delay under all three update schemes: PUA, RUA and GUA. Next, in

the second group of simulations, uniformly distributed delays are added to the

system for more realistic analysis. The convergence rate is measured as the number

of iterations required to reach the unique Nash equilibrium. As a simplification,

we assume symmetric users in most cases, where cost parameters like, a, k, q,

update probability, p, for RUA, and relaxation parameter, s, for GUA are not user

specific. Starting condition for simulations is the origin, i.e. zero initial flow, unless

otherwise stated. The following criterion is used as the stopping criterion, whereM

is the total number of users.
∑M
i=1 |x

(n+1)
i − x(n)i | ≤ M · ǫ. The stopping distance

is chosen sufficiently small, ǫ = 10−5, for accuracy in all simulations.

5.1 Simulations for Delay-free Case

The convergence of the update algorithms for different numbers of users, as a cru-

cial parameter, is investigated throughout the analysis. However, we first imple-

mented the basic PUA algorithm withM = 20 users with linear reaction functions

and a = 1 indicating a high demand for bandwidth. k = 10 is chosen to ensure sta-

bility. From Figure 2(a), we observe the undesirable, wide oscillations in flow rates

of users, which is a disadvantage of PUA under a heavily loaded delay-free system.

In this case, although the number of users is small, the low value of pricing parame-

ter k loads the system. Absence of delay in the system also contributes to the instan-

taneous load, as the users act simultaneously. The instantaneous demand affects

the convergence rate significantly in delay-free systems, especially under PUA.

Another important parameter in the system is the price, k. The impact of the

price on the system is investigated in the next simulation. Figure 2(b) shows the
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Figure 2: (a) Flow rates vs. iterations to equilibrium in case of symmetric users and PUA,
(b) Convergence rate of PUA for different values of k.

effect of varying the pricing parameter k under PUA. Again, there are M = 20

users. It can be observed that as the price increases, the convergence rate drops.

An intuitive explanation for this phenomenon is based on the effect of price on

the demand of users. An increase in price results in a decrease in demand and

system load, leading to faster convergence. Even though the simulation here is for

a delay-free linear-utility system, varying the price leads to similar results under

all update schemes for both linear and nonlinear reaction functions. Theoretical

calculations based on linear utility, in the previous section, show that the minimum

value of k satisfying the stability criterion is 9.2 for this specific case. This bound

on k is only a sufficient condition for stability, which is verified in this simulation

by observing the convergence of system for k = 9. The large number of iterations

required, on the other hand, indicates the tightness of the bound.

Next set of simulations investigate the two basic parameters of RUA:M , number

of active users, and, p, the update probability. The simulation results in Figure 3(a)

verify the theoretical analysis of the previous section for linear utility cost. It is

observed that with the increasing number of users the optimal update probability

gets closer to the value 2/3. For completeness, the same simulation is repeated

for the logarithmic utility cost. Interestingly, we obtain similar results, as shown

in Figure 3(b). Due to the structure of logarithmic utility function, the demand

of users is less than in the linear utility case, and hence the system is not loaded

as much as in the linear case. For the same number of users, we observe that the

optimal update probability shifts to higher values. In conclusion, Figure 3(b) can

be considered as a stretched version of Figure 3(a), due to the change in load.

Similar to RUA, a simulation based on the relaxation parameter s is done for

linear cost under GUA. The result confirms the theoretical result (38) for symmetric

initial conditions. Other initial conditions, however, lead to different optimal values

for s, in most cases between 0.6 and 0.8. The result can be interpreted as the

variation in the amount of instantaneous demand for bandwidth. In the symmetric

initial condition, all users act the same way, leading to higher simultaneous demand,
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Figure 3: (a) Convergence rate of RUA asM gets larger, for different update probabilities
0 < p < 1, and linear utility, (b) Convergence rate of RUA for nonlinear utility.
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Figure 4: Comparison of convergence rates of PUA, RUA and GUA for increasing number
of users, linear utility, delay-free system.

where ‘being cautious’ or decreasing s is advantageous. For other initial values,

the instantaneous demand decreases, where increasing s affects the convergence

rate positively. We conclude that GUA is only advantageous in situations with

high instantaneous and total demand, which will further be verified in delayed

simulations.

Finally, we conclude the simulations without delay by a comparison of the

convergence rate of all three algorithms for different numbers of users. The results

for the linear reaction function are depicted in Figure 4. We observe clearly that both
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GUA and RUA are superior to PUA. Another important and promising observation

is that the rates of convergence for GUA and PUA are almost independent of

the number of users. The simulation is repeated for nonlinear utility cost and for

highly and lightly loaded systems. To change the amount of load on the system,

the capacity parameter m is varied this time, instead of price k. They affect, as

expected, the convergence rate in opposite ways. Obviously, the smaller the capa-

city, the heavier the load. Similar to the linear utility case, GUA converges faster

with increasing number of users. It performs, however, poorer under light load.

The same trend is also observed for RUA. One interesting phenomenon is the high

performance of PUA under light load. It can be interpreted as a result of the low

instantaneous demand due to the variation of utility for different flow rates.

5.2 Simulations with Delay

In order to make the simulations more realistic, we next introduce the delay factor

into the system in the following way: users are divided into d equal groups, where

each group has an increasing number of units of delay. For example in a four-group

system, the first group has no delay, the second one has one unit delay, the third

group two units of delay etc. When the simulations are repeated with uniformly

distributed delay as described, the results obtained are quite different from the

previous ones. PUA, for example, performs better than in the linear utility case

without delay. This is possibly caused by the decrease of instantaneous demand,

due to the delay factor. This result strengthens the argument made on PUA in the

previous section.

In RUA, however, the optimal update probability disappears in contrast to the

delay-free case, as can be seen in Figure 5. Again, the underlying cause is the

effect of delay factor on instantaneous demand. Another important result is the

similarity of the results for linear (a) and nonlinear (b) cases in this simulation.
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Figure 5: (a) Convergence rate of RUA as M gets larger and for different update proba-
bilities 0 < p < 1 in a delayed system with d = 5; (b) same simulation with the nonlinear
system.
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Regarding PUA, we can conclude that it performs better when both instantaneous

and total demand are low and system resources are abundant. Such conditions exist

for delayed systems with users having logarithmic utility. RUA, on the other hand,

performs worse with decreasing update probability in such a case.

Next, GUA is investigated under a delay incorporated system for an optimal

relaxation parameter. Using the results of several simulations, we conclude that the

optimal value of s decreases in the linear utility case, as the delay factor increases.

Interestingly, this trend disappears for the nonlinear case. Similar to RUA, GUA

also loses its advantage with nonlinear reaction functions in a delayed system under

normal load. Comparison of all three algorithms in the delayed nonlinear system

for high and low load can be seen in Figure 6(a). In the graph below, prices are

halved, while the capacity is tripled with respect to the one above. As expected,

PUA performs better than RUA for any load. Under light load, PUA is superior to

GUA, with the aid of delay factor and low instantaneous delay due to logarithmic

utility of users. As the load in the system increases, GUA performs comparable to

PUA, verifying the observation in Figure 6(a).

In another set of simulations, we investigate the robustness of the algorithms

under disturbances. Disturbance is added to the system by varying the number

of users at each iteration by about 10% of the total number of users on the

average. The arrival of users is modeled as a Poisson random process, and con-

nection durations are chosen to be exponentially distributed. Hence, the num-

ber of users in the system constitute a Markov chain. Figure 6(b) shows the

stability results under different update schemes in terms of the percentage dis-

tance to the ideal equilibrium for an example time window. The lower right

graph is the result of the simulation with nonlinear reaction function under PUA.

We observe that the average distances to the equilibrium vary between 0.5%

and 1.5%, which indicate that the system is very robust under all schemes and

costs.
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Figure 6: (a) Comparison of convergence rates of PUA, RUA and GUA for increasing
number of users, nonlinear cost. (b) Robustness analysis for PUA in case of the nonlinear
utility. Percentage distance and number of users vs. time.
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Figure 7: Flow rates of a priority user with k = 200 and a regular user with k = 240 vs.
time.

Finally, a pricing scheme with two classes, a group of priority users and a group

of regular users is studied. Priority users are charged less – in terms of network

credits – than the regular users by setting k = 200 vs. k = 240 for the excess flow

rate, x. A similar disturbance structure to the one above is used by varying the

number of users in order to create a more realistic setting. Again the simulation is

done with users having a nonlinear reaction function under PUA. The flow rates

of two sample users from each class are shown in Figure 7. We observe that the

pricing scheme is successful in differentiating the priority user from the regular

one. Moreover the robustness of the model is preserved.

6 Conclusions

We have introduced a mathematical model which can be used as a basis for imple-

mentation of real time traffic on the Internet. The combination of admission control

and end-to-end distributed flow control results in a very flexible framework, which

captures all traffic types from low to medium elasticity. A market-based approach

enables the model to address two major issues, pricing and resource allocation,

simultaneously.

A unique Nash equilibrium is obtained, and convergence properties of relevant

asynchronous update schemes are investigated both theoretically and numerically.

Conditions for the stability of the equilibrium point under three update algorithms

are obtained and analyzed in the cases of linear and nonlinear reaction functions.

The simulation results suggest the use of GUA or RUA in heavy loaded systems
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with less delay and high demand for bandwidth. In delayed systems, however, PUA

performs better than the other two. The linear analysis not only provide a local

approximation to the nonlinear cost, but also establish convergence and stability

results, helping to solve the general nonlinear cases.
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Abstract
In a recent paper, Pan and Başar [19] have studied the H∞ control of large

scale Jump Linear systems in which the transitions of the jump Markov chain

can be separated into sets having strong and weak interactions. They obtained

an approximating reduced-order aggregated problem which is the limit as the

rate of transitions of the faster time scale (which is a multiple of some parameter

1/ǫ) goes to infinity. In this paper we further investigate the solution of that

problem as a function of the parameter ǫ. We show that the related optimal

feedback policy and the value admit a Taylor series in terms of ǫ, and we

compute its coefficients.

Key words. Singular perturbation, H∞ control, stochastic systems,

continuous-time Markov chain, averaging, aggregation, Taylor series.

1 Introduction

Several papers have studied in recent years the control of piecewise-deterministic

systems in the presence of unknown (continuous) disturbances. The traditionalH∞

control setting in which the system matrices A, B and D are fixed, is extended to

allow these matrices to depend on a Markov jump process with finite-state space.

The corresponding dynamic programming equation leads to the analysis of a set
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of Riccati equations involving the generator of the underlying Markov chain. In

[18,22] the case of jump linear systems was studied, and in [1] the case of nonlinear

systems.

In many applications, the formulation of the problem in terms of these mod-

els leads to very high dimensional states for the Markov chain, which makes it

computationally infeasible or extremely sensitive to small inaccuracies, and it is

difficult to obtain solutions to the Riccati equations. To overcome this difficulty,

we use singular perturbation techniques in the modeling, control design, and opti-

mization. The resulting systems naturally display certain two-time-scale behavior,

a fast time scale and a slowly varying one. Presence of such a phenomenon is best

expressed mathematically by introducing a small parameter ǫ > 0 and model-

ing the underlying system as one involving a singularly perturbed Markov chain.

This motivated Pan and Başar [19] to study systems in which the transitions of

the jump Markov chain can be separated into sets having strong and weak interac-

tions. They obtained an approximating reduced-order aggregated problem which

is the limit as the rate of transitions of the faster time scale (which is a multiple of

1/ǫ) goes to infinity. A number of examples of Markovian models with weak and

strong interaction are given in Yin and Zhang [26].

In this paper we further investigate the solution of that problem as a function of

the parameter ǫ. We show that the related optimal feedback policy and the value

admit a Taylor series in terms of ǫ, and we compute its coefficients. We use here

the methodology from [7,8] who considered the problem without disturbances.

Research on control systems with Markovian switching structure was initiated

more than thirty years ago by Krassovskii and Liskii [13,15], and Florentin [11],

with follow-up work in the late sixties and early seventies addressing the stochas-

tic maximum principle [14,20], dynamic programming [20], and linear-quadratic

control [24,23], in this context. The late eighties and early nineties have witnessed

renewed interest in the topic, with concentrated research on theoretical issues

like controllability and stabilizability [3,9,12,22,25] in linear-quadratic systems in

continuous time, see also [4,17,21] for discrete-time. Perhaps the first theoretical

development in differential games context was reported in [2], where a general

model was adopted that allows in a multiple player environment the Markov jump

process (also controlled by the players) to determine the mode of the game, in

addition to affecting the system and cost structure. Results in [16] also apply, as

a special case, to zero-sum differential games with Markov jump parameters and

state feedback information for both players. Some selected publications on this

topic are [1,22,25].

The paper is organized as follows: section 2 introduces the general model.

In section 3, we present the motivation for singularly perturbed problems.

Section 4 provides the Taylor expansion of the optimal control zero-sum dif-

ferential game and the solution to the coupled algebraic Riccati equations. We

study the computational algorithm in section 5. The paper ends with concluding

remarks.
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2 General Model

The class of jump linear system under consideration is described by:

dx

dt
= A(θ(t))x(t)+ B(θ(t))u(t)+D(θ(t))w(t), x(0) = x0, (1)

where x is the p-dimensional system state, u is an r-dimensional control input; w

is a q-dimensional disturbance, and θ(t) is a finite state Markov chain defined on

the state space S, of cardinality s, with the infinitesimal generator matrix

" = (λij ), i, j ∈ S.
and an initial distribution π0 := [π01, ..., π0s].

The control input u is generated by a control policy of the form

u(t) = ϕ(t, x[0,t], θ[0,t]), t ∈ [0,+∞), (2)

where ϕ : [0,+∞]×Hx×�→ Hu is piecewise continuous in its first argument,

and piecewise Lipschitz continuous in its second argument and measurable in

θ , further satisfying the given causality condition. Let us denote the class of all

admissible controllers by M.

Associated with this system is the infinite-horizon quadratic performance index:

L =
∫ +∞

t

(|x(s)|2Q(θ(t)) + |u(s)|2)ds,

whereQ(.) ≥ 0, and |x|Q denotes the Euclidean semi-norm.

The system state x, inputs u and w, each belong to appropriate (L2) Hilbert

spaces Hx , Hu, Hw respectively, defined on the time interval [0,+∞). The under-

lying probability space is the triple (�, F, P ). Let E denote the expectation with

respect to the probability measure P .

We introduce the disturbance attenuation problem where the initial state of

the system is completely unknown. The initial condition x0 and the input w are

generated by a strategy δ := (δ0, δ1), according to

x0 = δ0(θ(t0)),
w(t) = δ1(t, x[0,t], θ[0,t]), (3)

where δ0 : S → R
p, and δ1 : [0,+∞)×Hx ×�→ Hw is piecewise continuous

in its first argument, and piecewise Lipschitz continuous in its second argument

and measurable in θ , further satisfying the given causality condition. Let us denote

the class of all admissible policies δ by D.

TheH∞ optimal is to find the optimal performance level γ ∗ due to the following

L2 type gain:

inf
ϕ∈M

sup
δ∈D

(EL(ϕ, δ))
1
2

(
E
{∫ +∞

0 |w(t)|2dt + |x0|2Q0(θ(0))

}) 1
2

= γ ∗, Q0 > 0.
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(we added (ϕ, δ) to the notation L to stress its dependence on the policy of both

players). Moreover, we wish to find a policyf ∗ that guarantees this level to player 1,

i.e. achieving

sup
δ∈D

(EL(f ∗, δ))
1
2

(
E
{∫ +∞

0 |w(t)|2dt + |x0|2Q0(θ(0))

}) 1
2

= γ ∗. (4)

This H∞ optimal control problem is known to be closely related to a class of

zero-sum differential games for the jump linear system (1), with the following

γ -parameterized cost function:

Jγ (ϕ, δ) = E
{∫ ∞

0

(|x(t)|2Q(θ(t)) + |u(t)|2 − γ 2|w(t)|2)dt − γ 2|x0|2Q0(θ(0))

}
,

(5)

where player 1 (the minimizer) chooses this strategy ϕ ∈ M so as to minimize

the expected cost function (5), and the second player chooses the strategy δ ∈ D

so as to maximize the same expected cost function:

Ĵγ = inf
ϕ∈M

sup
δ∈D

Jγ (ϕ, δ). (6)

It should be noted that the upper value of the game, Ĵγ , is also bounded below by

0, which can be ensured for player 2 by choosing x0 and w(t) to be zero. Because

of the linear-quadratic nature of the problem, the upper value of the game will be

infinite if Ĵγ > 0. As in standard H∞-control, we will study a parametrization of

the solution to this problem in term of γ . The threshold γ ∗ is the smallest value

of γ > 0 such that the above game admits a finite upper value (which is equal to

zero) as well as a saddle point.

If there exists a policy f ∗ ∈ M that guarantees the disturbance attenuation γ ∗

in (4) then it also guarantees (to player one) the value of the game (6), i.e.

sup
δ∈D

Jγ (f
∗, δ) = inf

ϕ∈M
sup
δ∈D

Jγ (ϕ, δ).

Instead of obtainingf ∗ defined above, we will in fact solve a parameterized class

of controllers, {f γ , γ > γ ∗}, where f γ is obtained from supδ∈D Jγ (f
γ , δ) =

infϕ∈M supδ∈D Jγ (ϕ, δ). The controller f γ will clearly have the property that it

ensures a performance level γ 2 for the index adopted for

sup
δ∈D

(EL(f γ , δ))
1
2

(
E
{∫ +∞

0 |w(t)|2dt + |x0|2Q0(θ(0))

}) 1
2

= γ.

We now make the following basic assumptions for the problem formulation above.
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Assumption 2.1. The initial probability distribution of the form process π0i > 0

for all i ∈ S.

Assumption 2.2. The pair (A(i),Q(i)) are observable for each i ∈ S.

Assumption 2.3. The pair (A(θ(t)), B(θ(t))) is stochastically stabilizable.

3 The Perturbed Solution Process

In many applications, because of the various sources of uncertainties, the Markov

chain involved is inevitably large dimensional. This size brings about many numer-

ical difficulties in the solution. Moreover, these systems may be sensitive to small

perturbations of the parameter value. Often, when the Markov chain is large it is

natural to think of the large number of states to be grouped into different collec-

tions of states, based on whether the interaction between any two states is weak or

strong. Presence of such a phenomenon may be expressed mathematically by tak-

ing the probability transition rate matrix Ŵǫ = (λǫij ) in an appropriate singularly

perturbed form, as already discussed in [5] and [6]:

λǫij = νij +
1

ǫ
μij , (7)

where (νij )s×s and (μij )s×s are probability transition rate matrices corresponding

to respectively weak and strong interactions within the form process. The scalar ǫ

is a small positive number.

For fixed ǫ > 0, for any γ > γ ∗(ǫ), the associated zero-sum differential game

has a zero upper value [19]. A control policy that guarantees this upper value,

which is then a control policy that guarantees an H∞ performance level of γ , is

given by:

ϕ∗γ (t, x(t), θ(t)) = −BT (θ(t))P γǫ (θ(t))x(t), (8)

where P
γ
ǫ (i), i ∈ S are unique minimal positive-definite solution to the following

set of coupled generalized algebraic Riccati equation: P γ (i) i ∈ S to:

0 = AT (i)P γǫ (i)+ P γǫ (i)A(i)+Q(i)
∑

i∈S
λǫijP

γ
ǫ (j)

− P γǫ (i)
(
B(i)BT (i)− 1

γ 2
D(i)DT (i)

)
P γǫ (i), i ∈ S. (9)

Furthermore, these solutions satisfy the condition:

γ 2Q0(i)− P γǫ (i) > 0, i ∈ S, (10)

For any fixed ǫ, one can find the optimal value and an optimal solution by solving

the Riccati equation. The advantage of presenting a Taylor expansion in ǫ is to



504 R. El Azouzi, E. Altman, and M. Abbad

avoid having to solve a Riccati equation for each small ǫ. This expansion will

be shown to have the useful feature that the number of coupled Riccati equations

involved in determining the coefficients is smaller than in the original one. Thus,

the optimal controller is determined for small value of ǫ > 0 by solving well-

behaved ǫ-independent smaller problems.

4 The Taylor Expansion

The objective addressed in this section is to find for any γ > γ ∗(ǫ) a solution of

(9) which satisfies (10) for any ǫ small enough. Precisely we determine explicitly

the solution of Riccati equation according to the small parameter ǫ.

We consider the Markov chain associated with the transition probability rates

(μij )i,j∈S . There exists a partition of S into a family of m recurrent classes and a

transient class T , ξ̄ denotes the class of the recurrent state,

S = (∪mn=1ξ̄n) ∪ T with ξ̄n ∩ ξ̄n′ = ∅ if n 	= n′.

Hence

μij = 0 if i ∈ ξ̄n and j ∈ ξ̄n′ , n 	= n′.

To each class ξ̄ is associated the invariant measure (row vector)mξ̄ of the recurrent

sub-chain defined on the class ξ̄ ∈ S̄ where S̄ = {ξ̄1, ξ̄2, .., ξ̄m}. Let:

C = (Cij )1≤i,j≤s where Cij = μij ,

We shall denote by qξ̄ (i) the probability of ending in the class ξ̄ starting from i.

Them functions (column vectors) qξ̄ (.) are the solutions to Cqξ̄ = 0, and form

a basis of the m-dimensional subspace Ker(C).

Remark 4.1. If v is a solution to
∑
j∈S μijv(j) = 0, then

v(ξ̄ ) : = v(i), ∀i ∈ ξ̄ ,

v(i) =
∑

ξ̄∈S̄
qξ̄ (i)v(ξ̄ ), i ∈ T ,

where (v(ξ̄ ))ξ̄ are some real numbers.

We introduce the following notations:

Ā(ξ̄ ) =
∑

i∈ξ̄
mξ̄ (i)A(i), Q̄(ξ̄ ) =

∑

i∈ξ̄
mξ̄ (i)Q(i),

B̄(ξ̄ ) =

⎛
⎝∑

i∈ξ̄
mξ̄ (i)B(i)B

T (i)

⎞
⎠

1/2

,
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D̄(ξ̄ ) =

⎛
⎝∑

i∈ξ̄
mξ̄ (i)D(i)D

T (i)

⎞
⎠

1/2

,

and

νξ̄ ξ̄ ′ =
∑

i∈ξ̄

⎛
⎝∑

j∈ξ̄ ′
νij +

∑

j∈T
qξ̄ ′(j)νij

⎞
⎠ .

Note that θ̄ (t) defines a aggregated Markov chain defined on the state space S̄

with the infinitesimal generator matrix Ŵ̄ = (νξ̄ ξ̄ ′)m×m. For this aggregate Markov

chain, we introduce the following assumption.

Assumption 4.1. The pair (Ā(θ̄), B̄(θ̄ )) is stochastically stabilizable and

(Ā(ξ̄ ), Q̄(ξ̄ )) is observable for each ξ̄ ∈ S̄.

In the following theorem, we show that the value and solution of the control

problem have a fractional expansion in ǫ.

Theorem 4.1. Let assumptions 2.1–4.1 hold. Then the solution of equation (9),

has the following form:

P γǫ (i) =
+∞∑

n=0

P
γ
n (i)ǫ

n
M , i ∈ S, (11)

where P
γ
n (i) is a p×p symmetric matrix for each i ∈ S andM is positive integer.

Proof. From Puiseux’s Theorem [10], the solution of equation (9) is Puiseux’s

series, i.e, there exists a positive integerM such that

P γǫ (i) =
+∞∑

n=−K
P
γ
n (i)ǫ

n
M , i ∈ S

where K is a nonnegative integer, and from Theorem 1 in [19], we have

P γǫ (i) = P̄ γ (i)+O(ǫ),

then we conclude that the terms of negative power of ǫ are equal to zero. This

completes the proof of theorem 4.1.

Next we shall show that in fact all coefficients corresponding to non-integer

powers of ǫ vanish, and that we obtain a Taylor series.
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From Theorem 4.1 and (9), it follows that

AT (i)

+∞∑

n=0

P
γ
n (i)ǫ

n/M +
+∞∑

n=−M
P
γ
n (i)ǫ

n/MA(i)+Q(i)

−
+∞∑

n=0

n∑

k=0

(
P
γ

k (i)

(
B(i)BT (i)− 1

γ 2
D(i)DT (i)

)
P
γ

n−k(i)

)
ǫn/M

+
+∞∑

n=0

∑

j∈S
νijP

γ
n (j)ǫ

n/M +
+∞∑

n=−M

∑

j∈S
μijP

γ

n+M(j)ǫ
n/M = 0, i ∈ S,

then we obtain the following set of equations:

If −M ≤ n < 0, then
∑

j∈S
μijP

γ

n+M(j) = 0 i ∈ S. (12)

If n = 0, then

0 = AT (i)P γ0 (i)+ P
γ

0 (i)A(i)+Q(i)+
∑

j∈S
νijP

γ

0 (j)+
∑

j∈S
μijP

γ

M(j)

− P γ0 (i)
(
B(i)BT (i)− 1

γ 2
D(i)DT (i)

)
P
γ

0 (i) i ∈ S. (13)

If n > 0, then

0 = AT (i)P γn (i)+ P γn (i)A(i)+
∑

j∈S
νijP

γ
n (j)+

∑

j∈S
μijP

γ

n+M(j)

−
n∑

k=0

P
γ

k (i)

(
B(i)BT (i)− 1

γ 2
D(i)DT (i)

)
P
γ

n−k(i), i ∈ S.

Our objective in the sequel, is to show that the equations for n 	= kM , where

k ∈ N in the above set of equations, admit solution zero and the other equation

has a unique solution.

If n = −M , we have
∑

j∈S
μijP

γ

0 (j) = 0.

Using the Remark 4.1, we obtain

⎧
⎨
⎩
P̄
γ

0 (ξ̄ ) := P γ0 (i), i ∈ ξ̄ ,

P
γ

0 (i) =
∑
ξ̄∈S̄ qξ̄ (i)P̄

γ

0 (ξ̄ ), i ∈ T .
(14)
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Substituting the first expression of (14) in (13) we get:

0 = AT (i)P̄ γ0 (ξ̄ )+ P̄
γ

0 (ξ̄ )A(i)+
∑

j∈S
μijP

γ

M(j)+
∑

j∈S
νij P̄

γ

0 (j)

− P̄ γ0 (ξ̄ )
(
B(i)BT (i)− 1

γ 2
D(i)DT (i)

)
P̄
γ

0 (ξ̄ ), i ∈ ξ̄ .

Multiplying (15) by mξ̄ (i), i ∈ ξ̄ and summing up over ξ̄ :

0 =
∑

i∈ξ̄
Q(i)mξ̄ (i)+

∑

i∈ξ̄
mξ̄ (i)A

T (i)P̄
γ

0 (ξ̄ )+ P̄
γ

0 (ξ̄ )
∑

i∈ξ̄
mξ̄ (i)A(i)

− P̄ γ0 (ξ)
∑

i∈ξ̄

[
mξ̄ (i)

(
B(i)BT (i)− 1

γ 2
D(i)DT (i)

)]
P̄
γ

0 (ξ̄ )

+
∑

j∈S

⎛
⎜⎜⎜⎜⎜⎝

∑

i∈ξ̄
mξ̄ (i)μij

︸ ︷︷ ︸
=0

⎞
⎟⎟⎟⎟⎟⎠
P
γ

M(j)+
∑

ξ̄ ′∈S̄

⎛
⎜⎜⎜⎝
∑

i∈ξ̄
j∈ξ̄ ′

mξ̄ (i)νij

⎞
⎟⎟⎟⎠ P̄

γ

0 (ξ̄
′)

+
∑

j∈T

∑

i∈ξ̄

∑

ξ̄ ′∈S̄
mξ̄ (i)νijqξ̄ ′(j)P̄

γ

0 (ξ̄
′) = 0. (15)

Thus

0 = ĀT (ξ̄ )P̄ γ0 (ξ̄ )+ P̄
γ

0 (ξ̄ )Ā(ξ̄ )+ Q̄(ξ̄ )+
∑

ξ̄ ′∈S̄
νξ̄ ξ̄ ′ P̄

γ

0 (ξ̄
′)

− P̄ γ0 (ξ̄ )
(
B̄(ξ̄ )(B̄T (ξ̄ )− 1

γ 2
D̄(ξ̄ )D̄T (ξ̄ )

)
P̄
γ

0 (ξ̄ ), ξ̄ ∈ S̄. (16)

Let us introduce a set of spectral radius conditions:

P̄
γ

0 (ξ̄ ) = P
γ

0 (i) < γ
2Q0(i), ∀i ∈ ξ̄ , ξ̄ ∈ S̄,

P
γ

0 (i) =
∑

ξ̄∈S̄
qξ̄ (i)P̄

γ

0 (ξ̄ ) < γ
2Q0(i), i ∈ T . (17)

Define the quantity γ̄ > 0:

γ̄ := inf
{
γ > 0 : There exists a set of positive definite solutions P̄ γ (ξ̄ )

ξ̄ ∈ S̄ to the set of (16) coupled such that they satisfy the

spectral radius conditions (17)
}
.
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By the result [18], this threshold level is finite under working assumption 4.1, since

for any γ > γ ∗∞, the equation (16) admits a positive solution and from theorem 4.1,

we have

∞∑

n=0

P
γ
n (i)ǫ

n
M < γ 2Q0(i),

hence, for ǫ small enough, we obtain

P̄
γ

0 (ξ̄ ) = P
γ

0 (i) < γ
2Q0(i), ∀i ∈ ξ̄ , ξ̄ ∈ S̄,

P
γ

0 (i) =
∑

ξ̄∈S̄
qξ̄ (i)P̄

γ

0 (ξ̄ ) < γ
2Q0(i), i ∈ T .

Thus, there exist ǫγ > 0 such that for any ǫ ∈ (0, ǫγ ] we have γ ∗(ǫ) ≥ γ̄ ,

furthermore

lim inf
ǫ→0

γ ∗(ǫ) ≥ γ̄ , (18)

and for any γ > γ ∗(ǫ) where ǫ ∈ (0, ǫγ ], the following jump linear system is

mean-square stable:

ẋ(t) = F(θ̄(t))x(t), (19)

where F(ξ̄ ) = Ā(ξ̄ )−
(
B̄(ξ̄ )B̄T (ξ̄ )− (1/γ 2)D̄(ξ̄ )D̄T (ξ̄ )

)
P̄
γ

0 (ξ̄ ).

If n = 1, we have

0 = AT (i)P γ1 (i)+ P
γ

1 (i)A(i)− P
γ

0 (i)

(
B(i)BT (i)− 1

γ 2
D(i)DT (i)

)
P
γ

1 (i)

− P γ1 (i)
(
B(i)BT (i)− 1

γ 2
D(i)DT (i)

)
P
γ

0 (i)+
∑

j∈S
νijP

γ

1 (j)

+
∑

j∈S
μijP

γ

M+1(j) = 0, i ∈ S (20)

From (12), we have:

∑

j∈S
μijP

γ

1 (j) = 0. (21)

By using (12) and Remark 4.1, we obtain:

⎧
⎨
⎩
P̄
γ

1 (ξ̄ ) = P
γ

1 (i), i ∈ ξ̄ ,

P
γ

1 (i) =
∑
ξ̄∈S̄ qξ̄ (i)P̄

γ

1 (ξ̄ ), i ∈ T .
(22)
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Substituting the first expression of (22) in (20) to get

0 = AT (i)P̄ γ1 (ξ̄ )+ P̄
γ

1 (ξ̄ )A(i)− P̄
γ

0 (ξ̄ ))

(
B(i)BT (i)− 1

γ 2
D(i)DT (i)

)
P̄
γ

1 (ξ̄ )

− P̄ γ1 (ξ̄ ))
(
B(i)BT (i)− 1

γ 2
D(i)DT (i)

)
P̄
γ

0 (ξ̄ )+
∑

ξ̄ ′∈S̄

∑

j∈ξ̄ ′
νij P̄

γ

1 (ξ̄
′)

+
∑

j∈S
μijP

γ

M+1(j) = 0. (23)

Multiplying (23) by mξ̄ (i), i ∈ ξ̄ and summing over ξ̄ , we obtain:

F T (ξ̄ )P̄
γ

1 (ξ̄ )+ P̄
γ

1 (ξ̄ )F (ξ̄ )+
∑

ξ̄ ′∈S̄
νξ̄ ξ̄ ′ P̄

γ

1 (ξ̄
′) = 0. (24)

Since the model (19) is mean-square stable, one applies Proposition 2 in [3] to

show that equation (24) has a unique solution. Since 0 is a solution to (24), then

0 is the unique solution to (24). Thus, it follows from P
γ

1 (i) = 0, i ∈ S and (20)

becomes
∑

j∈S
μijP

γ

M+1(j) = 0, i ∈ S. (25)

IfM 	= 1, then for 0 < n < M , we have

0 = AT (i)P γn (i)+ P γn (i)A(i)− P γ0 (i)
(
B(i)BT (i)− 1

γ 2
D(i)DT (i)

)
P
γ
n (i)

− P γn (i)
(
B(i)BT (i)− 1

γ 2
D(i)DT (i)

)
P
γ

0 (i)+
∑

j∈S
μijP

γ

n+M(j)

+
∑

j∈S
νijP

γ
n (j) = 0.

From (12), it follows that
∑
j∈S μijP

γ
n (j) = 0. Then we can derive P

γ

1 (i) =
. . . = P γM−1 = 0, and

∑

j∈S
μijP

γ

n+M(j) = 0 n = 0, 1, . . . ,M − 1. (26)

Similarly, we have that:

P
γ

0 (i) > 0, i ∈ S,

P
γ
n (i) = 0, n 	= kM, k ∈ IN∗, i ∈ S.

Now, we can state the following result. �
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Theorem 4.2. Let Assumptions 2.1–4.1 hold. Then the coupled algebraic Riccati

equation (9) admits a unique positive solution, which admits a Taylor series.

It follows from Theorem 1 in [19] that the jump linear system (1) is stochastically

stabilizable for sufficiently small ǫ > 0, if the aggregate jump linear system (19)

is stochastically stabilizable, and with assumptions 2.1-2.2 and 4.1, the solutions

of the perturbed coupled algebraic Riccati equations (9) are the unique minimal

positive-definite solution. A by product of Theorem 1 in [19], Theorem 4.2 and its

proof, is the result given in the following corollary:

Corollary 4.1. Let assumptions 2.1–2.2 and 4.1 hold. Then there exists ǫ0
such that the perturbed coupled algebraic Riccati equations (9) admits a unique

positive-definite solution which can be expanded as a Taylor series, for any

ǫ ∈ (0, ǫ0].

5 Computation Algorithms

The next theorem is about the computation of the terms in the expansion of P
γ
ǫ .

Notation Let Ker(C) denote the Kernel and Im(C) the range of the operatorC, i.e.

Ker(C) = {y ∈ R
s/Cy = 0} Im(C) = {y ∈ R

s/∃x ∈ R
s, y = Cx}

Theorem 5.1. Let assumptions 2.1, 2.2 and 4.1 hold. Then the solution of the

algebraic Riccati equation (9) P
γ
ǫ (i) i ∈ S has the expansion

∑+∞
n=0 P

γ
n (i)ǫ

n,

where (P
γ
n )kl = (P̃ γ n)kl + (P̄ γn )kl and (P̃ γ n)kl := ((P̃ γ n(i))kl)i∈S ∈ Im(C)

and (P̄
γ
n )kl = ((P̄ γn (i))kl)i∈S ∈ Ker(C). The sequence ((P̃ γ n), (P̄

γ
n )) is uniquely

determined by the following iterative algorithm:

a. P
γ

0 is given by:

⎧
⎨
⎩
P
γ

0 (i) = P̄
γ

0 (ξ̄ ), i ∈ ξ̄ , ∀ξ̄ ∈ S̄.

P
γ

0 (i) =
∑
ξ̄∈S̄ qξ̄ (i)P̄

γ

0 (ξ̄ ), i ∈ T .

where P̄
γ

0 (ξ̄ ), ξ̄ ∈ S̄ is a unique solution of the Coupled Algebraic Riccati

Equations:

0 = ĀT (ξ̄ )P̄ γ0 (ξ̄ )+ P̄
γ

0 (ξ̄ )Ā(ξ̄ )+ Q̄(ξ̄ )+
∑

ξ̄ ′∈S̄
νξ̄ ξ̄ ′ P̄

γ

0 (ξ̄
′)

− P̄ γ0 (ξ̄ )
(
B̄(ξ̄ )(B̄T (ξ̄ )− 1

γ 2
D̄(ξ̄ )D̄T (ξ̄ )

)
P̄
γ

0 (ξ̄ ), ξ̄ ∈ S̄.
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b. P̃
γ
n , n > 0 is the unique solution to a linear system:

C(P̃
γ
n )kl = (αn−1)kl, (27)

where

α0(i) = −Q(i)− AT (i)P γ0 (i)− P
γ

0 (i)A(i)−
∑

j∈S
νifijP

γ

0 (j)

+
(
P
γ

0 (i)B(i)B
T (i)− 1

γ 2
D(i)DT (i)

)
P
γ

0 (i).

and

αn(i) = −AT (i)P γn (i)− P γn (i)A(i)−
∑

j∈S
νifijP

γ
n (j)+ fn(i)

+
(
P
γ

0 (i)B(i)B
T (i)− 1

γ 2
D(i)DT (i)

)
P
γ
n (i)

P
γ
n (i)

(
B(i)(i)BT (i)− 1

γ 2
D(i)DT (i)

)
P
γ

0 (i), n > 0,

c. P̄
γ
n n > 0 can be computed by:

F T (ξ̄ )P̄
γ
n (ξ̄ )+ P̄ γn (ξ̄ )F (ξ̄ )+

∑

ξ̄ ′∈S̄
νξ̄ ξ̄ ′ P̄

γ
n (ξ̄

′)+ Tn(ξ̄ ) = 0.

where

Tn(ξ̄ ) =
∑

i∈ξ̄
mξ̄ (i)

[
AT (i)P̃n(i)+ P̃n(i)A(i)

− P0(i)

(
B(i)BT (i)− 1

γ 2
D(i)DT (i)

)
P̃n(i)

− P̃n(i)
(
B(i)BT (i)− 1

γ 2
D(i)DT (i)

)
P0(i)

×
∑

j∈S
νij P̃n(j)− fn(i)

]
,

with fn(i) =
∑n−1
k=1 P

γ

k (i)
(
B(i)BT (i)− (1/γ 2)D(i)DT (i)

)
P
γ

n−1−k(i).

Proof. The proof of Theorem 5.1 is similar to that of Theorem 4.1 in [8]. �
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6 Conclusion

In this paper, we have presented a study of the H∞ optimal control of perturbed

Markov jump linear systems. Under perfect state measurements for infinite hori-

zon, we have shown that the related optimal feedback policy of zero-sum differ-

ential game and the solutions of the coupled algebraic Riccati equations admit

a Taylor series in terms of ǫ. This expansion has been shown to have the useful

feature that the number of coupled Riccati equations involved in determining the

coefficients is smaller than in the original one. A computation method for the Tay-

lor series expansion was presented.

The starting point for showing the existence of a Taylor series expan-

sion was the Puiseux Theorem which was applied to the Riccati equations

directly. It can similarly be applied to other situations of singular perturbations,

such as several (even more than two) time scales in the continuous dynam-

ics (rather than or in addition to that of the jump parameters). An interesting

open problem is to show that such a Taylor series expansion exists in the

case of finite horizon problems, in which the Puiseux theorem cannot be used

anymore.

REFERENCES
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Abstract
In this paper we develop two new parallel algorithms for differential games

based on the principle of “data replication”. This technique is efficient on

distributed memory architectures such as IBM/PS2 or Digital Alpha and is

coupled with a domain decomposition techniques to construct an approxima-

tion scheme for the Isaacs equation in IRn. The algorithms are presented for

a 2-domain decomposition and some hints are given for the case of d sub-

domains having crossing points. The above parallel algorithms have the same

fixed point as the serial algorithm so that convergence to the viscosity solution

of the Isaacs equation is guaranteed by previous results. The efficiency of the

above algorithms is discussed analyzing some numerical tests which include

the homicidal chauffeur game.

Key words. Parallel algorithms, domain decomposition, differential games
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1 Introduction

In this paper we report on some recent developments in the construction of parallel

algorithms for the solution of pursuit-evasion games via the Dynamic Programming

approach. As in the first paper [8] we will focus our attention on the solution of the

Isaacs equation which characterizes the value function. It is worth noting that the

value function of a pursuit-evasion game set in IRm depends on n = 2m variables,

i.e. the Isaacs equation is set in IRn. The need for parallel algorithms is mainly
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motivated by the huge number of nodes which are necessary to solve the Isaacs

equation accurately. Following [8] we deal with a class of parallel algorithms on

a fixed grid based on the domain decomposition technique. The basic idea of the

domain decomposition technique is that one can divide the computation assigning

subsets of nodes to each processor of a parallel machine. The most challenging

architecture is a MIMD (Multiple Instructions Multiple Data) machine where each

processor can perform different tasks and has its own local memory (see [9] for an

introduction to parallel architectures and algorithms). The processors are linked

by a network or by a fast switch, this is the case, e.g., for the IBM/SP2 or for a

cluster of workstations.

The domain decomposition usually consists of a simple geometrical splitting of

the original domain � into d sub-domains �r , r = 1, . . . , d. The sub-domains

are chosen in such a way that their boundaries (or interfaces) are as simple as pos-

sible, e.g. a rectangle is divided into rectangles. In order to obtain a correct global

solution in � by a computation distributed on d processors, one has to introduce

transmission boundary conditions on the interfaces and pass the information from

one processor to the others. This will require fast connections between the pro-

cessors and message passing. The crucial point in a domain decomposition (DD)

parallel algorithm is to determine which conditions at the interfaces will guarantee

the convergence to the correct global solution. A practical evaluation of the algo-

rithm is also needed to check that the message passing overhead does not destroy

all the advantages of distributing the computation load on several processors. As

we said, we start from the analysis of the simple domain decomposition algorithm

presented in [8] and we modify it in order to overcome some limitations reported

in our numerical tests. The main modification refers to the structure of memory

allocations and leads to two new algorithms: the Data Replication (DR) algorithm

and the Memory Superposition (MS) algorithm. Due to these changes, the two new

parallel algorithms can overcome the limitations reported in [8] as we will see in

Section 5. In fact their efficiency is still very high when we increase the number

of processors.

The second important change with respect to the experiments presented in [8]

is that here we use the classical set-up in “relative” coordinates in order to obtain

a problem with “transparent” boundary conditions. This change is essential to

reduce the (negative) effect of the ficticious Dirichlet boundary conditions in the

approximation of the value function and, even more important, in the approxima-

tion of optimal feedbacks, controls and trajectories. We must also mention that by

this change of variable we can reduce the number of variables from 2m to m (see

the test problems in Section 5).

Although the contribution of this paper is essentially at the algorithmic level it is

important to give some background on the theoretical results which are behind these

new developments. The interested reader can find there the major results and addi-

tional references. The serial algorithm which is the basis for all the above parallel

versions was introduced in [4]. A series of convergence results for continuous as

well as discontinuous value functions have been developed in the framework of
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viscosity solutions in the papers [1], [4], [2] and [14] (see also the recent survey

paper [5] for a more complete list of references on the numerical approximation

of pursuit–evasion games). Other approaches which lead to numerical algorithms

are presented in [6] and [13]. The first numerical experiments with the DR and MS

algorithms were presented in [15].

The outline of the paper is as follows. Section 2 is devoted to set up the problem

and to recall some basic facts about the serial algorithm. Section 3 starts with the

DD decomposition algorithm and its characterization and turns quickly to the new

algorithms, the DR and the MS algorithm are introduced there. In Section 4 we

present our test problems whereas Section 5 is devoted to the evaluation of the

algorithms performances. We compute the speed-up and the efficiency of the three

domain decomposition algorithms comparing them to the serial algorithm for an

increasing number of processors and of grid points.

2 The Background for Domain Decomposition Algorithms

This section is devoted to the description of the serial algorithm based on dynamic

programming because this will be the basis for the parallel algorithms of the next

section. We just sketch the essential features of this approach, further details on

the continuous as well as on the discrete version of differential games can be found

in [4], [5].

Let us consider the dynamical system controlled by two players
{
ẏ(t) = f (y(t), a(t), b(t)), t > 0,

y(0) = x
(1)

where ẏ(t) ∈ IRn is the state, and the functions a and b are the controls respectively

for the first and second players. We assume

f : IRn × A × B −→ IRn is continuous,

A, B are compact metric spaces,
(2)

and, for simplicity, for some constant Lf

|f (x, a, b)− f (y, a, b)| ≤ Lf |x − y|, ∀x, y ∈ IRn, a ∈ A, b ∈ B. (3)

Our admissible controls are a ∈ A, b ∈ B where

A := { a : [0,+∞[ −→ A,measurable }, (4)

B := { b : [0,+∞[ −→ B,measurable }. (5)

A closed set T ⊆ IRn is also given and the first time of arrival of the trajectory

on T is defined as

tx(a, b) :=
{

min{ t : yx(t; a, b) ∈ T }
+∞ if yx(t; a, b) /∈ T for all t.

(6)
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The game is the following: the first player “a” wants to minimize the arrival time

and the second player “b” wants to maximize the same cost. Let us define

t∗x := min
a∈A

max
b∈B

tx(a, b). (7)

For computational purposes, it is convenient to rescale the time variable by the

nonlinear monotone transformation

�(r) :=
{

1− e−μr if r < +∞,
1 if r = +∞,

(8)

and define v(x) = �(t∗x ). Note that after the rescaling the new time variable v

belongs to the interval [0, 1].

In our approach, the target T is usually defined as

T = { (y1, y2) ∈ IRn : |y1 − y2| ≤ ε }

for some ε ≥ 0.

It is well known (see e.g. [3] Ch. VIII and the references therein) that, provided

some local capturability assumptions are satisfied, v is Lipschitz continuous and

is the unique viscosity solution of the Isaacs equation

μw +min
b∈B

max
a∈A

{−f (x, a, b) ·Dw } − 1 = 0 , in � := IRn \ T , (9)

coupled with the homogeneous Dirichlet boundary condition on the target

w = 0, in ∂T . (10)

In the sequel we fix μ = 1. The serial algorithm to compute the solution can be

obtained via a time discretization (with time step h := �t) of the dynamics and

of the pay-off coupled with a projection on a grid with a fixed number of nodes

(see [4] and [5] for details). To simplify, assume that there exists a set � which

is invariant with respect to the dynamics (f.e. assume supp(f ) ∈ �) so we can

actually restrict the computation to � and construct a finite triangulation.

Following [4], we say that a polyhedron � ⊂ IRn is “discretized with step k”

if we are given a finite family of simplices {Sl} such that � = ∪lSl , int (Si) ∩
int (Sj ) = ∅ for i 	= j , k := maxl diam(Sl). In practice, � will be a hypercube in

dimension 2n. Let us denote by xi the vertices of the simplices of the triangulation

and by G := {xi}i∈I the family of the vertices (the grid). Let us denote by N the

number of nodes in G. Any point x ∈ � belongs to at least one simplex Sl and it

can be written as a convex combination of the vertices of Sl , that is

x =
∑

m∈I
λmxm where λm ≥ 0,

∑

m∈I
λm = 1, λm = 0 if xm /∈ Sl . (11)
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Note that, for simplicity, we are summing over the whole set of indices I although

the vertices really involved in the computations are only those referring to the

simplex containing the point x (i.e. only n+1 coefficients are really needed in IRn).

We define the map F : IRN → IRN componentwise as follows:

Fi(V ) :=
{
γ max

b
min
a
Pi(a, b, V )+ 1− γ if xi ∈ G \ T ,

0 if xi ∈ T ∩ G,
(12)

where γ := e−h, Pi(a, b, V ) :=
∑
m

λim(a, b)Vm and the coefficients λim are such

that zi(a, b) := xi + hf (xi, a, b),
∑

m

λim(a, b)xm = zi(a, b) , λim ∈ [0, 1],
∑

m

λim = 1. (13)

It can be proved that F has a unique fixed point V ∗ in [0, 1]N , and that the fixed

point is our approximate solution at the nodes of the grid. By linear interpolation,

we can also define w : Q → [0, 1] which is the local reconstruction of the fixed

point V ∗. Then, the function w will satisfy

⎧
⎪⎪⎨
⎪⎪⎩

w(x) =
∑
m λmw(xm) if x =

∑
m

λmxm,

w(xi) = γ max
b

min
a
w(xi + hf (xi, a, b))+ 1− γ if xi ∈ G\T ,

w(xi) = 0 if xi ∈ T ∩ G.

(14)

Theorem 2.1. Let (2) and (3) be verified. Moreover, assume that

|f (x, a, b)| ≤ Mf for all x ∈ ∂T , a ∈ A and b ∈ B,

and that T is the closure of an open set with Lipschitz boundary. Let hn, kn, and

kn/hn converge to 0 and assume that there is a bounded continuous viscosity

solution v of (9)–(10). Then wn converges uniformly to v as n→∞ in �.

A rate of convergence for the above scheme has been established in [14].

Since the minmax operator has to be computed by comparing a number of

different values for every node and every fixed point iteration, even a small number

of controls for every player can result in a huge number of computations and

comparisons. For example, taking a discretization of A and B which consists in

36 controls for each player makes 1.3 · 103 comparisons at every node. On a cubic

grid in IR3 with 100 nodes on each side this amounts to 1.3 · 109 comparisons

for each fixed point iteration. Naturally, one can try to overcome this difficulty by

storing in the RAM the coefficients (they are constant with respect to the fixed

point iteration). This solution is often unfeasible due to memory limitations (in the

above example of a cubic grid this will require a RAM of about 30 Gb).
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3 Three Domain Decomposition Algorithms

The complexity of the above problem and its dimension require the development of

parallel algorithms which will distribute the computing load of the fixed point algo-

rithm onto several processors. One way is to split the problem into sub-problems

dividing the nodes into subsets, this technique is called domain decomposition.

3.1 The Standard DD Algorithm

Following [8], let us take � ∈ IR2 in order to simplify the presentation. First

we construct a domain decomposition splitting � into d sub-domains �r , r =
1, . . . , d by a number of piecewise regular curves Ŵj , j = 1, . . . , J . Note that in

this way the domains of the decomposition cross only at the interfaces (i.e. they

have an empty interior intersection).

It is easy to build from there a decomposition with overlapping between the

domains; just consider the domains

�̂r := �r ∪ B(0, δ). (15)

Then, the overlapping regions are neighborhoods centered at the interfaces,

Ŵδj := Ŵj + B(0, δ), δ > 0. (16)

The only restriction on δ is that δ cannot be too large, since we want to keep the

overlapping regions as small as possible. In particular, we can choose δ such that

�i ∩�j = ∅ implies �̂i ∩ �̂j = ∅,∀i, j = 1, . . . , d. (17)

The above condition means that we cannot have new neighboring domains if we

enlarge the domains�r , r = 1, . . . , d, i.e. the overlapping regions cannot include

completely the neighboring sub-domains. Let us divide the nodes of G taking into

account the sub-domains �̂r and the location of the points

zi(a, b) = xi + hf (xi, a, b).

For every r = 1, . . . , d and b ∈ B, we define the following sets:

Ar(xi, b) := {a ∈ A : zi(a, b) ∈ �̂r}, (18)

Gr := {xi ∈ G ∩ �̂r : ∀b ∈ B ∃a ∈ A such that zi(a, b) ∈ �̂r}, (19)

Ginr := {xi ∈ Gr : xi /∈ T }and Goutr :={xi ∈G ∩ �̂r : xi /∈ (Ginr ∪T )}. (20)

The set Ginr is the set of nodes in �̂r such that for any choice of the second player

(player “b”) it is always possible for the player “a” to make a choice that keeps

zi(a, b) in �̂r , i.e. on those nodes we are always able to compute a value just using

the information on the nodes of �̂r . Naturally, at the nodes in T there is nothing
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to compute since we just set their value to 0. The nodes belonging to Goutr would

require information coming from other sub-domains no matter which control the

player “a” chooses. By the above remarks, we can define a local operator that will

act just on the nodes belonging to �̂r ,

Sr(xi, U, b) :=

⎧
⎪⎪⎨
⎪⎪⎩

min
a∈Ar (xi ,b)

γPi(a, b, U)+ 1− γ, for xi ∈ Ginr ,

1, for xi ∈ Goutr ,

0, for xi ∈ T ∩ �̂r .

(21)

Then, we can define a global operator on G based on the family of local operators

Sr , r = 1, . . . , d. First define Ŝ : G × IRN × B → IRN

Ŝ(xi, U, b) :=

⎧
⎨
⎩
Sr(xi, U, b), for xi ∈ �̂r ,
min
j∈J

[Sj (xi, U, b)], for xi ∈
⋂
j∈J
�̂j ,

(22)

where J := {j ∈ 1, . . . , r : xi ∈ �̂j }. Finally, we define the i-th component of

the fully discrete splitting operator as

S(xi, U) := max
b∈B

{Ŝ(xi, U, b)}, for every xi ∈ G . (23)

It should be noted that the above definition is used here to simplify the notations

but in the real algorithm the max operator in (23) is computed locally in every sub-

domain (i.e. separately in every processor) and does not need message passing.

The only coupling between sub-domains that requires message passing appears in

the definition (22).

In order to simplify the presentation, let us consider a domain decomposition

based on two sub-domains with overlapping, �̂1 and �̂2 and denote by �̂0 their

intersection.

Let us introduce the following assumptions:

A1. �̂0 := �̂1 ∩ �̂2 	= ∅;

A2. the time step h satisfies the bounds

0 < h <
1

Mf
inf

x∈�̂1\�̂0∩G

y∈�̂2\�̂0∩G

dist(x, y), (24)

A3. Ar(xi, b) 	= ∅, for xi ∈ �̂r , r = 1, 2 and for any b ∈ B;

A4. the triangulation of � is such that each simplex does not cross the interface

between �̂1 \ �̂0 and �̂0 and the interface between �̂2 \ �̂0 and �̂0.

The second assumption simply guarantees that the discrete dynamics cannot

cross the overlapping region passing from a node xi ∈ �̂1 \ �̂0 to a point in
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�̂2\�̂0. That assumption is necessary to reduce the memory storage of the splitting

algorithm since the processor computing the solution in �̂j , j = 1, 2 (i.e. applying

the local operator Sr ) does not require the values on the nodes belonging to the

sub-domains �̂r , r 	= j . The third assumption is a compatibility condition between

the domain decomposition and the vector field (we will see later how it can be

removed). It implies that the regions of the domain decomposition have to be large

enough. Finally, the last assumption simply means that the interfaces can be seen

in the space discretization since they are formed by the sides of the triangles of the

triangulation. Let us divide the nodes xi ∈ G into three subsets depending on the

regions which contain them. Let us introduce the sets of indices

I0 := {i : xi ∈ �0 \ T }, IT := {i : xi ∈ T ∩ G}, (25)

Ir := {i: xi ∈�̂r and i ∈I0 ∪ IT }, I inr := {i: xi ∈ Ginr \�0}, for r = 1, 2. (26)

LetNr , r = 1, 2 be the number of nodes in �̂r . We define the discrete restriction

operators Rr : IRN → IRNr which selects among the N components of a vector

(representing the solution on the grid) those corresponding to the nodes belonging

to the sub-domain �̂r \ T ,

Rr(U) = {Ui}i∈Ir∪I0 , for r = 1, 2. (27)

Given the vectors V 0 andW 0 in IRN we define by recursion the two sequences

V n+1 = S(V n), W n+1 = F(W n), (28)

where F is the the global operator introduced in Section 2 and S in the splitting

operator defined in (22), (23). The following theorem holds true (see [8] for the

proof):

Theorem 3.1. Let the assumptions (A1)–(A4) be satisfied. Moreover, let S and

F be defined as in (22)–(23) and (12) and V 0 = W 0
. Then V n = W n for any

n ∈ IN and the operators F and S have the same fixed point.

It should be noted that if (A3) is not satisfied one can obtain the same result by

a slight change of the definition of S in order to take into account the possibility

A1(xi, b) or A2(xi, b) = ∅. Say, for instance, that A1(xi, b) = ∅ and A2(xi, b) =
A then we define

S(xi, U, b) := min(1, min
a∈A2(xi ,b)

γ"i(a, b) · R2(U)+ 1− γ ), (29)

i.e. we assign the value 1 to the minimum over the empty set A1(xi, b). However,

in all our test problems assumption (A3) is satisfied.

Let us give a step-by-step description of the DD algorithm corresponding to the

definition of V n in (28) and starting at

V 0 :=
{

1, for xi ∈ G \ T ,

0, for xi ∈ G ∩ T .
(30)
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Step 0. Define V 1,0 = R1(V
0) ∈ IRN1 and V 2,0 = R2(V

0) ∈ IRN2 . Set n = 0.

Step 1. Compute for r = 1, 2, b ∈ B,

V
r,n+1/2
i = min

a∈Arh(xi )
γ

∑

j∈Ir∪I0
λ
(r)
ij (a, b)V

r,n
j + 1− γ, i ∈ Ir ∪ I0.

Step 2. Compute for r = 1, 2, b ∈ B,

V
r,n+1
i =

{
V
r,n+1/2
i , i ∈ Ir ,

min{V 1,n+1/2
i , V

2,n+1/2
i }, i ∈ I0.

Step 3. Compute

V n+1
i = max

b∈B
{V r,n+1
i }r=1,2, for i = I \ IT ,

V n+1
i = 0, for i ∈ IT .

Step 4. Check a stopping criterion.

IF it is satisfied THEN STOP

ELSE

Increase n by 1 and GO TO Step 1.

Note that the definition of S guarantees V
1,n+1
i = V 2,n+1

i for each i ∈ I0. The

above algorithm first splits the computation in each sub-domain (Step 1) making

a link at the end of each iteration (Step 2 and Step 3). Its speed of convergence

to the fixed point can be quite slow since the contraction mapping coefficient is

γ = e−h.

The above scheme has low efficiency because it does not “scale” with the number

of processors. Table 1 shows the “profile” of the DD algorithm. One can observe

that the major part of the CPU time is used for the computation of the coefficients

λi,j needed in the local reconstruction (Step 1).

Table 1: Profile of the DD algorithm.

Operation CPU Time

Computing λi,j 58.0%

Fixed point iterations 30.0%

Computing the vectorfield 10.7%

Other operations 1.3%

Note that the large amount of CPU time devoted to the computation of the

coefficients λi,j is due to the fact that the DD algorithm recomputes them in

every sub-domain �̂r . In fact, as we noticed, a crucial point in the algorithm

is the exchange of information between processors. In a domain decomposition

with overlapping, the coefficients λi,j are computed two or more times in the
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overlapping regions depending on the number of sub-domains which overlap. This

excessive computational load makes the efficiency of the DD algorithm decrease

as far as the number of processors and sub-domains increases since the area of the

overlapping regions also increases.

3.2 The Data Replication Algorithm

The Data Replication (DR) algorithm allows us to avoid the cumbersome compu-

tations of the DD algorithm provided the memory space is large enough to store in

every processor the values of v at every node in �. This allow every processor to

compute on all the nodes belonging to �r , but this time the computation is done

only once for every node.

Let us consider a domain decomposition without overlapping (see Figure 1). �

is divided by a number of piecewise regular curves Ŵj into d sub-domains�r such

that

� =
d⋃

r=1

�r , int (�i) ∩ int (�j ) 	= ∅ ∀i 	= j.

Moreover, let as assume that

(A5) xi 	∈ Ŵj for any xi ∈ G, j = 1, . . . , J ,

This means that we do not allow nodes sitting on the interfaces Ŵj (Figure 3).

Note that (A5) is opposite to the assumption (A4) which we have made for the DD

algorithm.

Figure 1: � decomposition without overlapping.
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Figure 2: The domains �, �̂1, �̂2 and �0 in the DD algorithm.

Figure 3: The domain � in the DR Algorithm.

Let us introduce the following subset of grid nodes:

Gr := {xi ∈ G : xi ∈ �r}, r = 1 . . . d.
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By the definition of �r we have

Gr ∩ Gs = ∅, ∀r 	= s. (31)

We define local operator Tr which computes on xi ∈ Gr as,

Tr(xi) := γ max
b

min
a

{
w
(
zi(a, b)

)}
+ 1− γ, (32)

and the global operator T as

T (xi) := Tr(xi), for r such that xi ∈ �r . (33)

The global operator T is uniquely defined and does not require double computa-

tions by the assumption (A5) on the grid. It is also worth noting that, by definitions

(32) and (33), the operator T coincides with the operator F of the serial algorithm

(defined in (12)). The convergence to the viscosity solution of the Isaacs equation

is guaranteed.

The step-by-step description of the DR algorithm is the following:

Step 0. Set n = 0 and choose V 0 as in (30).

Step 1. Compute for r = 1, 2,

V
r,n+1
i = Tr(xi), for any xi ∈ Gr ;

Step 2. For any r ′ 	= r send to the processor r ′ the values

{
V
r,n+1/2
i

}
xi∈Gr ;

Step 3. Check a stopping criterion.

IF it is satisfied THEN STOP

ELSE

Increase n by 1 and GO TO Step 1.

The experimental results (see Section 5) show the increase of efficiency of the

DR algorithm with respect to the DD algorithm. Its intrinsic limitation is due to

the fact that memory allocation of every processor does not decrease with their

number. Naturally there is an higher communication time with respect to the DD

algorithm but this is compensated by the convergence speed of the fixed point

iteration. In fact, the great advantage of the DR algorithm is that it is very flexible

and can deal with problems with large vector field (f.e. the homicidal chauffeur

game) where the DD algorithm would require the choice of a small time step h.

Note that choosing a small hmakes the number of fixed point iterations drastically

increase, destroying the advantage of the parallelization.
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Figure 4: The domain � in the SR algorithm.

3.3 The Memory Superposition Algorithm

Let us introduce a method which combines the advantages of the DD and DR

algorithms and produces good efficiency in the performances as well as good

scalability in terms of memory allocations. Let us consider a domain decomposition

of � with overlapping between the sub-domains (Figure 4).

Let us assume that (A2) and (A5) hold true and let Gr be defined as in (31). By

the assumption (A2) we have,

xi ∈ Gr implies that zi(a, b) ∈ �̂r , ∀a ∈ A, b ∈ B.

We can redefine the local and the global operators, Tr and T as:

Tr(xi) = γ max
b

min
a

{
w
(
zi(a, b)

)}
+ 1− γ,

for xi ∈ Gr and

T (xi) := Tr(xi), for every r such that xi ∈ �r .

The only difference with respect to the DR algorithm is that, by assumption (A2),

the local operator Tr needs only the values on the nodes belonging to �̂r . Then, we

can reduce the memory allocation in the r processor to the valuesV n corresponding

to Ĝr := {xi : xi ∈ �̂r}. The MS algorithm is equivalent to the serial algorithm so

convergence to the viscosity solution is guaranteed.
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The step-by-step description of the MS algorithm is the following:

Step 0. Set n = 0 and choose V 0 as in (30). Set V r,0 := V 0|Ĝr ;
Step 1. Compute for r = 1, 2, ;

V
r,n+1
i = Tr(xi) for any xi ∈ Ĝr ;

Step 2. For any r ′ such that �̂r ′ ∩ �̂r 	= ∅ send to the processor r ′ the values

{
V
r,n+1
i

}
xi∈�̂r′∩�r

;

Step 3. Check a stopping criterion.

IF it is satisfied THEN STOP

ELSE

Increase n by 1 and GO TO Step 1.

Assumption (A2) implies, as in the DD algorithm, a limitation from above of

the time step h. In practice, if the choice of the overlapping is made considering a

band width Ch, where

C = sup
x∈�r

(a,b)∈A×B

‖f (x, a, b)‖,

(A2) is satisfied without any restriction on h.

4 Test Problems

Before giving the description of our test problems, let us give some information

about the general set-up for computation of the value function and of the approx-

imate optimal trajectories.

We said in the introduction that when each player has m state variables the

value function depends on 2m variables. However, when the dynamics depends

on the relative positions of the players, the problem can be written introducing

new variables (the relative coordinates) so that the Isaacs equation can be set in

IRm. This is the case in our test problems. Usually the new system of coordinates

has its origin at the pursuer position and the y axis points in the direction of the

evader (this naturally means that the new system can rotate during the game). That

change of coordinates is quite old and can be found for instance in the book [10].

Besides the drastic reduction of dimension, it gives also another major advantage,

that of reducing the infinite target T to a ball of radius ε (see e.g. the tag-chase

problem below in this section). Setting the problem in the new variables makes it

easier to compute the value function and to deal with boundary conditions. In fact,

the new target is a bounded set strictly contained in the domain of computation

�. On the boundary ∂� we just impose the Dirichlet boundary condition v = 1.
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This choice corresponds to a “transparent” boundary condition in the sense that it

does not affect the solution inside � if the pursuer can catch the evader inside �.

In general, the approximate solution will be greater or equal to the exact solution.

It will be greater only when there is a possibility of capture outside the domain�.

Starting from the value function v, we can compute a numerical approximation

of the optimal trajectory of the game as in [7]. Given x ∈ �, we define R : �→
A× B as

R(x) = argmaxmin{w(zi(x, a, b))}.

We call a∗ and b∗ the optimal feedback controls for the two players. Given then

the position z(t) =
(
x(t), y(t)

)
of the two players at time t , their position at time

t +�t is

z(t +�t) = z(t)+�tf (z, a∗, b∗).

Iterating this procedure until the evader is captured or until one of the two players

exits from�we obtain the approximate optimal trajectories. It is important to note

that the use of “transparent” boundary conditions has greatly improved accuracy in

reconstruction of feedback controls. This emerges from the comparison between

the trajectories illustrated in Section 5 and their analogues in [2].

4.1 The Tag-Chase Game

Let us consider two players (P and E) and the following dynamics:

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

ẋP = vP sin θP ,

ẏP = vP cos θP ,

ẋE = vE cos θE,

ẏE = vE sin θE,

(34)

where (xP , yP ) is the pursuer’s position and (xE, yE) is the evader’s position, and

vP and vE are respectively their constant velocities. The controls are, respectively,

θP ∈ [a1, a2] = [−π, π ] and θE ∈ [b1, b2] = [−π, π ]. As the game just depends

on the relative position of the two players, we may introduce the following change

of coordinates in the space variables

{
x = xE − xP ,
y = yE − yP ,

(35)

i.e. we choose a new dynamics with respect to a moving set of coordinates (see

[10]). This new system has its origin at the pursuer’s position, and is oriented in

the direction of the evader. The unbounded target T in the new coordinate system

becomes T̃ := B(0, ε).
The exact solution of the Tag-chase game can be found in [2], p. 287.
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4.2 The Tag-Chase Game with Control Constraints

This game has the dynamics (34). The only difference with respect to the tag-chase

game is that now the pursuer P has a constraint on his displacement directions.

He can choose his control in the set θP ∈ [a1, a2] ⊆ [−3/4π, 3/4π ]. The evader

can still choose his control as θE ∈ [b1, b2] = [−π, π ].

4.3 The Homicidal Chauffeur

Let us consider two players (P and E) and the following dynamics:
⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ẋP = vP sin θ,

ẏP = vP cos θ,

ẋE = vE sin b,

ẏE = vE cos b,

θ̇ = R
vP
a,

(36)

with a ∈ [−1, 1] and b ∈ [−π, π ] being the two player’s controls. Now the pursuer

P is not free in is movements, he is constrained by a minimum curvature radius

R. The target is defined as in the previous examples.

Also in this case one can reduce this game to a problem in R2, this time using

the following change of coordinates
{
x̃ = (xE − xP ) cos θ − (yE − yP ) sin θ,

ỹ = (xE − xP ) sin θ + (yE − yP ) cos θ.
(37)

This means that we are now considering a new system of coordinates centered at

the pursuer position and oriented along his movement direction.

A slight change in this game can be obtained moving the target T = B(0, ǫ).
For example, one can center the target at the points (0.2, 0.3) and (0,−0.45) as

was done in [13]. The first choice produces the non-symmetric value function as

we will see in the next section.

5 Numerical Tests and Algorithm Performances

We present the numerical results obtained on three tests in IR2, comparing the

numerical algorithm presented in this article with those previously available. The

performance of the parallel programs are usually measured in terms of the speed-

up A and the efficiency E. For readers’ convenience let us define them. Let Tser and

Tpar be respectively the CPU times corresponding to the execution of the serial

and parallel algorithm (over NP processors) for the solution of the same problem.

We define,

A := Tser

Tpar
, E := A

NP
. (38)
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Note that an ideal parallel algorithm without message passing loads would have

A = NP and E = 1 so that a parallel algorithm is considered to be efficient and

have good performances as far as its values forA andE are close to the above ideal

values. The interested readers could find useful information on building efficient

parallel codes in [9].

The platform on which the algorithm has been implemented is an IBM/SP2,

a system composed of 16 nodes interconnected by a High Performance Switch

(HPS); each of these nodes has one POWER2 processor running at 66.7 MHz

and 128 Mbyte of local memory. The programs have been developed using the

Fortran90 language and the Message Passing Interface (MPI) libraries [12]. This

choice has allowed to easily port them to other parallel architectures (e.g. Digital

Alpha). Figure 5 sketches the two different platforms.

SP2 SP2 SP2

SP2

SP2

SP2

SP2SP2SP2

SP2
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Figure 5: Parallel platforms

In the tables, we will indicate the number of processors used in every single

run. In order to evaluate the performances, it is also interesting to indicate the

“geometry” of the sub-domains since each sub-domain is assigned to a single

processor. The following table shows this correspondence.

# Processors Geometry

2 1× 2

4 2× 2

6 2× 3

9 3× 3

16 4× 4

5.1 The Tag-Chase Game

We have considered the tag-chase game in � = [0, 1]2, for vP = 2, vE = 1. The

numerical experiments for the trajectories have been obtained on a grid of 23×23
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nodes for h = 0.05 and ǫ = 0.20 and the control sets have been discretized with

41 points each.

Figure 6 shows the optimal trajectories for the problem starting in P =
(0.3, 0.3),E = (0.6,−0.3). They are close to the exact optimal trajectories which

consist of two segments of straight lines connecting the two starting points. It

is interesting to note that they are close to the optimal trajectories even near the

boundaries of � and this is due to the reformulation of the problem in relative

coordinates. This shows that the boundary condition v = 1 is perfectly natural in

the new settings.

Figure 6: Tag-chase game, optimal trajectories.

In Figures 8 and 9 we compare the speed-up and the efficiency of the three

domain decomposition methods (the DD, DR and MS). The comparison in made

on a fixed 180×180 grid increasing the number of processors (i.e., of sub-domains)

involved in the decomposition. One can observe that the speed-up of the DD algo-

rithm (diamonds) is about 6 for 16 processors. The speed-up of the DR algorithm

(+) is close to 12 for the same number of processors and the MS (squares) algorithm

has even better performances. As a consequence, the efficiency of the MS algo-

rithm stays close to 0.8 whereas that of the DD algorithm is lower than 0.4.

Figures 10 and 11 represent the values of speed-up and efficiency for the MS

algorithm. The four lines in Figure 10 represent the speed-up on four different

grids: 60×60 (diamonds), 120×120 (+), 180×180 (squares) and 240×240 (×).

Although the difference is not big, our method is slightly more efficient when the

number of nodes increases. Figure 11 shows the efficiency on the same four grids

for an increasing number of processors.
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Figure 7: Tag-chase game WCC, optimal trajectories.
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Figure 8: Tag-chase game, speed-up 180× 180 nodes.

5.2 The Tag-Chase Game with Control Constraints

We have then considered the tag-chase game with control constraints (WCC) in

� = [0, 1]2, for vP = 2, vE = 1. The numerical experiments for the trajectories

have been obtained on a grid of 29× 29 nodes for h = 0.05 and ǫ = 0.15 and the

control sets have been discretized with 28 points for the pursuer and 41 points for

the evader.
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Figure 9: Tag-chase game, efficiency 180× 180 nodes.
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Figure 10: Tag-Chase Game, speed-up.

Note that the constraint on P ’s direction creates a zone behind P where the time

of capture is higher than that corresponding to points in front of him. In fact, P

is forced to proceed zig-zagging to catch an evader who starts behind him. That

behavior can be clearly seen in Figure 7.

Figures 12 to 13 show speed-up and efficiency for the three domain decompo-

sition algorithms on a grid of 180×180 nodes. On this test, the best performances
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are obtained by the MS algorithm which has the higher speed-up for a low number

of processors also.

Figures 14 to 15 show speed-up and efficiency for the MS algorithm on the

same grids as the previous test. The increase of the speed-up is clearly linear on

the 240× 240 grid.
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Figure 11: Tag-chase game, efficiency.
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Figure 12: Tag-chase game WCC, speed-up 180× 180 nodes.
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Figure 13: Tag-chase game WCC, efficiency 180× 180 nodes.
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Figure 14: Tag-chase game WCC, speed-up.

5.3 The Homicidal Chauffeur

We have considered the homicidal chauffeur game where � = [−1, 1], vP = 1,

vE = 0.5, R = 0.2. We run the algorithm on a grid made by 120 × 120 nodes,

h = 0.05 and ǫ = 0.10 and the control sets have been discretized with 36 points

for each player to determine the optimal trajectories.
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Figure 15: Tag-chase game WCC, efficiency.

Figure 16 shows the value function of the game. Note that when E is in front of

P the behavior of the two players is analogous to the tag-chase game: in this case,

indeed, the constraint onP ’s radius turn does not come into action. However, on the

P sides the value function has two higher lobes. In fact, to reach the corresponding

points of the domain, the pursuer must first turn around himself to be able to catchE

following a straight line (see Figure 17). Finally, behindP the capture is impossible

(v = 1) because the evader has the time to exit� before the pursuer can catch him.

Figure 18 shows a set of optimal trajectories near a barrier in the relative coordinates

Figure 16: Homicidal chauffeur, value function.
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Figure 17: Homicidal chauffeur, optimal trajectories.

system (the run was made in � = [−1, 1]2). Figure 19 is taken from [11] and

shows the optimal trajectories which have been obtained by analytical methods.

One can see that our results are quite accurate since the approximate trajectories

(Figure 18) look very similar to the exact solutions (Figure 19). Moreover, in the

numerical approximation the barrier curve is clearly visible: that barrier cannot

Figure 18: Homicidal chauffeur, optimal trajectories in relative coordinates
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Figure 19: Homicidal chauffeur, optimal trajectories in relative coordinates [11].

be crossed if both the players behave optimally. It divides the initial positions

from which the trajectories point directly to the origin from those corresponding

to trajectories reaching the origin after a round trip.

Figures from 20 to 23 show speed-up and efficiency of our method in this test.

From this point of view, the MS algorithm has always the best performances and

the results are analogous to what we have seen in previous test problems. However,

in this example the performances are lower for all the methods since the dynamics

is more complicated.
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Figure 20: Homicidal chauffeur, speed-up 60× 60 nodes.

Figure 24 shows the contours of the value functions when vP = 0.6, vE = 0.2,

the radius turn for P is R = 0.2 and the target is centered at (0.0,−0.45). In

Figure 26 one can see the contours of the value function for the same values of

the parameters and the target centered at (0.2, 0.3). These pictures show that the
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Figure 21: Homicidal chauffeur, efficiency 60× 60 nodes.
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Figure 22: Homicidal chauffeur, speedup.
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Figure 23: Homicidal chauffeur, efficiency.

results obtained by our algorithms coincide with those obtained by Patsko and

Turova in [13] by the method based on the computation of “fronts” (represented

in Figures 25 and 27). In these cases the value function is discontinuous but the

algorithm can still compute an accurate approximate solution. The convergence

of the serial approximation scheme for discontinuous value functions has been

proved in [2].
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Figure 24: Homicidal chauffeur 2, level curves of the value function.

Figure 25: Homicidal chauffeur 2, level curves of the value function [13].
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Figure 26: Homicidal chauffeur 3, level curves of the value function.
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Figure 27: Homicidal chauffeur 3, level curves of the value function [13].

5.4 Conclusions

Let us make some short comments based on the analysis of the experiments and

give some hints on the construction of efficient domain decomposition algorithms.

In order to guarantee the convergence to the value function, it is crucial to treat care-

fully the internal conditions on the overlapping regions, i.e. the coupling between

the local and the global operators. Moreover, for efficient parallelization we rec-

ommend the following:

a. maintain a balanced load between the processors. To this end, the target should

be divided into pieces and assigned to different processors.

b. try to reduce the size of the overlapping regions. Since the width of the

overlapping region strongly depends on the vector field and on the time–

step h, a possibility is to reduce h. This will reduce the overlapping region

to a narrow band but will also slow down the convergence of the algorithm

(which is based on a fixed point iteration). A good balance depends on the

problem.

c. use an efficient memory allocation to obtain a scalable algorithm. The DR and

the MS algorithm are very effective whenever one can store the information

they need in every processor. If this is not the case, one should use the DD

algorithm and carefully verify that the global operator computes the maximum

on a single node xi in the overlapping regions, collecting all the values from

the neighboring processors.

REFERENCES

[1] Alziary de Roquefort B., Jeux différentiels et approximation numérique de
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Abstract
In this paper, we study the linear quadratic Nash games for infinite horizon

singularly perturbed systems (SPS). In order to solve the generalized algebraic

Lyapunov equation (GALE) corresponding to the generalized Lyapunov itera-

tions, we propose a new algorithm which is based on the fixed point iterations.

Furthermore, we also propose a new algorithm which is based on the Kleinman

algorithm for solving the generalized cross-coupled algebraic Riccati equations

(GCARE). It is shown that the resulting algorithm guarantees the quadratic

convergence.

Key words. Singularly perturbed systems (SPS), Linear quadratic Nash

games, Generalized cross-coupled algebraic Riccati equations (GCARE), Gen-

eralized Lyapunov iterations, Kleinman algorithm

1 Introduction

The linear quadratic Nash games have been studied intensively in many papers

[1]–[5]. For example, Starr and Ho [1] obtained the closed-loop perfect-state linear

Nash equilibrium strategies for a class of analytic differential games. In [3], a state
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feedback mixedH2/H∞ control problem has been formulated as a dynamic Nash

game. In general, note that the cross-coupled algebraic Riccati equations (CARE)

play an important role in problems of differential Nash Games. It is well-known

that in order to obtain the Nash equilibrium strategies, we must solve the CARE.

Li and Gajić [4] proposed an algorithm, called the Lyapunov iteration, to solve the

linear quadratic Nash games. However, there are no results for the convergence

rate of the Lyapunov iterations. It is easy to verify that the convergence speed is

very slow when the simulation is carried out. In order to improve the convergence

rate of the Lyapunov iterations, Mukaidani et al. [16] proposed an algorithm which

is based on the algebraic Riccati equation (ARE) for solving the parameterized

CARE related to the mixed H2/H∞ control problem. Freiling et al. [5] found

the solutions to the CARE of the mixed H2/H∞ type by using Riccati iterations

different from [16]. However, the convergence of these Riccati iterations were not

proved exactly.

Linear time-invariant models of many physical systems contain slow and fast

modes. Linear quadratic Nash games for such models, that is, singularly perturbed

systems (SPS), have been studied by using composite controller design [6,7].

When the parameters represent small unknown perturbations, whose values are

not known exactly, the composite design is very useful. However, the composite

Nash equilibrium solution achieves only a performance which is O(ε) close to

the full-order performance. Moreover, in order to obtain the slow subsystem, the

non-singularity of the fast state matrices are needed. In recent years, the recursive

algorithm for solving the various control problems not only for the SPS but also

for weakly coupled systems have been developed in many papers (see, e.g., [8]–

[10]). It has been shown that the recursive algorithm is very effective for solving

the ARE and the algebraic Lyapunov equation (ALE) when the system matrices

are functions of a small perturbation parameter ε. Note that dynamic Nash games

of weakly coupled systems have been studied in [8,9] by means of the recursive

algorithm. Recently, the recursive algorithms for solving the CARE corresponding

to both the dynamic Nash games and the mixed H2/H∞ control problem for the

SPS have been investigated [14,15]. However, the recursive algorithm converges

only to the approximation solution because the convergence solutions depend on

0-order solutions. Moreover, the recursive algorithm has the property of linear

convergence. Thus, the convergence speed is very slow.

In this paper, we study the linear quadratic Nash games for infinite horizon SPS

from the viewpoint of solving the CARE. After defining the generalized cross-

coupled algebraic Riccati equations (GCARE), we first apply the generalized Lya-

punov iterations [14]–[16]. Note that it is hard to solve the generalized algebraic

Lyapunov equation (GALE) corresponding to the generalized Lyapunov iterations

using the recursive algorithm because the convergence solutions depend on the 0-

order solutions. Thus, we propose a new algorithm to solve the GALE. This algo-

rithm is based on the fixed point iterations. Consequently, we reduce the computing

error because we do not separate the required solution into the 0-order solution and
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the error term. Therefore, the solution to the Nash equilibrium can be obtained up

to an arbitrary accuracy by performing iterations. Moreover, full-order Nash equi-

librium solution achieves a performance which is closer to the exact performance

compared with [6,7] because our new method is not based on the singular pertur-

bation method [11]. Second, we propose a new iterative algorithm for solving the

GCARE. Since the new algorithm is based on the Kleinman algorithm, it is shown

that the resulting algorithm has a quadratic convergence property. The quadratic

convergence of such algorithm is proved by using the Newton–Kantorovich theo-

rem [20]. Using the new algorithm, we will improve the convergence speed com-

pared with the previous results [5], [14]–[16]. Finally, the simulation results show

that the proposed algorithm succeeds in improving the convergence rate dramati-

cally.

Notation: The notations used in this paper are fairly standard. The superscript T

denotes matrix transpose. In denotes the n × n identity matrix. ‖ · ‖ denotes its

Euclidean norm for a matrix. detM denotes the determinant ofM . vecM denotes

an ordered stack of the columns of M [21]. ⊗ denotes Kronecker product. Ulm
denotes a permutation matrix in Kronecker matrix sense [21] such thatUlmvecM =
vecMT , (M ∈ Rl×m).

2 Problem Formulation

Consider a linear time-invariant SPS

ẋ = A11x + A12z+ B11u1 + B12u2, x(0) = x0, (1)

εż = A21x + A22z+ B21u1 + B22u2, z(0) = z0, (2)

with quadratic cost functions

Ji(ui, uj ) =
1

2

∫ ∞

0

(yTQiy + uTi Riiui + uTj Rijuj )dt, i, j = 1, 2, i 	= j,

where

y =
[
x

z

]
, Qi =

[
Q11i Q12i

QT12i Q22i

]
≥ 0, Rii > 0, Rij ≥ 0,

and ε is a small positive parameter, x ∈ Rn1 , z ∈ Rn2 and y ∈ RN , N = n1 + n2

are states, ui ∈ Rmi , i = 1, 2 is the control input. All matrices above are of

appropriate dimensions. The system (1)–(2) is said to be in the standard form if

the matrix A22 is nonsingular. Otherwise, it is called the nonstandard SPS [7,11].
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Let us introduce the partitioned matrices

Aε =
[
A11 A12

ε−1A21 ε
−1A22

]
, A =

[
A11 A12

A21 A22

]
,

Biε =
[
B1i

ε−1B2i

]
, Bi =

[
B1i

B2i

]
,

Siε = BiεR−1
ii B

T
iε, Si = BiR−1

ii B
T
i =

[
S11i S12i

ST12i S22i

]
,

Gjε = BjεR−1
jj RijR

−1
jj B

T
jε, Gj = BjR−1

jj RijR
−1
jj B

T
j =

[
G11j G12j

GT12j G22j

]
,

i, j = 1, 2, i 	= j.

We now consider the linear quadratic Nash games for infinite horizon SPS (1)–

(2) under the following basic assumptions [4,8,9].

Assumption 2.1. There exists a small perturbation parameter ε∗ > 0 such that

the triplet (Aε, B1ε,
√
Q1) and (Aε, B2ε,

√
Q2) are stabilizable and detectable

for all ε ∈ (0, ε∗].

Assumption 2.2. The triplet (A22, B21,
√
Q221) and (A22, B22,

√
Q222) are

stabilizable and detectable.

These conditions are quite natural since at least one control agent has to be able

to control and observe unstable modes. The purpose is to find a linear feedback

controller (u∗1, u
∗
2) such that

Ji(u
∗
i , u

∗
j ) ≤ Ji(ui, u∗j ), i, j = 1, 2, i 	= j. (3)

The Nash inequality shows that u∗i regulates the state to zero with minimum output

energy. The following lemma is already known [1].

Lemma 2.1. Under Assumptions 2.1 and 2.2, there exists an admissible con-

troller such that (3) hold iff the following full-order CARE

ATε Xε +XεAε +Q1 −XεS1εXε −XεS2εYε − YεS2εXε + YεG2εYε = 0, (4)

ATε Yε + YεAε +Q2 − YεS2εYε − YεS1εXε −XεS1εYε +XεG1εXε = 0, (5)

have stabilizing solutions Xε ≥ 0 and Yε ≥ 0 where

Xε =
[
X11 εXT21

εX21 εX22

]
, Yε =

[
Y11 εY T21

εY21 εY22

]
.
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Then, the closed-loop linear Nash equilibrium solutions to the full-order problem

are given by

u∗1 = −R−1
11 B

T
1εXεy,

u∗2 = −R−1
22 B

T
2εYεy.

Note that it is difficult to solve the CARE (4)–(5) because of the different mag-

nitudes of their coefficients caused by the small perturbed parameter ε and high

dimensions.

3 Generalized Lyapunov Iterations

To obtain the solutions of the CARE (4)–(5), we first define

�ε =
[
In1 0

0 εIn2

]
.

Then, we introduce the following useful lemma.

Lemma 3.1. The CARE (4)–(5) is equivalent to the following GCARE (6)–(7),

respectively.

(A− S1X − S2Y )
TX +XT (A− S1X − S2Y )+Q1 +XT S1X + Y TG2Y = 0,

(6)

(A− S1X − S2Y )
T Y + Y T (A− S1X − S2Y )+Q2 + Y T S2Y +XTG1X = 0,

(7)

where

Xε = �εX = XT�ε, Yε = �εY = Y T�ε,

X =
[
X11 εX

T
21

X21 X22

]
, Y =

[
Y11 εY

T
21

Y21 Y22

]
.

Proof. The proof is identical to the proof of Lemma 3 in [13]. �

In [4], the Lyapunov iterations for solving CARE of the linear quadratic singu-

larly perturbed Nash games have been presented. On the other hand, the algorithm

for solving the GCARE (6)–(7) is given by (8)–(9) [14]–[16].

(A− S1X
(n)
Lya − S2Y

(n)
Lya)

TX
(n+1)
Lya +X(n+1)T

Lya (A− S1X
(n)
Lya − S2Y

(n)
Lya)

+Q1 +X(n)TLya S1X
(n)
Lya + Y

(n)T
Lya G2Y

(n)
Lya = 0, (8)

(A− S1X
(n)
Lya − S2Y

(n)
Lya)

T Y
(n+1)
Lya + Y (n+1)T

Lya (A− S1X
(n)
Lya − S2Y

(n)
Lya)

+Q2 +X(n)TLya G1X
(n)
Lya + Y

(n)T
Lya S2Y

(n)
Lya = 0, (9)
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where n = 0, 1, 2, · · · and the initial conditionsX
(0)
Lya and Y

(0)
Lya are obtained from

the solutions of the following auxiliary generalized algebraic Riccati equations

(GAREs) (10)–(11)

ATX
(0)
Lya +X

(0)T
Lya A+Q1 −X(0)TLya S1X

(0)
Lya = 0, (10)

(A− S1X
(0)
Lya)

T Y
(0)
Lya + Y

(0)T
Lya (A− S1X

(0)
Lya)

+Q2 +X(0)TLya G1X
(0)
Lya − Y

(0)T
Lya S2Y

(0)
Lya = 0, (11)

where

X
(n)
Lya =

⎡
⎣
X
(n)
Lya11 εX

(n)T
Lya21

X
(n)
Lya21 X

(n)
Lya22

⎤
⎦ , Y (n)Lya =

⎡
⎣
Y
(n)
Lya11 εY

(n)T
Lya21

Y
(n)
Lya21 Y

(n)
Lya22

⎤
⎦ ,

X
(n)
Lyaε = �εX

(n)
Lya, Y

(n)
Lyaε = �εY

(n)
Lya.

Remark 3.1. Note that the unique positive semi-definite stabilizing solution of

the GARE (10)–(11) exist under Assumptions 2.1 and 2.2 [4], [8]–[10]. Moreover

it is shown in [17,18] that the GARE (10)–(11) is well-conditioned.

We provide a new algorithm for solving the generalized Lyapunov iterations (8)–

(9). We first introduce the following notation

Ā(n) := A− S1X
(n)
Lya − S2Y

(n)
Lya =

[
Ā
(n)
11 Ā

(n)
12

Ā
(n)
21 Ā

(n)
22

]
,

Q̄(n) := Q1 +X(n)TLya S1X
(n)
Lya + Y

(n)T
Lya G2Y

(n)
Lya =

[
Q̄
(n)
11 Q̄

(n)
12

Q̄
(n)T
12 Q̄

(n)
22

]
,

Q̂(n) := Q2 +X(n)TLya G1X
(n)
Lya + Y

(n)T
Lya S2Y

(n)
Lya =

[
Q̂
(n)
11 Q̂

(n)
12

Q̂
(n)T
12 Q̂

(n)
22

]
.

Using the notation above, the generalized Lyapunov iterations (8)–(9) can be writ-

ten in the following form (12)–(13).

Ā(n)TX
(n+1)
Lya +X(n+1)T

Lya Ā(n) + Q̄(n) = 0, (12)

Ā(n)T Y
(n+1)
Lya + Y (n+1)T

Lya Ā(n) + Q̂(n) = 0. (13)

We can obtain the solution of the GCARE (6)–(7) by performing generalized Lya-

punov iterations (12)–(13) directly. Since the equations (12) and (13) are identical,

we consider only the algorithm of the generalized Lyapunov iteration (12). We now

give a perturbations analysis of the generalized Lyapunov iteration (12). Firstly,
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letting ε = 0 and using Kronecker products, the Lyapunov iteration (12) can be

written as

V

⎡
⎢⎣

vecX̄1

vecX̄2

vecX̄3

⎤
⎥⎦ =

⎡
⎢⎣

vecQ̄1

vecQ̄2

vecQ̄3

⎤
⎥⎦ ,

V =
⎡
⎢⎣
In1 ⊗ ĀT1 + ĀT1 ⊗ In1 In1 ⊗ ĀT3 + (ĀT3 ⊗ In1)Un2n1

In1 ⊗ ĀT2 In1 ⊗ ĀT4
0 0

0

ĀT3 ⊗ In2

In2 ⊗ ĀT4 + ĀT4 ⊗ In2

⎤
⎥⎦,

X̄
(n+1)
Lya

∣∣∣∣
ε=0

=
[
X̄1 0

X̄2 X̄3

]
, Ā(n)

∣∣∣∣
ε=0

=
[
Ā1 Ā2

Ā3 Ā4

]
,

Q̄(n)
∣∣∣∣
ε=0

=
[
Q̄1 Q̄2

Q̄T2 Q̄3

]
.

It can be shown, after some algebra, that the determinant of V is expressed as

detV = det[In2 ⊗ ĀT4 + ĀT4 ⊗ In2 ]

· det(In1 ⊗ ĀT4 ) · det[In1 ⊗ ĀT0 + ĀT0 ⊗ In1 ].

where Ā0 = Ā1 − Ā2Ā
−1
4 Ā3.

Obviously, Ā4 and Ā0 are nonsingular matrices. Thus, there exists V−1. There-

fore, the condition number [20] of V , that is, K(V) = ‖V‖ · ‖V−1‖ is given by

K(V) = O(1). Since K(V) is not large for sufficiently small parameters ε and

is independent of such parameters, the matrix V + O(ε) is well-conditioned for

small ε.

Let us consider the method for solving the generalized Lyapunov iterations

(12). We first consider the simultaneous linear equation (14) by rearranging the

generalized Lyapunov iteration (12).

(In ⊗ Ā(n)T ) · vecX
(n+1)
Lya + (Ā(n)T ⊗ In) · vecX

(n+1)T
Lya + vecQ̄(n) = 0. (14)

The Kronecker product method [10] on the basis of (14) is very simple and elegant.

However, for large N = n1 + n2, the difficulty in solving N2 linear equations

make it impractical. Furthermore, it is difficult to solve the equation (14) because

vecX
(n+1)
Lya contains a small positive perturbation parameter ε. Thus, in order to

reduce the dimension of the workspace and eliminate the influence of the small

parameter ε, new algorithms for solving the generalized algebraic Lyapunov ite-

rations are necessary.
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3.1 The Fixed Point Iterations

Let us consider the generalized algebraic Lyapunov iteration (12), in a general form

"T P + P T"+ Ŵ = 0, (15)

where P is the solution of the GALE (15) and" andŴ are known matrices defined

by

P = X(n+1)
Lya =

[
P11(ε) εP21(ε)

T

P21(ε) P22(ε)

]
, " = Ā(n) =

[
"11 "12

"21 "22

]
,

Ŵ = Q̄(n) =
[
Ŵ11 Ŵ12

ŴT12 Ŵ22

]
,

P11 = P T11 ∈ Rn1×n1 , Ŵ11 = ŴT11 ∈ Rn1×n1 ,

P22 = P T22 ∈ Rn2×n2 , Ŵ22 = ŴT22 ∈ Rn2×n2 ,

"11 ∈ Rn1×n1 , "22 ∈ Rn2×n2 .

Without loss of generality, we shall make the following basic assumptions.

Assumption 3.1. The matrix "22 is nonsingular and "0 ≡ "11 −"12"
−1
22 "21

and "22 are Hurwitz.

The GALE (15) can be partitioned into

"T11P11 + P11"11 +"T21P21 + P T21"21 + Ŵ11 = 0, (16)

P11"12 + P T21"22 +"T21P22 + ε"T11P
T
21 + Ŵ12 = 0, (17)

"T22P22 + P22"22 + ε("T12P
T
21 + P21"12)+ Ŵ22 = 0. (18)

The fixed point iterations for solving the above equations (16)–(18) are given by

"T22P
(i+1)
22 + P (i+1)

22 "22 + ε("T12P
(i)T
21 + P (i)21 "12)+ Ŵ22 = 0, (19)

"T0 P
(i+1)
11 + P (i+1)

11 "0 − ε"T21"
−T
22 P

(i)
21 "0 − ε"T0 P

(i)T
21 "−1

22 "21

+"T21"
−T
22 Ŵ22"

−1
22 "21 − Ŵ12"

−1
22 "21 −"T21"

−T
22 Ŵ

T
12 + Ŵ11 = 0, (20)

P
(i+1)
21 = −"−T22 ("

T
12P

(i+1)
11 + P (i+1)

22 "21 + εP (i)21 "11 + ŴT12), (21)

P
(0)
21 = 0, i = 0, 1, 2, · · · .

The following theorem indicates the convergence of the algorithms (19)–(21).
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Theorem 3.1. Under Assumption 3.1, there exists ε̄ > 0 such that for all ε ∈
(0, ε̄), the fixed point iterations (19)–(21) converge to the exact solutions Plm of

(16)–(18) with the rate of convergence of O(εi), that is

‖P (i)lm − Plm‖ = O(ε
i), i = 1, 2, · · · , lm = 11, 21, 22. (22)

Proof. First, we need to prove the convergence property. This is done by using

mathematical induction. When i = 0 for the equations (19)–(21), the solutions

P
(1)
lm are equivalent to the first-order approximations Plm corresponding to the

small parameters ε for equations (16)–(18). It follows from these equations that

‖P (1)lm − Plm‖ = O(ε), lm = 11, 21, 22. When i = N (N ≥ 1), we assume

that ‖P (N )lm − Plm‖ = O(εN ). Subtracting (16)–(18) from (19)–(21) and using

‖P (N )lm − Plm‖ = O(εN ), we arrive at the following equations.

"T22(P
(N+1)
22 − P22)+ (P (N+1)

22 − P22)"22 +O(εN+1) = 0,

"T0 (P
(N+1)
11 − P11)+ (P (N+1)

11 − P11)"0 +O(εN+1) = 0,

(P
(N+1)
11 − P11)"12 + (P (N+1)

21 − P21)
T"22

+"T21(P
(N+1)
22 − P22)+O(εN+1) = 0.

Thus, using the standard properties of the ALE [19], we have ‖P (N+1)
lm −Plm‖ =

O(εN+1). Consequently, equation (22) holds for all i ∈ N. This completes the

proof of the theorem concerned with the fixed point iterations.

Secondly, we show that there exists a parameter ε̄. Subtracting (16)–(18) from

(19)–(21) yields the GALE

"T22(P
(i+1)
22 − P22)+ (P (i+1)

22 − P22)"22 + ε"T12(P
(i)
21 − P21)

T

+ε(P (i)21 − P21)"12 = 0,

(23)

"T0 (P
(i+1)
11 − P11)+ (P (i+1)

11 − P11)"0 − ε"T21"
−T
22 (P

(i)
21 − P21)"0

−ε"T0 (P
(i)
21 − P21)

T"−1
22 "21 = 0,

(24)

P
(i+1)
21 − P21 = −"−T22 ["T12(P

(i+1)
11 − P11)+ (P (i+1)

22 − P22)"21

+ε(P (i)21 − P21)"11]. (25)
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Thus, we have

‖P (i+1)
22 − P22‖ =∣∣∣∣

∣∣∣∣ε
∫ ∞

0

exp["T22t]["
T
12(P

(i)
21 − P21)

T + (P (i)21 − P21)"12] exp["22t]dt

∣∣∣∣
∣∣∣∣

≤ 2ε‖P (i)21 − P21‖‖"12‖
∫ ∞

0

K22 exp[−2θ22t]dt

= εK22

θ22
‖"12‖‖P (i)21 − P21‖, (26)

‖P (i+1)
11 − P11‖ =

∣∣∣∣
∣∣∣∣−ε

∫ ∞

0

exp["T0 t]["
T
21"

−T
22 (P

(i)
21 − P21)"0

+"T0 (P
(i)
21 − P21)

T"−1
22 "21] exp["0t]dt

∣∣∣∣
∣∣∣∣

≤ 2ε‖P (i)21 − P21‖‖"21‖‖"−1
22 ‖‖"0‖

∫ ∞

0

K0 exp[−2θ0t]dt

= εK0

θ0
‖"21‖‖"−1

22 ‖‖"0‖‖P (i)21 − P21‖, (27)

where there exist K22 > 0, θ22 > 0 K0 > 0 and θ0 > 0 depending only on "22

and "0 such that

‖ exp["22t]‖ ≤ K22 exp[−θ22t]dt,

‖ exp["0t]‖ ≤ K0 exp[−θ0t]dt.

Using (26) and (27), we obtain from (25) that

‖P (i+1)
21 − P21‖ ≤ ε‖"−1

22 ‖
[
K0

θ0
‖"12‖‖"21‖‖"−1

22 ‖‖"0‖

+ K22

θ22
‖"12‖‖"21‖ + ‖"11‖

]
‖P (i)21 − P21‖. (28)

It can be easily verified that if the following inequality (29) holds for ε,

ε‖"−1
22 ‖

[
K0

θ0
‖"12‖‖"21‖‖"−1

22 ‖‖"0‖ +
K22

θ22
‖"12‖‖"21‖ + ‖"11‖

]
< 1

⇔ ε <

(
‖"−1

22 ‖
[
K0

θ0
‖"12‖‖"21‖‖"−1

22 ‖‖"0‖ +
K22

θ22
‖"12‖‖"21‖ + ‖"11‖

])−1

≡ ε̄, (29)

then the fixed point iterations (19)–(21) will have linear convergence. Hence, the

proof is completed. �
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3.2 Example

To show the value of Theorem 3.1, a scalar example is presented. Suppose n1 =
n2 = 1, "11 = a1, "12 = a2, "21 = a3, "22 = a4 < 0 and "0 = "11 −
"11"

−1
22 "21 = a1 − a2a

−1
4 a3 = a0 < 0. The bound of (29) is given by

ε̄ = |a4|
(

2
|a2||a3|
|a4|

+ |a1|
)−1

. (30)

For this particular example, there is an easy way to check the above results. Using

(23)–(25), we have

p
(i+1)
3 − p3 = −ε

a2

a4
(p
(i)
2 − p2),

p
(i+1)
1 − p1 = −ε

a2a
2
3 − a1a3a4

a0a
2
4

(p
(i)
2 − p2),

p
(i+1)
2 − p2 = −

a2

a4
(p
(i+1)
1 − p1)−

a3

a4
(p
(i+1)
3 − p3)− ε

a1

a4
(p
(i)
2 − p2),

where

P =
[
P11 εP

T
21

P21 P22

]
=
[
p1 εp2

p2 p3

]
,

P (i) =
[
P
(i)
11 εP

(i)T
21

P
(i)
21 P

(i)
22

]
=
[
p
(i)
1 εp

(i)
2

p
(i)
2 p

(i)
3

]
.

Hence, we arrive at the following equations.

p
(i+1)
2 − p2 = −ε

a1

a4
(p
(i)
2 − p2).

If a1 	= 0, the exact bound is given by

ε̃ = |a4|
|a1|

. (31)

Therefore, the inequality (29) automatically holds because ε̄ < ε̃.

Remark 3.2. If a1 = 0, we can easily get the solution of the algebraic Lyapunov

equations (ALEs) (16)–(18) without any iterative technique.

In the rest of this section, we give the algorithm for solving the GCARE (6)–(7)

with small positive parameter ε.

Step 1. Solve the GAREs (10)–(11) by using the algorithm proposed in [17].
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Step 2. Starting with the initial matrices of X
(0)
Lya and Y

(0)
Lya, compute the solutions

X
(n+1)
Lya and Y

(n+1)
Lya of the generalized algebraic Lyapunov iterations (12)–(13) by

using the fixed point iterations (19)–(21).

Step 3. If min{‖F1(X
(n)
Lya, Y

(n)
Lya)‖, ‖F2(X

(n)
Lya, Y

(n)
Lya)‖} < O(εM) for a given

integer M > 0, go to Step 4. Otherwise, increment n→ n+ 1 and go to Step 2.

Here F1(·) and F2(·) are defined by

F1(X, Y ) = (A− S1X − S2Y )
TX +XT (A− S1X − S2Y )

+Q1 +XT S1X + Y TG2Y,

F2(X, Y ) = (A− S1X − S2Y )
T Y + Y T (A− S1X − S2Y )

+Q2 + Y T S2Y +XTG1X.

Step 4. Calculate u∗1 = −R
−1
11 B

T
1 Xy, u∗2 = −R

−1
22 B

T
2 Yy.

4 Kleinman Algorithm

In the previous section we have derived the algorithm for solving the GALE (15).

However, the convergence speed of such algorithm is very slow. Moreover, so far

the convergence property for the generalized Lyapunov iterations has not been

investigated. In order to improve the convergence rate of the generalized Lyapunov

iterations, we propose the following new algorithm which is based on the Kleinman

algorithm [12].

First, we change the equations (6)–(7) to the following generalized form.

ÃTP + PT Ã+ Q̃− PT S̃P − J PT S̃J P − PTJ S̃PJ

+ J PT G̃PJ = 0, (32)

where

P =
[
X 0

0 Y

]
, Ã =

[
A 0

0 A

]
, Q̃ =

[
Q1 0

0 Q2

]
,

S̃ =
[
S1 0

0 S2

]
, G̃ =

[
G1 0

0 G2

]
, J =

[
0 IN

IN 0

]
.

Using the Kleinman algorithm [12], we give the following new iterative algorithm

which consists of the generalized linear matrix equation (GLME).
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�(n)TP(n+1) + P(n+1)T�(n) − (n)TP(n+1)J − J P(n+1)T (n)

+�(n) = 0, n = 0, 1, 2, · · · , (33)

⇔

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

�
(n)T
1 X(n+1) +X(n+1)T�

(n)
1 − (n)T2 Y (n+1) − Y (n+1)T 

(n)
2

+�(n)1 = 0,

�
(n)T
2 Y (n+1) + Y (n+1)T�

(n)
2 − (n)T1 X(n+1) −X(n+1)T 

(n)
1

+�(n)2 = 0,

where

�(n) := Ã− S̃P(n) − J S̃P(n)J =
[
�
(n)
1 0

0 �
(n)
2

]
,

 (n) := S̃J P(n) − G̃P(n)J =
[

0  
(n)
1

 
(n)
2 0

]
,

�(n) := Q̃+ P(n)T S̃P(n) + J P(n)T S̃J P(n) + P(n)TJ S̃P(n)J

− J P(n)T G̃P(n)J

=
[
�
(n)
1 0

0 �
(n)
2

]
,

P(n) =
[
X(n) 0

0 Y (n)

]
,

X(n) =
[
X
(n)
11 εX

(n)T
21

X
(n)
21 X

(n)
22

]
, Y (n) =

[
Y
(n)
11 εY

(n)T
21

Y
(n)
21 Y

(n)
22

]
,

and the initial condition P(0) has the following form

P(0) =
[
X(0) 0

0 Y (0)

]
=

⎡
⎢⎢⎢⎣

X̄11 εX̄
T
21 0 0

X̄21 X̄22 0 0

0 0 Ȳ11 εȲ
T
21

0 0 Ȳ21 Ȳ22

⎤
⎥⎥⎥⎦ , (34)

where

(A− S1X̄ − S2Ȳ )
T X̄ + X̄T (A− S1X̄ − S2Ȳ )

+Q1 + X̄T S1X̄ + Ȳ TG2Ȳ = 0, (35)

(A− S1X̄ − S2Ȳ )
T Ȳ + Ȳ T (A− S1X̄ − S2Ȳ )

+Q2 + Ȳ T S2Ȳ + X̄TG1X̄ = 0, (36)
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(A22 − S221X̄22 − S222Ȳ22)
T X̄22 + X̄22(A22 − S221X̄22 − S222Ȳ22)

+Q221 + X̄22S221X̄22 + Ȳ22G222Ȳ22 = 0, (37)

(A22 − S221X̄22 − S222Ȳ22)
T Ȳ22 + Ȳ22(A22 − S221X̄22 − S222Ȳ22)

+Q222 + Ȳ22S222Ȳ22 + X̄22G221X̄22 = 0, (38)

X̄ =
[
X̄11 0

X̄21 X̄22

]
, Ȳ =

[
Ȳ11 0

Ȳ21 Ȳ22

]
.

Note that the considered algorithm (34) is original. The new algorithm (34) can

be constructed setting P(n+1) = P(n) +�P(n) and neglecting O(�P(n)T�P(n))

term. The Kleinman algorithm is well-known and is widely used to find a solution

of the algebraic equations, and its local convergence properties are well understood.

Before investigating the convergence property of the proposed algorithm, we study

the asymptotic structure of the GCARE (32). The following theorem will establish

the relation between the solutions X and Y and the solutions X̄lm and Ȳlm for the

reduced-order equations (35)–(38).

Theorem 4.1. Assume that

det∇F(P̄0) 	= 0,

where

∇F(P̄0) := ∂F(P)

∂PT

∣∣∣∣
P = P̄
ε = 0

,

F(P) :=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

vecE11

vecE21

vecE22

vecF11

vecF21

vecF22

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, P :=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

vecX11

vecX21

vecX22

vecY11

vecY21

vecY22

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, P̄ :=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

vecX̄11

vecX̄21

vecX̄22

vecȲ11

vecȲ21

vecȲ22

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

F(P) := ÃTP + PT Ã+ Q̃− PT S̃P − J PT S̃J P

− PTJ S̃PJ + J PT G̃PJ

=

⎡
⎢⎢⎢⎣

E11 E
T
21 0 0

E21 E22 0 0

0 0 F11 F
T
21

0 0 F21 F22

⎤
⎥⎥⎥⎦ .
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Under Assumptions 3.1 and 3.2, the GCARE (32) admits the stabilizing solutions

X and Y such that these matrices possess a power series expansion at ε = 0. That

is,

X =
[
X̄11 εX̄

T
21

X̄21 X̄22

]
+

∞∑

k=1

εk

k!

[
X
(k)
11 εX

(k)T
21

X
(k)
21 X

(k)
22

]
, (39)

Y =
[
Ȳ11 εȲ

T
21

Ȳ21 Ȳ22

]
+

∞∑

k=1

εk

k!

[
Y
(k)
11 εY

(k)T
21

Y
(k)
21 Y

(k)
22

]
, (40)

where

X
(k)
lm := dk

dεk
Xlm

∣∣∣∣
ε=0

, Y
(k)
lm := dk

dεk
Ylm

∣∣∣∣
ε=0

, lm = 11, 21, 22.

Proof. We apply the implicit function theorem [8] to the GCARE (32). To do so,

it is enough to show that the corresponding Jacobian is nonsingular at ε = 0. It

can be shown, after some algebra, that the Jacobian of (32) in the limit as ε→+0

is given by

JP̄ = lim
ε→+0

∂F(P)

∂PT
= ∇F(P̄0).

Therefore, detJP̄ 	= 0, i.e., JP̄ is nonsingular at ε = 0. The conclusion of Theo-

rem 4.1 is obtained directly by using the implicit function theorem. �

We are concerned with good choices of the starting points which guarantee to

find the required solution of a given GCARE (32). Our new idea is to set the ini-

tial conditions to the matrix (34). The fundamental idea is based on ‖P − P(0)‖
= O(ε). Consequently, we get the required solution with the rate of quadratic con-

vergence via the Kleinman algorithm. Moreover, using the Newton–Kantorovich

theorem [20], we also prove the existence of the unique solution for the GCARE

(32). The main result of this section is as follows.

Theorem 4.2. Under Assumptions 3.1 and 3.2, the new iterative algorithm (34)

converges to the exact solution P∗ of the GCARE (32) with the rate of quadratic

convergence. The unique bounded solution P(n) of the GCARE (32) is in the neigh-

borhood of the exact solution P∗. That is, the following conditions are satisfied.

‖P(n) − P∗‖ ≤ O(ε2n), n = 0, 1, 2, · · · , (41)

‖P(n) − P∗‖ ≤ 1

βL
[1− (1− 2θ)1/2], n = 0, 1, 2, · · · , (42)

where

P = P∗ =
[
X∗ 0

0 Y ∗

]
, L := 6‖S̃‖ + 2‖G̃‖, β := ‖[∇F(P̄)]−1‖,

η := ‖[∇F(P̄)]−1‖ · ‖F(P̄)‖, θ := βηL, ∇F(P̄) := ∂F(P)

∂PT

∣∣∣∣
P = P̄

.
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Proof. The proof is given directly by applying the Newton–Kantorovich theorem

[20] for the GCARE (32). Furthermore, using the property of the symmetrical

matrix function F(P), it should be noted that the proof is done by translating the

matrix into the vector.

Taking the partial derivative of the function F(P) = ÃTP + PT Ã + Q̃ −
PT S̃P − J PT S̃J P − PTJ S̃PJ + J PT G̃PJ with respect to P yields

∇F(P) = ∂vecF(P)

∂(vecP)T

= (Ã− S̃P − J S̃PJ )T ⊗ I2N + [I2N ⊗(Ã− S̃P − J S̃PJ )T ]U2N2N

− (S̃J P − G̃PJ )T ⊗ J − [J ⊗ (S̃J P − G̃PJ )]TU2N2N . (43)

It is obvious that∇F(P) is continuous at for all P . Thus, it is immediately obtained

from the above equation (43) that

‖∇F(P1)− ∇F(P2)‖ ≤ L‖P1 − P2‖
⇒‖∇F(P1)− ∇F(P2)‖ ≤ L‖P1 − P2‖. (44)

Moreover, using the fact that

∇F(P̄) = ∇F(P̄0)+O(ε), (45)

it follows that ∇F(P̄) is nonsingular under the condition of Theorem 4.1 for suf-

ficiently small ε. Therefore, there exists β such that β = ‖[∇F(P̄)]−1‖. On the

other hand, since F(P̄) = O(ε) from, there exists η such that η = ‖[∇F(P̄)]−1‖ ·
‖F(P̄)‖ = O(ε). Thus, there exists θ such that θ = βηL < 2−1 because of

η = O(ε). Now, let us define

t∗ ≡ 1

βL
[1− (1− 2θ)1/2]

= 1

(6‖S̃‖ + 2‖G̃‖) · ‖[∇F(P̄)]−1‖
[1− (1− 2θ)1/2]. (46)

Using the Newton–Kantorovich theorem, we can show that P∗ is the unique solu-

tion in the subset S ≡ { P : ‖P(0) − P‖ ≤ t∗ }. Moreover, using the Newton–

Kantorovich theorem, the error estimate is given by

‖P(n) − P∗‖ ≤ (2θ)
2n

2nβL
, n = 1, 2, · · · . (47)

Substituting 2θ = O(ε) into (47), we have (41). Furthermore, substituting P∗ into

P of the subset S, we can also get (42). Therefore, (41)–(42) holds for the small ε.
�
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Remark 4.1. According to the reference [2], it is well-known that the solution

of the GCARE (6)–(7) is not unique and several non-negative solutions exist. The

Lyapunov iterations (12)–(13) guarantee that such algorithm converge to a positive

semi-definite solution. In this paper, it is very important to note that if the initial

conditions �εX
(0) and �εY

(0) are the positive semi-definite solutions, the new

algorithm (34) converges to the positive semi-definite solution in the same way as

the Lyapunov iterations (12)–(13).

Remark 4.2. In order to obtain the initial condition (34), we have to solve the

CARE and GCARE, (35)–(36) which are independent of the perturbation param-

eter ε. In this situation, we can also apply the Kleinman algorithm (34) to these

equations, where one of the initial conditions GAREs (10)–(11) are used. In a later

section, it is seen that the same algorithm can be used well to solve the GCARE

(35) and (36). Moreover, it is also seen that the Kleinman algorithm (33) with the

initial conditions which consist of the solutions of the AREs (10)–(11) converge to

the required solution. In such cases, note that there is no guarantee of convergence

for obtaining the initial condition (34).

In the rest of this section, we explain the method for solving the GLME (34) with

dimension 2N . So far, there is no argument as to the numerical method for solving

the considered GLME (34). First, we convert (34) into the following form (48).

[
A1 −B2

−B1 A2

]

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vecX
(n+1)
11

vecX
(n+1)
21

vecX
(n+1)
22

vecY
(n+1)
11

vecY
(n+1)
21

vecY
(n+1)
22

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= −

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vec�
(n)
111

vec�
(n)
211

vec�
(n)
221

vec�
(n)
112

vec�
(n)
212

vec�
(n)
222

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⇔ T X = Q, (48)

where

Ai =

⎡
⎢⎢⎣

In1 ⊗�
(n)T
11i +�

(n)T
11i ⊗ In1 In1 ⊗�

(n)T
21i + (�

(n)T
21i ⊗ In1)Un2n1

In1 ⊗�
(n)T
12i In1 ⊗�

(n)T
22i + ε(�

(n)T
11i ⊗ In2)

0 ε[(In2 ⊗�
(n)T
12i )Un2n1 +�

(n)T
12i ⊗ In2 ]

0

�
(n)T
21i ⊗ In2

In2 ⊗�
(n)T
22i +�

(n)T
22i ⊗ In2

⎤
⎥⎥⎦ ,
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Bi =

⎡
⎢⎢⎣

In1 ⊗ 
(n)T
11i + 

(n)T
11i ⊗ In1 In1 ⊗ 

(n)T
21i + ( 

(n)T
21i ⊗ In1)Un2n1

In1 ⊗ 
(n)T
12i In1 ⊗ 

(n)T
22i + ε( 

(n)T
11i ⊗ In2)

0 ε[(In2 ⊗ 
(n)T
12i )Un2n1 + 

(n)T
12i ⊗ In2 ]

0

 
(n)T
21i ⊗ In2

In2 ⊗ 
(n)T
22i + 

(n)T
22i ⊗ In2

⎤
⎥⎥⎦ ,

�
(n)
i :=

⎡
⎣�

(n)
11i �

(n)
12i

�
(n)
21i �

(n)
22i

⎤
⎦ ,  (n)i :=

⎡
⎣ 

(n)
11i  

(n)
12i

 
(n)
21i  

(n)
22i

⎤
⎦ ,

�
(n)
i :=

[
�
(n)
11i �

(n)
12i

�
(n)T
12i �

(n)
22i

]
, i = 1, 2.

It should be noted that although the matrices Ai and Bi contain the small param-

eter, these matrices are well-conditioned [17,18]. Since the Newton–Kantorovich

theorem guarantees the invertibility of the matrix T , there exists the matrix T −1

for all n, n = 0, 1, 2, · · · . Hence we have X = T −1Q. Note that there exists an

algorithm for constructing the matrix Ai and Bi . See for example [18].

5 Numerical Example

In order to demonstrate the efficiency of our proposed algorithm, we have run two

simple numerical examples.

5.1 Example 1

Let us consider the following SPS,

[
ẋ

εż

]
=
[

1 2

−1 0

] [
x

z

]
+
[

0

1

]
u1 +

[
0

2

]
u2, (49)

with the performance index,

J1 =
1

2

∫ ∞

0

(x2 + 2z2 + u2
1 + u2

2)dt,

J2 =
1

2

∫ ∞

0

(x2 + 10−1z2 + 2u2
1 + 4u2

2)dt.



Numerical Algorithm for Cross-Coupled Algebraic Riccati Equations 563

The numerical results are obtained for the small parameter ε = 10−2. Since

detA22 = 0, the system is nonstandard SPS. We give the solutions of the initial

condition (34) and the GCARE (32) respectively.

X(0) =
[

1.49367125 9.22242851× 10−3

9.22242851× 10−1 9.15631575× 10−1

]
,

Y (0) =
[

4.63670807× 10−1 7.83939505× 10−3

7.83939505× 10−1 7.01508971× 10−1

]
,

X = X(3) =
[

1.50568306 9.24880201× 10−3

9.24880201× 10−1 9.20906277× 10−1

]
,

Y = Y (3) =
[

4.79012955× 10−1 7.90630151× 10−3

7.90630151× 10−1 7.14890262× 10−1

]
.

Table 1 shows the results of the error ‖F(P(n))‖ per iteration. We find that the

solutions of the GCARE (32) converge to the exact solution with accuracy of

‖F(P(n))‖ < 10−12 after 3 iterative iterations. Moreover, it is interesting to

observe that the result of Table 1 shows that the algorithms (34) are quadratic con-

vergence. Table 2 shows the results of comparing the number of iterations required

in order to converge to the solution with the same accuracy of ‖F(P(n))‖ < 10−12

for the Lyapunov iterations [4] and the new algorithm. It can be seen that the con-

vergence rate of the resulting algorithm is stable for all ε because the initial con-

ditions P(0) are quite good. On the other hand, the Lyapunov iterations converge

to the exact solutions very slowly.

Table 1: ‖F(P (n))‖

n ε = 10−1 ε = 10−2 ε = 10−3

0 3.91× 10−1 3.91× 10−2 3.91× 10−3

1 3.70× 10−2 3.35× 10−4 3.31× 10−6

2 8.88× 10−5 8.66× 10−9 8.64× 10−13

3 5.31× 10−10 1.85× 10−15 –
4 1.58× 10−15 – –

n ε = 10−4 ε = 10−5 ε = 10−6

0 3.91× 10−4 3.91× 10−5 3.91× 10−6

1 3.31× 10−8 3.31× 10−10 3.31× 10−12

2 2.04× 10−15 6.76× 10−16 2.02× 10−15

3 – – –
4 – – –
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Table 2:

Number of iterations such that ‖F(P (n))‖ < 10−12.

ε Lyapunov iterations Kleinman algorithm

10−1 46 4
10−2 50 3
10−3 50 2
10−4 50 2
10−5 50 2
10−6 50 2

5.2 Example 2

Matrices A, B1 and B2 are chosen randomly. These matrices are given by

A11 =
[

0 0.4

0 0

]
, A12 =

[
0 0

0.345 0

]
,

A21 =
[

0 −0.524

0 0

]
, A22 =

[
0 0.262

0 −1

]
,

B11 =
[

0

0

]
, B21 =

[
0

1

]
, B12 =

[
0

0

]
, B22 =

[
0.2

1

]
,

and a quadratic cost function

J1 =
1

2

∫ ∞

0

[yTQ1y + u2
1 + 2u2

2]dt,

J2 =
1

2

∫ ∞

0

[yTQ2y + 2u2
1 + u2

2]dt,

where

Q1 =

⎡
⎢⎢⎢⎣

1 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0

⎤
⎥⎥⎥⎦ ,

Q2 =

⎡
⎢⎢⎢⎣

0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 1

⎤
⎥⎥⎥⎦ .

Since detA22 = 0, the obtained system is a nonstandard SPS. Thus, it is obvious

that the existing method [6] to find the suboptimal solution is not valid for this
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example. On the other hand, it is solvable by using the method of this paper.

Moreover, we can get the full-order Nash equilibrium solution which is closer to

the exact performance compared to existing methods [7].

First, we give the solutions of the GCARE (6)–(7) by means of the Lyapunov

iterations. We show the results obtained for the small parameter ε = 10−4. We

give the solutions of the GAREs (10)–(11) and the exact solutions of the GCARE

(6)–(7).

X
(0)
Lya =

⎡
⎢⎢⎢⎢⎣

6.28449354 2.89877181

2.89877181 7.28636981

4.71190892 2.21089145

1.00000000 4.47571425× 10−2

4.71190892× 10−4 1.00000000× 10−4

2.21089145× 10−4 4.47571425× 10−6

4.71226241 1.00007627

1.00007627 2.34520136× 10−1

⎤
⎥⎥⎥⎥⎦
,

Y
(0)
Lya =

⎡
⎢⎢⎢⎢⎣

5.15115294 1.30681105

1.30681105 7.76794009

3.84208001 9.84286496× 10−1

3.61568037× 10−1 −4.78420574× 10−2

3.84208001× 10−4 3.61568037× 10−5

9.84286496× 10−5 −4.78420574× 10−6

4.92716725 4.58164313× 10−1

4.58164313× 10−1 4.34631680× 10−1

⎤
⎥⎥⎥⎥⎦
,

X = X
(45)
Lya = X(2) =

⎡
⎢⎢⎢⎢⎣

5.3735083498 3.6423573798

3.6423573798 7.0025729735

3.3845648024 2.7060454965

5.2601715885× 10−1 4.8753202671× 10−2

3.3845648024× 10−4 5.2601715885× 10−5

2.7060454965× 10−4 4.8753202671× 10−6

3.2957866169 7.5313947531× 10−1

7.5313947531× 10−1 2.3376743602× 10−1

⎤
⎥⎥⎥⎥⎦
,
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Y = Y
(45)
Lya = Y (2) =

⎡
⎢⎢⎢⎢⎣

2.5279245581 8.5751736777× 10−1

8.5751736777× 10−1 6.3314203609

1.9861004245 6.5949921391× 10−1

1.9388912118× 10−1 −5.8790738357× 10−2

1.9861004245× 10−4 1.9388912118× 10−5

6.5949921391× 10−5 −5.8790738357× 10−6

4.1834728413 4.0064281626× 10−1

4.0064281626× 10−1 4.2941503846× 10−1

⎤
⎥⎥⎥⎥⎦
.

It can be seen that the solutions of the generalized Lyapunov iterations (12)–(13)

converge to the solutions with accuracy of O(10−12) after 45 iterative iterations.

In order to verify the exactitude of the solutions, we calculate the remainder by

substituting X
(45)
Lya and Y

(45)
Lya into the GCARE (6)–(7).

‖F1(X
(45)
Lya , Y

(45)
Lya )‖ = 1.28× 10−13, ‖F2(X

(45)
Lya , Y

(45)
Lya )‖ = 4.59× 10−13.

Therefore, the numerical example illustrates the effectiveness of our proposed

algorithm since the solutions X
(n)
ε = �εX

(n) and Y
(n)
ε = �εY

(n) converge

to the exact solutions Xε = �εX and Yε = �εY which are defined by (4)–

(5). Indeed, we can obtain the solutions of the CARE (4)–(5) even if A22

is singular.

Second, we give the solutions of the GCARE (6)–(7) by means of the Kleinman

algorithm. The initial condition (34) is given by X(0) and Y (0).

X(0) =

⎡
⎢⎢⎢⎢⎣

5.37337442 3.64213108

3.64213108 7.00226035

3.38452999 2.70588292

5.26020763× 10−1 4.87371670× 10−2

3.38452999× 10−4 5.26020763× 10−5

2.70588292× 10−4 4.87371670× 10−6

3.29550620 7.53105428× 10−1

7.53105428× 10−1 2.33762950× 10−1

⎤
⎥⎥⎥⎥⎦
,
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Y (0) =

⎡
⎢⎢⎢⎢⎣

2.52797465 8.57518605× 10−1

8.57518605× 10−1 6.33147688

1.98611690 6.59495837× 10−1

1.93890146× 10−1 −5.87923154× 10−2

1.98611690× 10−4 1.93890146× 10−5

6.59495837× 10−5 −5.87923154× 10−6

4.18332895 4.00630362× 10−1

4.00630362× 10−1 4.29413797× 10−1

⎤
⎥⎥⎥⎥⎦
,

It should be noted that the proposed algorithm converges to the same solutions

X
(45)
Lya and Y

(45)
Lya with accuracy of ‖F(P(n))‖ < 10−12 after 2 iterative iterations.

Table 3 shows the results of the number of iterations in order to converge to the

solution with the same accuracy of ‖F(P(n))‖ < 10−12 for the Lyapunov iterations

[4] versus the Kleinman algorithm. It can be also seen that the convergence speed

of the resulting algorithm is very fast for all ε.

Table 3:

Number of iterations such that ‖F(P (n))‖ < 10−12.

ε Lyapunov iterations Kleinman algorithm

10−1 45 3
10−2 45 3
10−3 45 2
10−4 45 2
10−5 45 2
10−6 45 1

Finally, Table 4 shows the results of the error ‖F(P(n))‖ per iterations via the

Kleinman algorithm with the initial conditions X
(0)
Lya and Y

(0)
Lya. We see that the

solutions of the GCARE (32) converge to the exact solution after a few iterations.

Consequently, since we do not need the initial conditions X(0) and Y (0) that are

represented as the solutions of the reduced-order equations (34), we can reduce

the computing time for obtaining the solutions of the GCARE (32).

6 Conclusions

The linear quadratic Nash games for infinite horizon SPS have been studied. We

have proposed a new algorithm to solve the GALE. It is very important to note

that the resulting algorithm is quite different from the existing method [8]. Conse-

quently, since the convergence solutions do not depend on the 0-order solutions,
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Table 4: ‖F(P (n))‖

n ε = 10−1 ε = 10−2 ε = 10−3

0 4.00 3.62 3.59
1 5.27× 10−1 4.79× 10−1 4.75× 10−1

2 1.91× 10−1 1.70× 10−2 1.68× 10−2

3 6.26× 10−5 5.77× 10−5 5.72× 10−5

4 1.27× 10−9 1.07× 10−9 1.05× 10−9

5 6.31× 10−15 1.21× 10−14 1.23× 10−14

n ε = 10−4 ε = 10−5 ε = 10−6

0 3.58 3.58 3.58
1 7.47× 10−1 4.74× 10−1 4.74× 10−1

2 1.67× 10−2 1.67× 10−2 1.67× 10−2

3 5.71× 10−5 5.71× 10−5 5.71× 10−5

4 1.05× 10−9 1.05× 10−9 1.05× 10−9

5 1.41× 10−14 1.22× 10−14 1.55× 10−14

we can get the exact solutions up to an arbitrary accuracy. Although the Lyapunov

iterations take computation time, the resulting algorithm is quite reliable for large

dimensions because the linear equations corresponding to the considered algo-

rithms consist of the same dimension of slow and fast sub-systems. On the other

hand, we have also proposed a new iterations method which is based on the Klein-

man algorithm. The proposed algorithm has the property of quadratic convergence.

It has been shown that the Kleinman algorithm can be used well to solve the

GCARE under the appropriate initial conditions. When the dimension of the SPS is

quite large, the algorithm appearing in Theorem 3.1 seems to be formidable. How-

ever, this is, in fact, quite numerically tractable for small dimensions of the SPS.

Compared to Lyapunov iterations [4], even if the singular perturbation parameter

is extremely small, we have succeeded in improving the convergence rate dramat-

ically.

It is expected that the Kleinman algorithm for solving the GCARE is applicable

to the wider class of control law synthesis involving the solution of the CARE

with indefinite sign quadratic terms such as the mixed H2/H∞ control problem

[3]. This problem will be addressed in future investigations.
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Abstract
This paper models adaptive learning behavior in a simple coordination game

that Van Huyck, Cook and Battalio (1994) have investigated in a controlled

laboratory setting with human subjects. We consider how populations of arti-

ficially intelligent players behave when playing the same game. We use the

genetic programming paradigm, as developed by Koza (1992, 1994), to model

how a population of players might learn over time. In genetic programming

one seeks to breed and evolve highly fit computer programs that are capable

of solving a given problem. In our application, each computer program in the

population can be viewed as an individual agent’s forecast rule. The various

forecast rules (programs) then repeatedly take part in the coordination game

evolving and adapting over time according to principles of natural selection

∗This project was initiated while Duffy was visiting National Chengchi University. A pre-

liminary version of this paper, Chen, Duffy and Yeh (1996), was presented at the 1996

Evolutionary Programming Conference.
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and population genetics. We argue that the genetic programming paradigm that

we use has certain advantages over other models of adaptive learning behav-

ior in the context of the coordination game that we consider. We find that the

pattern of behavior generated by our population of artificially intelligent play-

ers is remarkably similar to that followed by the human subjects who played

the same game. In particular, we find that a steady state that is theoretically

unstable under a myopic, best-response learning dynamic turns out to be sta-

ble under our genetic-programming-based learning system, in accordance with

Van Huyck et al.’s (1994) finding using human subjects. We conclude that

genetic programming techniques may serve as a plausible mechanism for mod-

eling human behavior, and may also serve as a useful selection criterion in

environments with multiple equilibria.

AMS Subject Classifications. C63, D83.

1 Introduction

The empirical usefulness of static equilibrium analysis is compromised when eco-

nomic models have multiple equilibria. Consequently, extensive efforts have been

made to identify ways of reducing the set of equilibria that are focal in models with

multiple equilibria. There seems to be some consensus emerging that a sensible

selection criterion for choosing among multiple equilibria is to determine which

of the candidate equilibria are stable with respect to some kind of disequilibrium,

“learning” dynamic.1 A number of such learning dynamics have been proposed

and used to reduce or eliminate multiple equilibria as empirically relevant can-

didates. However, the notion that these learning dynamics accurately reflect the

behavior of individual economic agents or groups of agents has only very recently

begun to be examined through a number of controlled laboratory experiments with

human subjects.2

This paper focuses on results obtained from one such experiment conducted

by Van Huyck, Cook and Battalio (1994) that tested the predictions of a class

of selection dynamics in a generic coordination game against the behavior of

human subjects who played the same coordination game. Van Huyck et al. pos-

tulated that one of two candidate learning processes could describe the behavior

of human subjects playing the coordination game. The first learning process is a

Cournot-type, myopic best-response dynamic, and the second is an inertial learn-

ing algorithm that allows for slowing changing beliefs.3 Both learning models

are special versions of a large class of relaxation algorithms that have frequently

1For references, see, e.g. the surveys by Kreps (1990), Sargent (1993), and Marimon (1997).
2For a survey of some of these experiments, see, e.g., Kagel and Roth (1995).
3Van Huyck et al. (1994) refer to this inertial learning dynamic as the “L–map” which is a

reference to Lucas’ (1986) use of this type of learning dynamic.
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appeared in the learning literature.4 Under certain parameterizations, these two

learning processes yield different predictions for the stability of one of the game’s

two Nash equilibria. Van Huyck et al.’s (1994) experimental results suggest that

in those parameterizations where the two learning algorithms yield different pre-

dictions, the inertial learning algorithm provides a better characterization of the

behavior of human subjects in the coordination game than the myopic best response

dynamic.

In this paper, we adopt a computational approach, using Koza’s (1992, 1994)

genetic programming techniques to model the behavior of artificial economic

agents playing the same simple coordination game that was studied by Van Huyck

et al. (1994). The computational approach that we take to model agent behavior

allows for a considerably more flexible experimental design than is possible with

experiments involving human subjects. Moreover, unlike most rule-based mod-

els of adaptive learning behavior, the artificial players in our genetic program-

ming implementation of the coordination game are explicitly endowed with the

ability to “think” nonlinearly, and are given all the “building blocks” necessary

to construct a vast array of both linear and nonlinear forecasting rules includ-

ing the myopic best response and the inertial learning algorithms considered by

Van Huyck et al. (1994). Thus we know, at the outset, that our artificial players

are capable of both choosing and coordinating upon linear or nonlinear forecast-

ing rules that may result in stationary, periodic or aperiodic trajectories. We find

that our more general computational approach to modeling learning behavior in

the coordination game results in behavior that is qualitatively similar to that of

the subjects in Van Huyck et al.’s (1994) coordination game experiment. Indeed,

we think of our genetic programming implementation of learning in the coordi-

nation game as a kind of robustness check on the experimental results reported

for the same game. Finally, we argue that the genetic programming techniques

we illustrate in this application have certain advantages over other artificial intel-

ligence techniques that have been applied to economic models, namely, genetic

algorithms.

The coordination game found in Van Huyck et al. (1994) differs from previous

coordination games that have been studied experimentally (e.g. Cooper, DeJong,

Forsythe and Ross (1990) and Van Huyck, Battalio and Beil (1990, 1991)) in that

1) the set of agent actions is considerably larger (indeed, there can be a contin-

uum of possible actions), and 2) the stability of one of the game’s two equilibria

cannot be ascertained a priori. The first difference makes it difficult to formulate

and enumerate strategies that are based upon all possible actions as is often done

in adaptive learning models. The second difference arises because Van Huyck et

al. (1994) entertain the notion that agents might adopt nonlinear rules to choose

actions. Because of these differences, learning models that have been used to

4The class of relaxation algorithms includes, for example, the past averaging algorithm

of Bray (1982) and Lucas (1986), and the least squares learning algorithm of Marcet and

Sargent (1989).
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explain behavior in the early coordination game experiments, for example, the lin-

ear learning models of Crawford (1991, 1995) and the genetic algorithm approach

of Arifovic (1997) are not as well suited to the coordination game environment stud-

ied by Van Huyck et al. (1994). By contrast, we argue that the genetic-programming

approach that we take to modeling learning behavior is particularly well suited to

the coordination game environment of Van Huyck et al. (1994). We now turn to a

description of this coordination game.

2 The Coordination Game

Consider the generic coordination game Ŵ(ω), studied by Van Huyck et al. (1994).

There are n players, each of whom chooses some action ei ∈ [0, 1], i = 1, 2, . . . n.

The individual player i’s payoff function in every round of play, t , is described by:

πi,t (e
i, e−i) = c1 − c2|ei − ωMt (e)[1−Mt (e)]|, (1)

where c1 and c2 are constants,Mt (e) denotes the median of all n players’ actions

in round t , ω ∈ (1, 4] is a given parameter and e−i denotes the vector of actions

taken by the other n− 1 players in the same round. Both the payoff function and

the set of feasible actions are assumed to be common knowledge.

It is clear from the structure of the payoff function that the individual player in

this game should seek to minimize the expression that lies between the absolute

value signs. That is, for a given value of the median, M , the individual player’s

best response function b(M), is:

b(M) = ωM(1−M).

This best response function gives rise to two Nash equilibria: a corner equilibrium,

where ei = 0 for all i, and an interior equilibrium where ei = 1 − (1/ω) for

all i. The best response function b(M) is easily recognized to be a member of

the family of quadratic maps, where the degree of curvature is determined by the

tuning parameter ω.

3 Selection Dynamics

Van Huyck et al. (1994) suggested that a certain class of “relaxation algo-

rithms” that are frequently encountered in the learning literature could be used to

characterize the evolution of play of this coordination game over time. This class

of relaxation algorithms is described by the simple dynamical system:

Mt = b(M̂t ),

M̂t = M̂t−1 + αt (Mt−1 − M̂t−1),
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where M̂t is the representative agent’s expected value for the median at time t > 1,

and αt ∈ [0, 1] is a given forgetting factor. Van Huyck et al. (1994) consider

two specific versions of this relaxation algorithm: 1) a “myopic” best response

algorithm where αt = 1 for all t > 1, and 2) an “inertial” algorithm, where

αt = 1/t for all t > 1.

The myopic best response version of the dynamical system gives rise to a simple

first-order difference equation that characterizes the evolution of the median over

time:

Mt = ωMt−1(1−Mt−1)

It is easily shown that for 1 < ω < 3, the interior equilibrium, 1−(1/ω) is attracting

(locally stable) while the corner equilibrium, 0, is repelling (locally unstable) under

the myopic best response dynamics. However for ω > 3, the dynamics of the

myopic best response algorithm become increasingly more complicated, resulting

in a dense set of periodic trajectories for the median that follows the Sarkovskii

order. When ω = 3.839, the myopic best response algorithm gives rise to a stable

cycle of period 3, which according to the famous theorem of Li and Yorke implies

that there are cycles of all periods and an uncountable set of non-periodic (chaotic)

trajectories.5 Thus, for ω > 3, the interior equilibrium is no longer stable under

the myopic best response dynamics.

The inertial version of the relaxation algorithm gives rise to the dynamical

system:

Mt = b(M̂t )

M̂t =
t − 1

t
M̂t−1 +

1

t
Mt−1

Note that the inertial learning algorithm differs from the myopic best response

algorithm in that the inertial algorithm gives most weight to the previous expected

value of the median whereas the myopic best response algorithm gives all weight

to the previous realized value of the median. It is easily shown that for all feasible

values for ω (ω ∈ (1, 4]), the interior equilibrium 1 − (1/ω) is a global attractor

under the dynamics of the inertial learning algorithm.

Thus if 1 < ω ≤ 3, both the myopic best response and the inertial learning

algorithms predict that the interior equilibrium 1− (1/ω) will be the equilibrium

that agents eventually coordinate upon. However, for 3 < ω ≤ 4, the myopic best

response algorithm predicts that the interior equilibrium will be unstable, whereas

the inertial learning algorithm predicts that the interior equilibrium will continue

to be stable.

5For a detailed analysis of the first-order difference equation,Mt = ωMt−1(1−Mt−1), that

characterizes the myopic best response dynamic see, e.g. Devaney (1989).
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4 Experimental Results and Experimental Design

Van Huyck et al. (1994) considered two experimental versions of the coordination

game, Ŵ(ω), described above. In one version of the game, Ŵ(2.4722), the interior

equilibrium is predicted to be stable under both the myopic best response and

inertial learning dynamics based on the choice of ω < 3. In a second version of

game, Ŵ(3.86957), the interior equilibrium is predicted to be unstable under the

myopic best response dynamics; starting from any initial condition, the myopic best

response algorithm results in a chaotic trajectory for the median. By contrast, under

the inertial learning dynamics, the interior equilibrium in the game, Ŵ(3.86957),

is predicted to remain stable since ω ≤ 4. Thus, the second game, Ŵ(3.86957), is

the more interesting one, as the stability predictions of the myopic best response

and inertial learning dynamics differ for this particular game.

Van Huyck et al. (1994) report results from 2 experimental sessions ofŴ(2.4722)

and 6 experimental sessions of Ŵ(3.86957) using 5 subjects in each session. In

all eight sessions they found that almost all subjects quickly coordinated on the

interior equilibrium; that is, the interior equilibrium is judged to be stable in all

treatments. The authors thus conclude that the inertial learning algorithm is a better

selection device in the coordination game than the myopic best response algorithm,

since the prediction of the inertial learning algorithm regarding the stability of the

interior equilibrium is always consistent with the experimental findings.

Van Huyck et al.’s conclusion that the inertial learning algorithm serves as a

reasonable learning model/selection criterion is subject to some criticism. First,

while it is true that the inertial learning algorithm converges to the interior equi-

librium in the game, Ŵ(3.86957) (whereas myopic best response does not), the

convergence trajectory taken by this algorithm is much too smooth when com-

pared with the evolution of the median in the human subject experiments (see the

experimental data reported in Appendix B of Van Huyck et al. (1994)). A second,

related criticism is that it is apparent from the experimental data that the play-

ers in the coordination game do not all use the same learning scheme. If they all

did use the same scheme, then for the same sequence of values for the median,

we should expect to observe the same actions being taken. However, we observe

players taking many different actions, especially in the early stages of the experi-

ment, which suggests that they do not hold identical expectations. For this reason,

it seems necessary to look beyond the predictions of representative agent learn-

ing models and to consider instead the performance of heterogeneous, multi-agent

learning models. Our genetic-programming-based learning model is an example

of this kind of multi-agent approach.

We note also that in implementing the coordination game experimentally, Van

Huyck et al. (1994) made the simplifying assumption that the action set, ei consists

of only a finite set of discrete choices; players were asked to choose an action ei

from the set of integers {1, 2, . . . , 90}. Each subject’s action was then mapped

into the unit interval using the function f (ei) = (90 − ei)/89. The discreteness

of the action set, however, leads to some rather dramatic changes in the analysis
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of the myopic best response dynamics for the interesting case where ω > 3. First,

the discreteness of the action set rules out the possibility of chaotic trajectories

which require the continuum of the unit interval. Indeed, the restriction that the

median take on one of 90 values implies that the median must repeat itself at least

once every 91 periods. Second, the discreteness of the action set also leads to the

possibility that the interior equilibrium of the game, Ŵ(3.86957), is locally stable

under the myopic best response dynamics. In particular, the stability of the interior

equilibrium of the discrete choice coordination game, Ŵ(3.86957), now depends

crucially on the initial condition, i.e. the first median value M1. For almost all

feasible values for M1 ∈ {1, 2, . . . , 90}, the myopic best response dynamics for

the game, Ŵ(3.86957), converge to a stable seven cycle, implying that the interior

equilibrium is unstable. However, for some initial values the interior and the corner

equilibria can also be locally stable under the discrete choice, myopic best response

dynamics.6

In the genetic programming implementation of the coordination game that we

explore in this paper, we do not have to discretize the action set. The computer

programs that we evolve are all capable of choosing actions on the continuum of

the unit interval. Therefore, unlike the experimental implementation of the coor-

dination game we do not rule out the possibility of chaotic trajectories. Moreover,

by allowing a continuum for the set of feasible actions, the coordination problem

faced by our artificial agents is much more complicated than that faced by the

experimental subjects whose actions were limited to a finite, discrete choice set.

Finally, we consider a much larger size population of players than is practically

feasible in an experiment with human subjects. This larger population size should,

again, make the coordination problem more difficult. Thus, our genetic program-

ming implementation of learning in the coordination game can be viewed as a

check of whether the experimental results are robust to a continuous action set with

a large number of players that would be difficult to implement in an experiment

involving human subjects.

5 Genetic Programming

Before describing how we model agent behavior in the coordination game using

genetic programming techniques, we first provide a brief overview of genetic

programming.

6In particular, forM1 ∈ {24, 67}, the interior equilibrium is locally stable under the discrete

choice, myopic best response dynamics, and for M1 ∈ {1, 90}, the corner equilibrium is

locally stable under these same dynamics. It is interesting to note that in one of Van Huyck

et al.’s 6 treatments of the game Ŵ(3.86957) - session 7 - the initial median was 24. With

this value forM1, the discrete choice, myopic best response dynamic would predict that the

system would stay at 24, the interior equilibrium forever, and indeed, this is roughly what

occurred. See figure 13 of Van Huyck et al. (1994). Thus, one cannot dismiss altogether the

possibility that discrete choice, myopic best response dynamic might also characterize the

behavior of the experimental subjects in the game, Ŵ(3.86957).
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5.1 An Overview

Genetic programming (GP) represents a new field in the artificial intelligence lit-

erature that was developed only recently by Koza (1992, 1994) and others.7 GP

belongs to a class of evolutionary computing techniques based on principles of pop-

ulation genetics. These techniques combine Darwin’s notion of natural selection

through survival of the fittest with naturally occurring genetic operations of recom-

bination (crossover) and mutation. Genetic programming techniques have already

been widely applied to engineering type optimization problems (both theoretical

and commercial), but have seen comparatively little application to economic prob-

lems, which are often similar in nature. The few economic applications of GP thus

far include Allen and Karjalainen (1999), Chen and Yeh (1997a,b), Dworman et al.

(1996) and Neely et al. (1997).

While GP techniques are often viewed as an offshoot of Holland’s (1975) genetic

algorithm (GA), they are perhaps more accurately viewed as a generalization of

the genetic algorithm. The standard genetic algorithm operates on a population

of structures, usually strings of bits. Each of the members of this population, the

individual bitstrings, represents different candidate solutions to a well-defined

optimization problem. The genetic algorithm evaluates the fitness of these various

candidate solutions using the given objective function of the optimization problem

and retains solutions that have, on average, higher fitness values. Operations of

crossover (recombination) and mutation are then applied to some of these more fit

solutions as a means of creating a new “generation” of candidate solutions. The

whole process is repeated over many generations, in order to evolve solutions that

are as close to optimal as possible. In analyzing the evolution of solutions over

time, it is typical to report the solution in each generation that has the highest fitness

value – this solution is designated the “best-of-generation” solution. The algorithm

is ended when this best-of-generation solution satisfies a certain criterion (e.g.

some tolerance) or after some maximum number of iterations has been reached.

Theoretical analyses of genetic algorithms suggest that they are capable of

quickly locating regions of large and complex search spaces that yield highly fit

solutions to optimization problems. That is because the genetic operators of the

GA work together to optimize on the trade-off between discovering new solutions

and using solutions that have worked well in the past (Holland (1975)).8

Koza’s idea in developing genetic programming techniques was to take the

genetic algorithm a step further and ask whether the same genetic operators used

in GAs could be applied to a population of computer programs so as to evolve

highly fit computer programs. There are several advantages to using computer

7See also Kinnear (1994).
8For an introduction to the theory of genetic algorithms, see, e.g. Goldberg (1989) or Mitchell

(1996). Economic applications of genetic algorithms can be found in the work of Arifovic

(1994–97), Arthur et al. (1997), Bullard and Duffy (1998a,b), Dawid (1996), Miller (1996)

and Tesfatsion (1997) among others and are also discussed in Sargent (1993) and Birchenhall

(1995).
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programs rather than bitstrings as the structures to be evolved. First, the computer

programs of GP have an explicit, dynamic structure that can be easily represented in

a decision tree format. By contrast, the bitstrings of GAs typically encode passive

yes/no type decisions or parameter values for pre-specified, often static functional

forms. The dynamic nature of the computer programs of GP makes them capable of

much more sophisticated and nonlinear decision-making than in generally possible

using the bitstrings of GAs. Second, the computer programs of GP are immediately

implementable structures; as such, they can be readily interpreted as the forecast

rules used by a heterogeneous population of agents. For example, in GP, a computer

program used by player i in round t , gpi,t , might take the form:

gpi,t = 0.31+Mt−1(Mt−1 −Mt−2).

Here, Mt−j represents the value of the median j periods in the past. Given these

lagged median values, this program can be immediately executed and delivers a

forecast of the median in period t , equal to the value of 0.31+Mt−1(Mt−1−Mt−2).

This forecast then becomes the action taken by player i in round t . Note that this

program is readily interpreted as the agent’s forecast function. By contrast, the bit-

strings used in GAs are not immediately implementable and their interpretation

is less clear; these bitstrings first have to be decoded and then the decoded values

must be applied to some prespecified functional form before the solution the bit-

strings represent can be implemented. Finally, while the length of the bitstrings

used in GAs is fixed, the length of the computer programs used in GP is free to

vary (up to some limit, of course) providing for a much richer range of structures.9

Koza (1992, 1994) chose to develop GP techniques using the Lisp programming

language because the syntax of Lisp allows computer programs to be easily manip-

ulated like bitstrings, so that the same genetic operations used on bitstrings in GAs

can also be applied to the computer programs that serve as the evolutionary struc-

tures in GP. Moreover, the new computer programs that result from application of

these genetic operations are immediately executable programs.

Lisp has a single syntactic form, the symbolic expression (S-expression), that

consists of a number of atoms. These atoms are either members of a terminal set,

that comprise the inputs (e.g. data) to be used in the computer programs, or they

are members of a function set that consists of a number of pre-specified functions

or operators that are capable of processing any data value from the terminal set

and any data value that results from the application of any function or operator in

the function set. Each Lisp S-expression has the property that it is immediately

executable as a computer program, and can be readily depicted as a rooted, point-

labeled tree. Moreover, the S-expressions are easily manipulated like data; cutting

a tree at any point and recombining the cut portion with another tree (S-expression)

results in a new S-expression that is immediately executable.

9While in principle it is possible to represent dynamic, variable length expressions using

the bitstrings of genetic algorithms, this has not been the practice. See Angeline (1994) for

a further discussion.
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As Koza and others have noted, the use of Lisp is not necessary for genetic

programming; what is important for genetic programming is the implementation

of a Lisp-like environment, where individual expressions can be manipulated like

data, and are immediately executable. For the results reported in this paper, we

have chosen to implement the Lisp environment using Pascal 4.0.10

5.2 Using Genetic Programming to Model Learning in the Coordination

Game

In this section, we explain how we use genetic programming to model popu-

lation learning in the coordination game. The version of genetic programming

used here is the simple genetic programming that is described in detail in Koza

(1992).

LetGPt , denote a population of trees (S-expressions), representing a collection

of players’ forecasting functions. A player i, i = 1, . . . , n, makes a decision about

his action for time t using a parse tree, gpi,t ∈ GPt , written over the function and

terminal sets that are given in Table 1.

Table 1: Tableau for the GP–Based Learning Algorithm

Population size 500

The number of initial trees generated by
the full method

250

The number of initial trees generated by
the grow method

250

The maximum depth of a tree 17

Function set {+,−,×,%, Exp,Rlog, Sin, Cos}
Terminal set {ℜ,Mt−1,Mt−2,Mt−3,Mt−4,Mt−5}
The maximum number in the domain of
Exp

1,700

The number of trees created by reproduc-
tion

50

The number of trees created by crossover 350

The number of trees created by mutation 100

The probability of mutation 0.0033

The probability of leaf selection under
crossover

0.5

The maximum number of generations 1,000

Fitness criterion Payoff function: πi,t

10Other programming languages, e.g. C, C++, and Mathematica have also been used to

implement Lisp environments.
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As Table 1 indicates, the function set, includes the standard mathematical oper-

ations of addition (+), subtraction (−), multiplication (×) and protected division

(%), and also includes the exponential function (Exp), a protected natural loga-

rithm function (Rlog) and the sin and cosine functions (Sin and Cos).11 This set

of operators and functions is the one that the artificial agents in our experiments

are “endowed” with.

The terminal set includes the set of constants and variables that the artificial

agents may use in combination with the operators and functions from the function

set to build forecast rules. As indicated in Table 1, the terminal set includes the

random floating-point constant R which is restricted to range over the interval

[−9.99, 9.99], as well as the population mean choice of action lagged up to h

periods, i.e.,Mt−1, . . . ,Mt−h. Note that in our version of the coordination game,

M refers to the mean rather than the median choice of action as in Van Huyck et

al. (1994).12 The choice of the lag length, h, determines players’ ability to recall

the past. We set h equal to 5, so that agents may consider as many as 5 past lagged

values of the mean in their forecast functions.

The forecasting functions that players may construct and use are linear and

nonlinear functions ofMt−1, . . . ,Mt−h,ℜ, and, as we shall see later, they may also

be functions, in whole or in part, of past forecast rules gpi,t (Mt−1, . . . ,Mt−h).
We note that the set of forecast functions that our artificial players may adopt

includes the myopic best response, but not the inertial learning algorithm, as the

latter requires knowledge of the previous period’s forecast of the mean value,

M̂t−1.

Indeed, Chen and Yeh (1997a) have shown that GP techniques can be used to

uncover a variety of nonlinear data generating functions. In one demonstration,

they generated a time series for the nonlinear, chaotic dynamical system xt+1 =
4xt (1−xt ), which is the same as our myopic best response law of motion withω =
4. They then used a GP-based search in an effort to recover this exogenously given

system. Fitness was based on how close the forecast functions in the population

11The protected division operator protects against division by zero by returning the value 1 if

its denominator argument is 0; otherwise, it returns the value from dividing its first argument

(the numerator) by its second argument (the denominator). Similarly, the protected natural

logarithm function avoids non-positive arguments by returning the natural logarithm of the

absolute value of its argument, and returning the value 0 if its argument is 0. The exponential

function, which takes the argument x and returns the value ex , allows a maximum argument

value of 1,700 as indicated in Table 1. Such function modifications and restrictions are

necessary to avoid ill-defined forecasts; these types of modifications are quite standard in

the GP literature. See, e.g., Koza (1992).
12Van Huyck et al. (1994) used the median rather than the mean in the coordination game

because in experiments involving small numbers of human subjects (they only had 5 subjects

in each experimental session), the mean can be easily influenced by the behavior of a single

subject. By contrast, the computational coordination game experiments that we perform

involve hundreds of artificial agents, so that the use of the mean rather than the median is

no longer a concern.
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came to matching the given time series behavior, and the GP function and terminal

sets were nearly identical to those used in this paper. Chen and Yeh (1997a) report

that the GP-based search was able to uncover the data generating process in no

more than 19 generations. In this paper, by contrast, the data generating process for

the mean is endogenously determined by the actions chosen by all of the individual

players. Nevertheless, it is nice to know that a GP-based search algorithm can

deduce a nonlinear data generating function such as the myopic best response law

of motion.

The decoding of a parse tree gpi,t gives the forecasting function used by player

i at time period t , i.e., gpi,t (�t−1) where �t−1 is the information set containing

past mean values through time t − 1. Evaluating gpi,t (�t−1) at the realization of

�t−1 gives the mean action predicted by player i in round t , i.e., gpi,t . Without

any further restriction, the range of gpi,t is (−∞,∞). However, since the action

space for each player is restricted to [0, 1], we must restrict gpi,t so that it also lies

in [0, 1]. We chose to implement this restriction in two different ways. Our first

approach was to use the symmetric sigmoidal activation function to map (−∞,∞)
to [0, 1] so as to obtain a valid mean forecast, M̂i,t , for player i in round t , i.e.

M̂i,t =
1

1+ e−gpi,t .

A second approach that we also considered was a simple truncated linear trans-

formation where player i’s round t forecast was determined as follows:

M̂i,t =

⎧
⎪⎪⎨
⎪⎪⎩

gpi,t if 0 ≤ gpi,t ≤ 1,

1 if gpi,t > 1,

0 if gpi,t < 0.

Using either of these two approaches ensures that player i’s mean choice of action

lies in the feasible [0, 1] interval.

Once we have all n players’ mean action choices (equivalent to their mean

forecasts), it is possible to determine the actual value of the mean in round t ,

Mt = 1
n

∑n
i=1 M̂i,t . Given this mean value, we can calculate each player’s fitness

value in round t . The raw fitness of a parse tree gpi,t is determined by the value of

the player’s payoffs earned in round t as determined by the payoff function πi,t ,

given in equation (1). To avoid negative fitness values, each raw fitness value is

adjusted to produce an adjusted fitness measure μi,t that is described as follows:

μi,t =
{
πi,t + 0.25 if πi,t ≥ −0.25,

0 if πi,t < −0.25.

In making this adjustment, we are effectively eliminating from the population fore-

cast functions gpi,t that lose more than $0.25, since these rules have comparatively

lower adjusted fitness values (equal to 0) than rules that did not perform so poorly.
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Our decision to make the above adjustment to the fitness measure was due to the

following considerations. In the early rounds of a game, players have very limited

experience with the environment so their expectations essentially amount to ran-

dom guessing. As a consequence, many of the players will lose money. If we only

considered players with forecast functions that earned positive payoffs, the selec-

tion process would quickly come to be dominated by those few players (forecast

functions) that were lucky enough to earn positive payoffs in the initial stages of

the game. However, we want to maintain some heterogeneity in the population

and avoid the possibility of premature convergence, a problem that can occur in

populations lacking sufficient heterogeneity. For this reason, we allow some play-

ers to earn negative payoffs, but we restrict such losses so that they do not exceed

$0.25. After a few generations, when most of the players have begun to earn pos-

itive payoffs, this protection no longer plays any effective role. We have exper-

imented with adjustment values other than 0.25. While small adjustment values

do not significantly alter our simulation results, very large adjustment values do

affect the results because these large values effectively nullify the adjusted fitness

measure as an indicator of the relative success of a forecast function. Later in the

paper, we examine what happens when we replace the adjustment value of 0.25

in the adjustment scheme described above with the much larger value of 200.00.

However, unless otherwise indicated, all of the simulation results we report below

involve an adjustment value equal to 0.25.

Once all of the adjusted fitness values are determined, each adjusted fitness value

μi,t is then normalized. The normalized fitness value pi,t is given by:

pi,t =
μi,t∑n
i=1 μi,t

.

It is clear that the normalized fitness value is a probability measure. Moreover, pi,t
varies directly with the performance of the parse tree gpi,t ; the better the parse tree

performs (in terms of its payoff), the higher is its normalized fitness value. The

normalized fitness values pi,t are used to determine the next generation of agents

(parse trees) GPt+1 from the current generation GPt through application of the

three primary genetic operators, i.e., reproduction, crossover, and mutation. We

now describe these three genetic operators.

a. Reproduction:

The reproduction operator makes copies of individual parse trees from gen-

eration GPt and places them in the next generation GPt+1. The criterion

used for copying is the normalized fitness value pi,t . If gpi,t is an individual

in the population GPt with normalized fitness value pi,t , then each time the

reproduction operator is called, gpi,t is copied into the next generation with

probability pi,t . The reproduction operator does not create anything new in

the population and the “offspring” generated by reproduction constitute only

part of the population of the next generation of trees,GPt+1. As specified in

Table 1, the reproduction operator is used to create only 10% (50 out of 500)
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of the next generation. The rest of the offspring are generated by the other

two operators, crossover and mutation.

b. Crossover:

The crossover operation for the genetic programming paradigm is a sexual

operation that starts with two parental parse trees that have been randomly

selected from the populationGPt based upon their normalized fitness values

as described above. Crossover involves exchanging different parts of these

“parents” to produce two new “offspring.” This exchange begins by randomly

and independently selecting a single point on each parental parse tree using a

uniform distribution described below. By the syntax of Lisp, each point (atom)

of a parse tree could be either a leaf (terminal) or a inner code (function).

Thus, the point (atom) selected for crossover could either be a terminal or

a function. As specified in Table 1, the probability that the crossover point

is a terminal or a function is the same, i.e., one-half. Given that a terminal

or function is to be the point chosen for crossover, the probability that any

terminal or function is chosen as the crossover point is uniformly distributed.

For example, if the crossover point is to be a terminal, and there are three

terminals in the parse tree, the probability that any one of the three terminals is

chosen for the crossover point is one-third. Unlike reproduction, the crossover

operation adds new individuals (new forecasts rules) to the population. As

indicated in Table 1, crossover is responsible for creating 70% (350 out of

500) of the next generation of parse trees, GPt+1.

c. Mutation:

The operation of mutation also allows for the creation of new individuals.

The mutation operator begins by selecting a parse tree gpi,t from the popu-

lation GPt based once again upon normalized fitness values pi,t . Each point

(atom) of the selected parse tree is then subjected to mutation (alteration)

with a small, fixed probability. As specified in Table 1, this fixed probability

of mutation is 0.0033. To ensure that the resulting expression is a syntacti-

cally and semantically valid Lisp S-expression, terminals can only be altered

to another member from the terminal set and functions can only be altered to

another member from the function set possessing the same number of argu-

ments. The altered individual forecast rule (parse tree) is then copied into the

next generation of the population. As indicated in Table 1, mutation is respon-

sible for creating 20% (100 out of 500) of the next generation of parse trees.

The three operators combined create the populationGPt+1 by copying, recom-

bining and mutating the parse trees that make up the population GPt . Once the

new populationGPt+1 has been created, the decoding of each parse tree gpi,t+1 is

performed to obtain the new mean, Mt+1. Once the new mean is determined, the

raw, adjusted and normalized fitness values for each parse tree can be determined

using the payoff function (1), and the GP operators can then be applied to create

the populationGPt+2. The algorithm continues with successive generations, up to



Equilibrium Selection via Adaptation 585

the maximum number of generations. We set the maximum number of generations

equal to 1,000 as indicated in Table 1.

The initial S-expressions were randomly generated using both the methods sug-

gested by Koza (1992) – the full method and the grow method.13 Together, these

two initialization methods provide for a great diversity of initial programs. Table

1 indicates that each method was responsible for creating one-half (250) of the

initial population of trees, GP1.

We consider the same two coordination games studied by Van Huyck et al.

(1994), although as mentioned previously, we do not restrict the action set to a

finite set of discrete choices. Furthermore, we have many more (artificial) players.

We refer to the game, Ŵ(2.4722), studied by Van Huyck et al. (1994) as Case 1

and the other game these authors considered, Ŵ(3.86957), as Case 2. The exact

parameterizations of these two cases are reported in Table 2.

Table 2: Parameter Values for the Coordination Game Used in the
Genetic Programming Simulations

Parameter Case 1 Case 2

ω 2.47222 3.86957

c1 0.5 0.5

c2 1.0 1.0

n 500 500

e∗I 0 0

e∗II 0.59551 0.74157

e∗I : The optimal action under the strict equilibrium ei = 0 ∀i.
e∗II : The optimal action under the strict equilibrium ei = 1− (1/ω)
∀i.

6 Simulation Results

Our simulation experiments were organized as follows. For each of the two differ-

ent transformation functions – the symmetric sigmoidal transformation function

and the truncated linear transformation function – we conducted 10 simulations

for a total of 20 simulations. Within each group of 10 simulations, 5 of the simu-

lations were conducted under the Case 1 parameterization and 5 were conducted

under the Case 2 parameterization.

We focus our attention first on the 10 simulations that we conducted using the

symmetric sigmoidal transformation function. Means and standard deviations from

these 10 simulations are reported in Table 3. In this table, simulation 1.1 refers to

our first simulation of Case 1, while simulation 2.1 refers to our first simulation

13See Koza (1992), pp. 92–93.
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of Case 2, and so on. Time series for the mean, Mt , from a single simulation of

Case 1 and Case 2 are plotted in Figure 1. These time series plots are typical of the

other simulations we conducted for the two cases. As these figures clearly indicate,

the time series for Mt in both cases of the GP-based coordination game (Case 1

and Case 2) tend to converge to a neighborhood of the strict interior equilibrium

1−(1/ω), i.e., 0.59551 for Case 1 and 0.74157 for Case 2. In addition, the transition

to 1 − (1/ω) is remarkably brief; If one considers (0.99− (1/ω), 1.01− (1/ω))
as a neighborhood of 1− (1/ω) then, for all simulations, it takes no more than 50

generations to move into this neighborhood.

A second finding is that while Mt does not converge to 1 − (1/ω) in a strict

sense, due to the constant mutation rate, there appears to be a force that serves to

stabilize the movement ofMt in a very small band around the interior equilibrium.

In other words, GP-based coordination games have a self-stabilizing feature. These

properties are also revealed by Table 3.

As Table 3 reveals, in almost all of our simulations, the average of the means,

Mt , from generation 201 to 1,000, i.e. Mb, does not deviate from the interior

equilibrium value, 1 − (1/ω), by more than 0.5%. Note also that if we compare

Table 3: GP Simulation Results Using the Symmetric Sigmoidal Transformation

Simulation
Case 1 2 3 4 5

1 Ma 0.5917 0.5897 0.5910 0.5907 0.5901

δM,a 0.0118 0.0107 0.0091 0.0094 0.0122

δM∗,a 0.0124 0.0122 0.0102 0.0105 0.0133

1 Mb 0.5958 0.5925 0.5936 0.5933 0.5946

δM,b 0.0037 0.0026 0.0033 0.0028 0.0021

δM∗,b 0.0038 0.0039 0.0038 0.0035 0.0023

2 Ma 0.7406 0.7411 0.7415 0.7450 0.7447

δM,a 0.0061 0.0067 0.0069 0.0064 0.0064

δM∗,a 0.0061 0.0067 0.0069 0.0073 0.0071

2 Mb 0.7394 0.7403 0.7399 0.7434 0.7431

δM,b 0.0033 0.0039 0.0040 0.0034 0.0024

δM∗,b 0.0039 0.0041 0.0043 0.0039 0.0029

Ma = the average ofMt of a simulation from Generation 1 to 1,000.

Mb = the average ofMt of a simulation from Generation 201 to 1,000.
δM,a = standard deviation about theMa of a simulation from Generation 1 to 1,000.
δM,b = standard deviation about theMb of a simulation from Generation 201 to 1,000.
δM∗,a = standard deviation about the strict interior equilibrium 1− (1/ω) from Gen-
eration 1 to 1,000.
δM∗,b = standard deviation about the strict interior equilibrium 1− (1/ω) from Gen-
eration 201 to 1,000.
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the standard deviations, δM,a with δM,b or δM∗,a with δM∗,b for each simulation,

we see that after the first 200 periods of learning, the stability of the mean in all

of the GP-based coordination games improves.

A third result is that the chaotic trajectories for Ŵ(3.86957) that are predicted by

the myopic best response dynamic are not apparent in any of our simulations of

Case 2. However, by comparing δM,b or δM∗,b across Case 1 and Case 2 in Table 3,

we find that the standard deviations in Case 2 are generally somewhat larger than

those in Case 1. Indeed, a rank order test reveals that δM∗,b is significantly larger in

Case 2 as compared with Case 1 (p ≤ .10).14 This difference between the two cases

is also apparent from a visual comparison between Figure 1. Thus, while it appears

that the aggregate outcome from the GP simulations is similar for both treatments,

there appears to be some evidence that the coordination problem in Case 2 is more

difficult for our artificial players than is the coordination problem in Case 1.

Figure 1: The Time Series of the Mean Choice of Action of the Coordination Game.

We have also considered how sensitive our results are to the use of payoff

fitness as the main determinant of successive generations of forecast rules through

14No significant difference was found for δM,b between Cases 1 and 2. See Siegel and

Castellan (1988) for an explanation of the nonparametric, robust rank order test used here.
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application of the reproduction, crossover and mutation operations. Recall that we

made an adjustment to the raw fitness values, so as to avoid excluding rules with

negative payoffs. In all our simulations, we used an adjustment factor of 0.25. We

also performed a simulation exercise where we considered what happens when we

used a much larger adjustment factor of 200.00. That is, we adjusted raw fitness

values, πi,t as follows:

μi,t =
{
πi,t + 200.00 if πi,t ≥ −200.00,

0 if πi,t < −200.00.

The effect of this adjustment is to nullify the usefulness of fitness as an indicator

of the relative success of individual forecast functions. That is because the raw,

unadjusted fitness values,πi,t can only take on values in the range [−.50, .50]. (See

the payoff function (1) and the parameterizations of this function given in Table 2.)

Adding 200.00 to these raw fitness values makes them essentially indistinguishable

from one another, even after the adjusted fitness values have been converted into the

normalized fitness values that are used to determine application of the reproduction,

crossover and mutation operations.

Thus, the experiment where the adjustment value is set at 200.00 rather than at

0.25 serves as a test of whether relative fitness values are the driving force behind

the results reported above. Indeed, this experiment is a test of the explanatory

power of GP techniques. Figure 2 presents the time series for the mean from the

single experiment involving Case 1 where we set the adjustment factor equal to

Figure 2: The Time Series of the Mean Choice of Action of their Coordination Game.
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200.00 rather than 0.25. We see in this figure that the mean just wanders about

randomly and has not settled down after 1,000 iterations. In particular, the mean

does not approach either the corner equilibrium (0) or the interior equilibrium of

Case 1 (0.59551). We may conclude from this exercise that the reliance of the

genetic operators on relative fitness values is a driving force behind our simulation

results, i.e. that fitness of forecast functions matters.

In addition to considering the dynamics of the mean choice of action, it is also

interesting to examine the evolution of the population of forecast functions, i.e.,

GPt . The length of the best-of-generation forecast function (Lisp S-expression)

varies pretty widely. The length of a forecast function is measured by counting the

number of elements (atoms) that are used in the program.15 Programs with longer

lengths are more complex than those with shorter lengths, so the length of the

program serves as a measure of the complexity of the forecast rule. Initially, the

length of the best-of-generation program is rather small, but over time, the length

increases substantially.

Consider, Simulation 2.5 for example. (Simulation 2.5 corresponds to the fifth

simulation of Case 2). The length of the shortest best-of-generation program (S-

expression) in this simulation is 15 and it appears in generations 16, 23, 27, 29,

32, 35, 37, 40, 41 and 50:16

gpbest,16 = ((Mt−5 +Mt−4) ∗Mt−4),

gpbest,23 = ((Mt−5 +Mt−4) ∗Mt−4),

gpbest,27 = ((Mt−5 +Mt−3) ∗Mt−4),

gpbest,29 = (Mt−3 ∗ (Mt−5 +Mt−4)),

gpbest,32 = ((Mt−1 +Mt−3) ∗Mt−3),

gpbest,35 = (Mt−5 ∗ (Mt−5 +Mt−4)),

gpbest,37 = (Mt−3 ∗ (Mt−4 +Mt−5)),

gpbest,40 = (Mt−3 ∗ (Mt−4 +Mt−5)),

gpbest,41 = (Mt−2 ∗ (Mt−5 +Mt−5)),

gpbest,50 = (Mt−5 ∗ (Mt−4 +Mt−5)),

Programs with such a small program length continue to appear frequently after

generation 50 but they are no longer selected as best-of-generation programs.

Instead, increasingly complicated programs with lengths over 200 are more likely

to be selected as the best-of-generation; the longest best-of-generation program

with a length of 459 appears in generation 554:

15The length of a Lisp S-expression is distinct from the depth of a Lisp S-expression in tree

form.
16All the GP programs below are represented as algebraic expressions (so that they can be

more easily understood) rather than in the Lisp S-expression form in which they are encoded

for GP.
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gpbest,554 = (SinCos((CosCosCos(CosMt−3 ∗Mt−3) ∗ CosSin(CosCos
(Cos(CosMt−4%Mt−4) ∗ Cos(Mt−2 + SinSinMt−1))+ (Mt−5

∗ CosMt−2))) ∗ CosCosCosSin((Mt−3 ∗Mt−3)− CosMt−3))

%CosSinCos(((Cos(CosMt−1 ∗ Cos(ExpSinCosMt−4∗Mt−2))

%CosSinCosSin(Mt−4%CosSinCosMt−1)) ∗ CosSinRLog
((Sin(Mt−4 ∗ CosCosMt−1) ∗ Cos(Mt−4%((CosMt−5 +Mt−2)

∗ (CosMt−3 ∗Mt−4)))) ∗ Cos((Cos(Mt−3 ∗ CosMt−5) ∗ Cos
CosMt−4) ∗Mt−1))) ∗ Cos(Sin(SinCos(CosSinCosMt−1

∗ (CosSinMt−2 ∗ CosCosMt−4))+ ExpSinCosCosSin
((Mt−2 ∗Mt−3)− CosMt−3)) ∗ Cos((SinMt−3 +Mt−5) ∗
((Mt−4 + (Mt−3 + ((Mt−2 ∗ SinMt−2) ∗Mt−1)))%CosMt−3)))))

At generation 1,000 of simulation 2.5, the length of the individual programs

was found to vary over the interval [3, 297]. This wide variation in program length

implies that considerable heterogeneity remains in the population of forecast rules

even after many generations.

Our findings that the best-of-generation programs become increasingly more

complicated over time and that heterogeneity does not appear to diminish with time

are perhaps attributable to our use of the symmetric sigmoidal activation function

to map forecasts into the unit interval. The symmetric sigmoidal transformation

function effectively “squashes” the output of forecast rules so that forecasts always

lie within the unit interval. As a result, the forecasts of the various rules and their

associated fitness values may not be all that distinct from one another even though

the rules themselves may differ considerably. One consequence is that simple

forecast rules, e.g. gpt = Mt−i , i = 1 or 2, may be unable to effectively compete

with more complicated rules (programs with longer lengths), since these more

complicated rules are better able to differentiate themselves from the simpler rules

after being squashed, and therefore, these more complicated rules stand a better

chance of being chosen for reproduction than the simpler rules.

As an alternative to the symmetric sigmoidal transformation function, we also

considered the performance of our GP–based learning algorithm when the sim-

ple truncated linear transformation (discussed above) is used in place of the sym-

metric sigmoidal transformation. The truncated linear transformation is essen-

tially a linear mapping into the unit interval whereas the symmetric sigmoidal

transformation comprises a nonlinear mapping. Thus, with the truncated linear

transformation there is less “squashing” of forecasts and associated fitness val-

ues. Indeed, squashing only occurs for forecasts that exceed the bounds of the

unit interval; forecasts that lie within the unit interval are unaltered, and there-

fore remain more distinct (in terms of fitness) than under the symmetric sigmoidal

transformation.
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We conducted 10 simulations using the truncated linear transformation function

in place of the symmetric sigmoidal transformation function – 5 simulations of

Case 1 and 5 simulations of Case 2.17 Means and standard deviations from these

10 simulations are reported in Table 4. Here again, simulation 1.1 refers to our first

simulation of Case 1, while simulation 2.1 refers to our first simulation of Case 2,

and so on. Time series for the mean,Mt , from a single simulation of Case 1 and Case

2 are plotted in Figure 3. These time series plots are typical of the other simulations

we conducted for the two cases using the truncated linear transformation.

Table 4: GP Simulation Results Using the Truncated Linear Transformation

Simulation
Case 1 2 3 4 5

1 Ma 0.59281308 0.59279258 0.59328333 0.59295982 0.59249145

δM,a 0.02706819 0.02707828 0.02422021 0.02663368 0.02761726

δM∗,a 0.02720234 0.02721443 0.02432245 0.02675562 0.02778190

1 Mb 0.59543389 0.59544433 0.59546691 0.59546368 0.59545463

δM,b 0.00033369 0.00033578 0.00025092 0.00028152 0.00029720

δM∗,b 0.00034227 0.00034215 0.00025460 0.00028531 0.00030232

2 Ma 0.74079979 0.74081541 0.74069191 0.74081630 0.74080296

δM,a 0.01710630 0.01744866 0.01870916 0.01680324 0.01777976

δM∗,a 0.01712365 0.01746498 0.01872978 0.01682015 0.01779631

2 Mb 0.74154575 0.74154649 0.74155158 0.74155041 0.74154058

δM,b 0.00043555 0.00045807 0.00044765 0.00048606 0.00050182

δM∗,b 0.00043622 0.00045867 0.00044803 0.00048645 0.00050268

Ma = the average ofMt of a simulation from Generation 1 to 1,000.

Mb = the average ofMt of a simulation from Generation 201 to 1,000.
δM,a = standard deviation about theMa of a simulation from Generation 1 to 1,000.
δM,b = standard deviation about theMb of a simulation from Generation 201 to 1,000.
δM∗,a = standard deviation about the strict interior equilibrium 1− (1/ω) from Generation
1 to 1,000.
δM∗,b = standard deviation about the strict interior equilibrium 1− (1/ω) from Generation
201 to 1,000.

From Table 4 and Figure 3, we see that our use of the truncated linear trans-

formation in place of the symmetric sigmoidal transformation results in several

significant differences. First, a comparison between Figures 3 and 1 and between

the results in Tables 4 and 3 reveals that after 1,000 generations, the GP learning

algorithm with the truncated linear transformation is generally closer to achiev-

ing the interior equilibrium than is the GP learning algorithm with the symmetric

sigmoidal transformation. This quicker convergence to the interior equilibrium is

17Here we are using an adjustment factor of 0.25 once again to obtain adjusted fitness values.
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Figure 3: The Time Series of the Mean Choice of Action of the Coordination Game.

more consistent with the experimental findings of Van Huyck et al. (1994). Second,

we observe that the deviation of the mean from the interior equilibrium, 1−(1/ω),
in both Case 1 and Case 2 is much smaller when we use the truncated linear trans-

formation in place of the symmetric sigmoidal transformation; in all 10 simula-

tions, the average of the means, Mt , from generation 201 to 1,000, i.e. Mb, does

not deviate from the interior equilibrium value, 1 − (1/ω) by more than 0.01%.

This tighter distribution of forecasts around the interior equilibrium is again more

consistent with the experimental findings of Van Huyck et al. (1994).18

As in the case of the symmetric sigmoidal transformation, we find that the

chaotic trajectories for the game,Ŵ(3.86957) that are predicted by the myopic best

response dynamic are not apparent in any of our simulations of Case 2. We also

find once again that a comparison of the standard deviations, δM,b or δM∗,b across

Cases 1 and 2 in Table 4 reveals that these standard deviations are slightly larger

in Case 2 than in Case 1. A rank order test confirms that both δM,b and δM∗,b are

significantly larger in Case 2 than in Case 1 (p ≤ .01 in both cases). This difference

18More direct comparisons between the experimental data and the simulated data from the

GP-based learning algorithm are not really possible due to differences in the two experi-

mental designs (e.g. the GP algorithm allows forecasts on the continuum of the unit interval,

while the experimental subjects are limited to a finite set of discrete choices).
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is also present, though difficult to see, in a visual comparison between Figure 3.

We conclude that the coordination problem remains somewhat more difficult in

Case 2 than in Case 1 regardless of whether we use truncated linear transformation

or the symmetric sigmoidal transformation.

Finally, we note that under the truncated linear transformation, the length of

the best-of-generation programs are considerably smaller than those discovered

under the sigmoidal transformation. Simulation 2.2 (our second simulation of

Case 2) is typical of the other simulation results we obtained using the truncated

linear transformation. In this simulation, the longest best-of-generation program

appeared in generation 2, and had a length of 29:

gpbest,2 = Exp((((Mt−3 ∗Mt−5)− ExpMt−1) ∗Mt−1)

− (Mt−2%Rlog(−2.66020+Mt−5))).

Following generation 100 of simulation 2.2, no best-of-generation program had a

length that exceeded 3. In fact, the best-of-generation programs after generation

100 were always of the simplest form:

gpbest,t>100 = Mt−i, i = 1, 2, 3, 4 or 5.

Given such simple forecast rules, it is easy to understand why the distribution of

forecasts becomes more tightly concentrated around the interior equilibrium when

we use the truncated linear transformation.

7 Summary and Conclusions

We have considered a simple coordination game where the actions of the individual

players are modeled and updated using GP techniques. Our GP-based coordination

game allows for a considerably more flexible experimental design than is possible

in experiments with human subjects. In particular, we do not have to restrict the

choice set to a finite set of discrete actions, and we can have large numbers of play-

ers, e.g. n = 500. Moreover, players in our genetic programming implementation

are explicitly endowed with the ability to formulate a vast number of both linear

and nonlinear forecasting rules for the mean, including the myopic best response

rule. This more flexible design allows for a possibly dense set of periodic and

chaotic trajectories for the mean for values of ω > 3. Despite this more flexible

design, the evolution of play in our GP-based coordination game remains quite

similar to that observed in the experiments that Van Huyck et al. (1994) conducted

with human subjects. The mean choice of action eventually settles down to a small

neighborhood of the interior equilibrium, even in Case 2, where the myopic best

response dynamic predicts that this interior equilibrium should be unstable. There

is evidence, however, that the coordination problem that our artificial agents face

in Case 2 is somewhat more difficult than the coordination problem they face in
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Case 1, as indicated by the different standard deviations about the mean/interior

equilibrium for these two cases.

While these results cast some doubt on the plausibility of the myopic best

response dynamic as a selection criterion (or any other learning schemes that would

predict the interior equilibrium to be unstable), it is not yet clear that the myopic

best response dynamic should be rejected on the basis of a “bad” prediction for a

single game, namelyŴ(3.86957), or that the alternative, inertial learning algorithm

should be accepted as a plausible selection dynamic on the same basis. While the

inertial learning dynamic predicts that the interior equilibrium is always stable,

the predicted trajectory for the mean/median is much too smooth when compared

with the same trajectory from the experimental data. Moreover, the notion that a

single, representative-agent-type learning algorithm can be used to characterize

the evolution of the mean/median is at odds with the initial heterogeneity that is

apparent in the experimental subjects’ actions. Finally, since our GP-based learn-

ing algorithm always “converges” to the interior equilibrium it is, by the criterion

of Van Huyck et al. (1994), just as plausible a selection dynamic as the inertial

learning algorithm. The initial heterogeneity of the forecasts that arise from our

population-based GP algorithm makes it all the more plausible as a characteriza-

tion of the experimental data.

We also note that the predictions of our GP-based learning model, especially

those involving the truncated linear transformation, compare quite favorably with

some new coordination game experiments that Van Huyck, Battalio and Rankin

(1996) have recently conducted with human subjects. These new experiments

differ from the previous experiments conducted by Van Huyck et al. (1994) in that

subjects are not informed of the game’s payoff function π ; the only information

available to subjects is their own past action/payoff history and the discrete action

set that they may choose from. The purpose of this new experimental treatment

is to place the human subjects in an environment that is as close as possible to

that of artificial learning algorithms such as GP. In this new treatment, the human

subjects learn to coordinate on the interior equilibrium even more quickly than

in the previous treatment where subjects are informed of the payoff function π ,

of the game. Van Huyck et al. (1996) compare the experimental behavior in the

new treatment with the behavior of a representative-agent-type, linear, stochastic

reinforcement algorithm. While this algorithm eventually achieves a neighborhood

of the interior equilibrium, it takes much longer to achieve this equilibrium (750

iterations) than it takes the experimental subjects. In contrast, our multi-agent

GP-based learning algorithm converges much more quickly to a neighborhood of

the interior equilibrium (usually within 50 iterations) so that it comes closer to

mimicking the behavior of the experimental subjects.

Finally, we note that our findings for the coordination game are consistent

with some other coordination experiments that have involved overlapping gen-

erations economies. Marimon, Spear and Sunder (1993) for example, report that

experimental subjects are unable to coordinate on two-state sunspot equilibria,
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choosing instead to settle upon the steady state of an overlapping generations

economy. Similarly, Bullard and Duffy (1998b) simulate behavior using a genetic

algorithm–based learning model in an overlapping generations economy and find

that their population of artificial agents is able to eventually coordinate on steady

state and low-order cycles for inflation rates but not on the higher order peri-

odic equilibria of their model. This paper extends these earlier findings by sug-

gesting that it may not be possible for agents to coordinate on aperiodic, chaotic

trajectories.
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Abstract
In the original version of Parrondo’s paradox, two losing sequences of

games of chance are combined to form a winning sequence. The games in the

first sequence depend on a single parameterp, while those in the second depend

on two parameters p1 and p2. The paradox is said to occur because there exist

choices of p, p1 and p2 such that the individual sequences of games are losing

but a sequence constructed by choosing randomly between the games at each

step is winning.

At first sight, such behavior seems surprising. However, we contend in this

paper that it should not be seen as surprising. On the contrary, we show that such

behaviour is typical in situations in which we randomly create a sequence from

games whose winning regions can be defined on the same parameter space.

Before we discuss this issue, we investigate in some detail the issue of when

sequences of games, such as those proposed by Parrondo, should be considered

to be winning, losing or fair.

1 Introduction

Different versions of Parrondo’s paradox have been discussed in a number of papers

[1–5,9,10]. The paradox is said to occur when two losing sequences of games of

chance, say sequence A and sequence B, are combined in such a way that the

resulting sequence is winning.
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In the original version of Parrondo’s paradox,

• sequenceA consists of repetitions of a toss of a biased coin, say coin 0, which

has probability p of winning, and

• in sequence B, one of two biased coins is tossed depending on the player’s

capital. Coin 1, with probability p1 of winning, is tossed if the capital is a

multiple of a fixed integer M ≥ 2. Otherwise coin 2, with probability p2 of

winning, is tossed.

We can construct a third sequence, say sequenceC, by choosing randomly between

the coins associated with sequences A and B. Thus

• in sequence C, coin 0 is chosen with probability γ . If the capital is a multiple

ofM then coin 1 is chosen with probability (1− γ ) and if the capital is not a

multiple ofM coin 2 is chosen with probability (1− γ ).
It was established in [2] that there are choices of p, p1, p2 and γ such

that sequences A and B are both losing, but sequence C is winning. This

behavior, which at first sight seems surprising, has been termed Parrondo’s

paradox.

There are a number of controversial issues associated with Parrondo’s paradox.

One revolves around whether the activities described above should be called games

at all, since they involve no strategic decisions on behalf of the player. A second,

and more important, issue concerns the definition of a “winning”, “losing” or

“fair” sequence. In [2], it was argued that the issue of fairness should be addressed

by considering the properties of a birth-and-death process associated with each

sequence of games, where the current capital takes values on the set of non-negative

integers and either increases or decreases by one unit each time a game is played.

A sequence was defined as winning if the associated birth-and-death process is

transient, fair if this birth-and-death process is null-recurrent and losing if this

birth-and-death process is positive-recurrent. It has become clear to the authors,

however, that this definition is not accepted by all researchers in the area. For this

reason, we shall devote the first part of this paper to a discussion of this point and,

in particular, to an argument as to why a generalization of the above definition is

reasonable.

The second point that we wish to make about Parrondo’s paradox is that it

is not surprising at all. In fact we shall argue in Section 3 that whenever we

have a pair of sequences of “games” for which we can define winning and losing

regions in terms of the same set of parameters, it is to be expected that there

exist parameter values such that a sequence constructed by randomly choosing

between the original games at each step can be winning (losing) when each of the

original sequences are losing (winning). This, our main result, is stated precisely in

Theorem 3.1.

The paper concludes in Section 4 with an example of our reasoning involving a

history-dependent version of Parrondo’s game.
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2 The Definition of Fairness

A classical definition of fairness was given by Doob [11]. He considered the situa-

tion in which a gambler repeatedly plays a game and where the gambler’s fortune

after the nth game is Xn. On page 299 of [11], he stated that it is natural to say

that the game is fair if, for n ∈ Z+,

E(Xn+1|X0, X1, . . . Xn) = Xn.

In other words, assuming also the uniform integrability condition E(|Xn|) < ∞
for all n, a game is fair if the stochastic process arising from its repeated play

is a martingale. The optional stopping theorem (see Theorem 2.1 in [11]) then

implies that E(Xτ ) = X0 for any stopping time τ . Furthermore, the optional

sampling theorem (see Theorem 2.2 in [11]) implies that if we take any increasing

sequence of stopping times τ0, τ1, τ2, . . . , then the process Yn ≡ Xτn is also a

martingale. Corresponding definitions can be used to state that a game is winning

if the stochastic process arising from its repeated play is sub-martingale, and losing

if this stochastic process is a super-martingale. Note, however, that Doob observed

that the above definition “is somewhat arbitrary, although hallowed by tradition.”

Using Doob’s definition, when p1 < 1/2 and p2 > 1/2, sequence B defined

above does not correspond to a fair, winning or losing game because, whenX0 is a

multiple ofM , E(X1|X0) < X0 and, whenX0 is not a multiple ofM , E(X1|X0) >

X0. Thus the stochastic process {Xn} is not a martingale, a super-martingale or a

sub-martingale.

Given this, we might be tempted to say that it does not make sense to talk of

sequences such as sequence B as being fair, winning or losing. However, this is

likely to be unsatisfactory in many situations. Consider Figure 1 which appeared

in [1]. The “irregular” graphs give the distribution of capital which occurred when

10,000 repetitions of sequence B played for one hundred steps in succession were

simulated with parameters p1 = 1/10 − ǫ and p2 = 3/4 − ǫ. The authors think

it is reasonable to say that these results would lead most people to consider that

sequence B is “fair”, at least in some sense, when ǫ = 0, losing when ǫ = 0.1

and winning when ǫ = −0.1. Our challenge is to come up with a mathematical

definition that reflects this.

In [2], the authors proposed that a sequence E of games whose winning proba-

bilities depend just on the current capital, is fair or losing if an associated birth-

and-death process on Z+ is recurrent, and winning if it is transient. The state

of this birth-and-death process is the player’s current capital and the transition

probabilities for j ≥ 1 are given by

pj,j+1 = P(win|the current capital is j), (1)

pj,j−1 = P(lose|the current capital is j), (2)

with p0,1 taken to be greater than zero and pj,k = 0 otherwise.



602 A. Costa, M. Fackrell, and P. G. Taylor

Figure 1: Results of 10,000 simulations of 100 successive games.

By applying the same definition to the sequence E′ seen from the point of view

of the opposition player, in which the winning and losing probabilities for each

state are interchanged, we see that sequenceE is fair if the birth-and-death process

defined in (1) and (2) is null-recurrent, losing if it is positive-recurrent and winning

if it is transient.

For sequences of games, such as sequence B above, which have a periodic

structure to their transition probabilities, this can be equivalently stated in terms

of the doubly-infinite birth-and-death process which is defined by extending the

state space to the set Z of all integers. Specifically, the sequence is fair if the birth-

and-death process with transition probabilities given by

pj,j+1 = P(win|the current capital isj), (3)

pj,j−1 = P(lose|the current capital isj), (4)

for all j ∈ Z is null-recurrent (note that, with non-zero win and loss probabilities,

such a process cannot be positive-recurrent), winning if it is transient with drift

towards∞ and losing if it is transient with drift towards −∞.

We believe that this definition is a natural one: over many repetitions of the

game, the capital in a winning game will “drift” off to infinity with probability one

and in a losing game it will “drift” off to negative infinity with probability one. In

contrast, over many repetitions of a fair game, the capital will return to its starting

place with probability one.

In support of this definition, we can also observe that sequence B defined above

has an embedded martingale when the corresponding doubly-infinite birth-and-

death process is null-recurrent, an embedded super-martingale when the birth-and-

death process is transient with drift to−∞ and an embedded submartingale when

the birth-and-death process is transient with drift to ∞. To see this, observe first
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that methods similar to those in [2] can be used to show that the doubly-infinite

birth-and-death process corresponding to sequence B is null-recurrent, transient

with drift to∞ and transient with drift to −∞ according as

p1p
M−1
2

(1− p1)(1− p2)M−1
(5)

is equal to, greater than or less than one.

Now consider the stochastic process constructed from the repeated play of game

B by observing the value of the capitalXn only at the random times τ0, τ1, τ2, . . .

when it is a multiple of the fixed integerM .

We can find the transition probabilities for this embedded process by considering

the values of the capital in the restricted set of integers N = {M(k−1), . . . ,M(k+
1)} with M(k − 1), Mk and M(k + 1) considered as absorbing states. Letting

fj be the probability that the process is absorbed in state M(k + 1) given that

the capital starts in state j , some elementary calculation gives us that fMk =
Kp1p

M−1
2 where K is a constant. Similarly, denoting by gj the probability of

being absorbed in stateM(k − 1) given that the capital starts in state j we derive

gMk = K(1− p1)(1− p2)
M−1.

It follows that

E(Xτj+1 |Xτj = Mk)

= K(p1p
M−1
2 M(k + 1)+ (1− p1)(1− p2)

M−1M(k − 1))+ LMk, (6)

where L = 1−Kp1p
M−1
2 −K(1− p1)(1− p2)

M−1. The right hand side of (6)

is equal to, greater than or less thanMk according as (5) is equal to, greater than

or less than one, which proves our assertion.

It is clear that E(|Xτj |) <∞, for all j . Thus we have shown that, even though the

repeated play of the games in sequenceB with (5) equal to one does not correspond

to a martingale, there is an optional sampling scheme under which the sampled

process is a martingale. We believe that this supports the assertion that sequence

B with these parameters can be considered to be fair. Similarly, it can be observed

that if (5) is greater than one then there is an optional sampling scheme which

is a sub-martingale and if (5) is less than one then there is an optional sampling

scheme which is a super-martingale, supporting the assertions that the sequence

should be considered winning and losing in these situations respectively.

Some sequences of interest do not have transition probabilities which depend

only on the values of the current capital. An example is the sequence that we

consider in Section 4 below in which the winning probabilities depend on the

outcomes of the previous two plays. A further example has recently appeared in

[8]. These sequences cannot be modeled by a simple birth-and-death process. They

can, however, be modeled by a quasi-birth-and-death process, which we can think

of as a Markov chain on a two-dimensional state space, one dimension of which

is the non-negative integer Z+ representing the current capital and the second
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dimension of which contains the auxiliary information upon which the transition

probabilities depend.

In these cases we believe that it is reasonable to extend the above criterion so

that a sequence is considered winning if the corresponding quasi-birth-and-death

process is transient, losing if the corresponding quasi-birth-and-death process is

positive-recurrent and fair if the corresponding quasi-birth-and-death process is

null-recurrent. We use this criterion in our analysis of the sequence in Section 4.

3 The Ubiquity of Parrondo’s Paradox

A key observation about Parrondo’s sequences A and B is that sequence A is a

version of sequence B with p1 = p2 = p. Therefore, when we randomly choose

between games at each step of sequencesA andB, we are really choosing between

different parametrizations of the game in sequence B. Furthermore, as was noted

in [2], we can think of sequence C as another parametrization of sequence B with

parameters q1 = γp + (1 − γ )p1 and q2 = γp + (1 − γ )p2. Thus, all three

sequences are versions of sequence B, but with different values of the parameters.

Because of this, we can study the situation by examining the regions in para-

meter space where sequence B is winning, losing or fair, calculated according to

equation (5). For the case M = 3, these regions are depicted in Figure 2. The

line parametrized by (x1, x2) = (p, p), for which the two winning probabilities

are the same, corresponds to sequence A. For any point (p1, p2), the point (γp+
(1 − γ )p1, γp + (1 − γ )p2) corresponds to sequence C, whose parameters are

a convex combination of those of sequence A with parameter p and sequence B

with parameters p1 and p2.

Thus, to demonstrate the existence of Parrondo’s paradox, all we have to do is

find points (p, p) and (p1, p2) which are in the losing region of sequence B with

the line between them crossing into the winning region. Due to the local concavity

of the losing region, the two points (p, p) and (p1, p2) depicted in Figure 2 can

be seen to have this property. Note also that it is not necessary for one of the points

to be of the form (p, p): we can easily demonstrate a Parrondo’s paradox between

different parametrizations (p1, p2) and (p̂1, p̂2) of sequence B, neither of which

correspond to a parametrization of sequence A.

The above observations suggest a generalization. Consider a discrete-time

stochastic process D whose transition probabilities depend on the values of a

number of real parameters {x1, . . . , xs}. Let X denote the subset of R
s consisting

of those values of {x1, . . . , xs}which are consistent with the rules of the sequence

and suppose that X can be partitioned by an s − 1 dimensional manifold F into

winning and losing regions W and L respectively. Points on F correspond to

parameter values where the sequence is fair.

Let {p1, . . . , ps} and {q1, . . . , qs} be two parametrizations of the process

D. Construct a new stochastic process as follows: at each time point n choose

the parametrization {p1, . . . , ps} with probability γ and the parametrization
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Figure 2: Plot of the curves x2 = x1 and F(x1, x2) = x1x
2
2/(1 − x1)(1 − x2)

2 − 1 = 0.
Points (x1, x2) lying on the curve F correspond to parameters which give a fair instance of
sequence B, whereas points (x1, x2) above and below the curve correspond to parameters
which give winning and losing instances of sequence B respectively.

{q1, . . . , qs} with probability 1− γ and then select the next state according to the

transition probabilities of the process using the chosen parametrization. The state

of this mixed process will evolve according to the processD with parametrization

{γp1 + (1− γ )q1, . . . , γps + (1− γ )qs}. This corresponds to a point on the line

between {p1, . . . , ps} and {q1, . . . , qs} in R
s .

It follows that if we can find two sets of parameters {p1, . . . , ps} and

{q1, . . . , qs} in L such that the line between them crosses into W , then we shall

have constructed a winning mixed parametrization from two losing parametriza-

tions: in short we shall have demonstrated an instance of Parrondo’s paradox. It is

always possible to find two such points if there is a portion of L which is concave.

Similarly, we can construct the reverse version of Parrondo’s paradox in which a

mixture of two winning parametrizations is losing whenever there is a portion of

W which is concave. Since the only situations where neither L nor W has regions

of concavity occurs when one of them is empty or when F is a hyperplane, this is

the only situation in which a version of Parrondo’s paradox cannot occur.

We thus have the following theorem.

Theorem 3.1. Consider a process which has the form of the stochastic process

D described above. Then, provided the regions L and W are non-empty and the

region F is not a hyperplane, it is possible to demonstrate a Parrondo’s para-

dox.

Since only the simplest sequences of games generate a process for which the

region F is a hyperplane, we believe that this theorem demonstrates that the
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existence of Parrondo’s paradox should be regarded as the norm rather than an

exception.

4 An Example

Using Figure 2, we have already demonstrated how the original version of Par-

rondo’s paradox fits into the framework defined above. In this section we shall give

another example which involves a process D in which the winning probabilities

depend not on whether the current capital is a multiple ofM or not, but rather on

whether the results of the last two plays have been wins or losses. Specifically we

shall assume that the player will win a single play of sequenceD with probability

x1 if their previous two plays have been wins, and will win with probability x2

otherwise. By taking x1 < x2 in this game, we can model the type of dependency

that many gamblers erroneously assume is present in sequences of independent

plays; that a player is less likely to win after a sequence of wins.

The easiest way in which to analyze this sequence D, is to investigate the

properties of the associated quasi-birth-and-death process (see Neuts [7]) which

arises when the game is played repeatedly.

A quasi-birth-and-death process, or QBD, is a discrete-time Markov chain on

the state space S = {(k, i), k ≥ 0, 1 ≤ i ≤ m}. The two dimensions of the state

space are called the level, indexed by k, and the phase, indexed by i. The Markov

process associated with a QBD has a transition matrix of the form

Q =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B0 A0

A2 A1 A0

A2 A1 A0

A2 A1 A0

A2 A1
. . .

. . .
. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (7)

The rows and columns of Q are indexed by the positive integers {0, 1, 2, . . . }
and correspond to the level. The sub-matrices Aℓ and Bℓ within Q have row and

column indices which correspond to the different phases.

The matrixQ defines a process for which transitions occur only between adja-

cent levels of the state space, hence it has a block tri-diagonal structure. The matrix

A0 governs transitions leading to an increase in the level, whereas A2 governs

transitions leading to a decrease in the level and A1 governs state transitions for

which there is no change in level. The matrix B0 is a special case of A1, which

allows for different transition probabilities at the boundary level k = 0.

LetA = A0+A1+A2. ThenA is a stochastic matrix with stationary probability

vector α given by the solution to

αA = α, (8)
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with αe = 1. For m finite, it is a consequence of Latouche and Ramaswami [6]

(Theorem 7.2.3) that, a QBD defined by matrices A0, A1 and A2 is positive-

recurrent, null-recurrent or transient according as

f = αA0e− αA2e, (9)

is less than 0, equal to 0 or greater than 0.

We can model the process D with a QBD by letting the level correspond to the

current capital and the phase to the outcomes of the previous two plays, labelled

(l, l), (l, w), (w, l) and (w,w) with l and w representing a loss and win respec-

tively. The current state of a player is thus denoted by (k, i), where k is the current

capital and i represents an element of the set {(l, l), (l, w), (w, l), (w,w)}.
With this representation of state, the matrix A1 = 0 reflecting the fact that

the player’s capital cannot stay the same after a single play of the game and the

matrices A0 and A2 are given by

A0 =

⎡
⎢⎢⎢⎣

0 x2 0 0

0 0 0 x2

0 x2 0 0

0 0 0 x1

⎤
⎥⎥⎥⎦

and

A2 =

⎡
⎢⎢⎢⎣

1− x2 0 0 0

0 0 1− x2 0

1− x2 0 0 0

0 0 1− x1 0

⎤
⎥⎥⎥⎦ .

The vector α is found by solving the equation

α(A0 + A2) = α. (10)

and the function f is

f (x1, x2) = αA0e− αA2e

=
x2

2 − x1x2 + x2 + x1 − 1

x2
2 − x1x2 + x2 − x1 + 1

.

The sign of f (x1, x2) tells us whether the point (x1, x2) is in the winning region

W (f > 0), the losing region L (f < 0) or the fair region F (f = 0). For

(x1, x2) ∈ X = [0, 1]2, the regions W , L and F are shown in Figure 3.

It is easy to see that the region F is not a hyperplane. In fact, the region L is

convex. Thus, by the arguments leading to Theorem 3.1, it is possible to choose

points (x1, x2) = (p, p), (x1, x2) = (p1, p2) and a mixing parameter γ to produce
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a Parrondo’s paradox for processD in which two winning sequences are mixed to

produce a losing sequence. Examples of parameter sets where this occurs are p =
51/101, p1 = 1/100, p2 = 5/8 and γ = 1/2, and p = 51/101, p1 = 99/100,

p2 = 1/4 and γ = 1/2. The fact that L is convex shows also that, for process D,

it is not possible to produce a Parrondo’s paradox in which two losing sequences

are mixed to produce a winning sequence.

Figure 3: The regions W , L and F for process D. The region F is given by the curve
f = 0. The regions W and L lie above and below the curve f = 0, respectively.

5 Conclusion

In this paper we have discussed two issues of relevance to the study of Parrondo’s

paradox. The first of these concerns the definition of a fair sequence of games.

We have argued that a reasonable definition is that the sequence is winning, losing

or fair according as the associated birth-and-death process, or quasi-birth-and-

death process, denoting the player’s capital is transient, positive recurrent or null

recurrent respectively.

Second, we have observed that it is possible to construct a Parrondo’s paradox

for a process which depends on s parameters whenever the (s − 1) dimensional

manifold F which separates the winning and losing regions is not a hyperplane.

Since F is a hyperplane for only very simple processes, this means that we should

expect Parrondo’s paradox to be ubiquitous.
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Abstract
Parrondo’s games are essentially Markov games. They belong to the same

class as Snakes and Ladders. The important distinguishing feature of Par-

rondo’s games is that the transition probabilities may vary in time. It is as

though “snakes,” “ladders” and “dice” were being added and removed while the

game was still in progress. Parrondo’s games are not homogeneous in time and

do not necessarily settle down to an equilibrium. They model non-equilibrium

processes in physics.

We formulate Parrondo’s games as an inhomogeneous sequence of Markov

transition operators, with rewards. Parrondo’s “paradox” is shown to be equiv-

alent to saying that the expected value of the reward, from the whole process, is

not a linear function of the Markov operators. When we say that a game is “win-

ning” or “losing” then we must be careful to include the whole process in our

definition of the word “‘game.” Specifically, we must include the time varying

probability vector in our calculations. We give practical rules for calculating the

expected value of the return from sequences of Parrondo’s games. We include

a worked example and a comparison between the theory and a simulation.

We apply visualization techniques, from physics and engineering, to an

inhomogeneous Markov process and show that the limiting set or “attractor” of

this process has fractal geometry. This is in contrast to the relevant theory for
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homogeneous Markov processes where the stable, equilibrium limiting set is a

single point in the state space. We show histograms of simulations and describe

methods for calculating the capacity dimension and the moments of the fractal

attractors. We indicate how to construct optimal forms of Parrondo’s games

and describe a symmetrical family of games which includes the optimal form,

as a limiting case. We investigate the fractal geometry of the attractors for this

symmetrical family of games. The resulting geometry is very interesting, even

beautiful.

1 Introduction

In Parrondo’s games, the apparently paradoxical situation occurs where individu-

ally losing games combine to win [1,2]. The basic formulation and definitions of

Parrondo’s games are described in Harmer et al. [3–7]. These games have recently

gained considerable attention as they are physically motivated and have been

related to physical systems such as the Brownian ratchet [4], lattice gas automata

[8] and spin systems [9]. Various authors have pointed out interest in these games

for areas as diverse as biogenesis [10], political models [9], small-world networks

[11], economics [9] and population genetics [12].

In this chapter, we will first introduce the relevant properties of Markov transition

operators and then introduce some terminology and visualization techniques from

the theory of dynamical systems. We will then use these tools, later in the chapter,

to define and investigate some interesting properties of Parrondo’s games.

We must first discuss and introduce the mathematical machinery, terms and

notation that we will use. The key concepts are:

state: This contains all the information that we need to uniquely specify what is

happening in the system at any given time. In Parrondo’s original games, the state

can be represented by a single integer.

time-varying probability vector: This is a time-varying probability distribution

which specifies the probabilities that the system will be in certain states at any

given time.

state space: For many physical systems, the state variables satisfy all the transfor-

mations required for a vector [13] and form a vector space [14] which is referred to

as “state space” [15]. In this paper, we regard the time-varying probability vector

as a state-vector within a state-space.

transition matrix: This is a Markov operator which determines the way in which

the time varying probability vector will evolve over time.

These concepts are defined and discussed at length in many of the standard text

books on stochastic processes [16–19].

Time-homogeneous sequences of regular Markov transition operators have

unique stable limiting state-probabilities. The state-space representations of the

associated time-varying probability vectors converge to unique points. If the

sequence of Markov transition operators is not homogeneous in time, then the
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sequence of time-varying probability vectors generated by the products of these

different operators need not converge to a single point, in the original state space.

We construct quite simple examples to show that this is the case.

If the sequences are periodic, then it is possible to incorporate the finite memory

of these systems into a new definition of “state.” The new systems can be re-defined

as strictly homogeneous Markov processes. These new Markov processes, with

new states, will generally have unique limiting probability vectors.

If we allow the sequence to become indefinitely long, then the amount of memory

required grows without bound. In principle, it is still possible to define these

indefinitely long periodic sequences as homogeneous Markov processes although

the definition, and encoding, of the states would require great care. We can consider

any one indefinite sequence of operators as being one of many possible indefinite

sequences of operators, in which case most of the possible sequences will appear

to be “random.” We can learn something about the general case, or arbitrary long

sequences, by studying indefinitely long random sequences.

If the sequence of operators is chosen at random, then the time-varying proba-

bility vector, as defined in the original state-space, does not generally converge to

a single unique value. Simulations show that the time-varying probability vector

assumes a distribution in the original state-space which is self-similar, or “frac-

tal,” in appearance. We establish the existence of fractal geometry with rigor,

for some particular Markov games. We also establish a transcendental equa-

tion which allows the calculation of the capacity dimensions of these fractal

objects.

If state-transitions of the time-inhomogeneous Markov chains are associated

with rewards then it is possible to show that even simple, “two-state,” Markov

chains can generate a Parrondo effect, as long as we are free to choose the reward

matrix. Homogeneous sequences of the individual games generate a net loss over

time. Inhomogeneous mixtures of two games can generate a net gain.

We show that the expected rates of return, or moments of the reward process, for

the time-inhomogeneous games are identical to the expected rates of return from

a homogeneous sequence of a time-averaged game. This is a logical consequence

of the Law of Total Probability and the definition of expected value.

Two different views of the time-inhomogeneous process emerge, depending on

the viewpoint that one takes:

• If you have access to the history of the time-varying probability vector and

you have the memory to store this information and you choose to represent

this data in a state-space, then you will see distributions with fractal geometry.

This is more or less the view that a large casino might have if they were

to visualize the average states of their many customers, all playing the one

randomized sequence of Parrondo’s games.

• If you do not have access to the time-varying probability vector or you have

no memory in which to store this information, then all that you can see is

a sequence of rewards from a stochastic process. The internal details of this
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process are hidden from you. You have no way of knowing precisely how

this process was constructed from an inhomogeneous sequence of Markov

operators. There is no experiment that you can perform to distinguish between

the time-inhomogeneous process and the time-averaged process. The time-

averaged process is a homogeneous sequence of a single operator. We can

calculate a single unique limiting value for the probability vector. This is

more or less the view that a single, mathematically inclined, casino patron

might have if they were playing against an elaborate poker machine, based

on Parrondo’s games.The internal workings of the machine would be hidden

from the customer but it would still be possible to analyze the outcomes and

estimate the parameters for the time-averaged model.

We show that the time inhomogeneous process is consistent in the sense that the

“casino” and the “customer” will always agree on the expected winnings or losses

of the customer. In more technical terms, the time-average, which the customer

sees, is the same as the ensemble-average over state-space, which the casino can

calculate.

2 Time-Homogeneous Markov Chains and Notation

Finite discrete-time Markov chains can be represented in terms of matrices of

conditional transition probabilities. These matrices are called Markov transition

operators. We denote these by capital letters in brackets, eg: [A] where Ai,j =
Pr {Kt+1 = j |Kt = i} and K ∈ Z is a measure of displacement or the “state” of

the system. The Markov property requires that Ai,j cannot be a function of K

but it can be a function of time, t . In Parrondo’s original games, K , represents

the amount of capital that a player has. There is a one-to-one mapping between

Markov games and the Markov transition operators for these games. We will refer

to the games and the transition operators interchangeably.

The probability that the system will be in any one state at a given instant of time

can be represented by a distribution called the time-varying probability vector. We

represent this probability mass function, at time t , using a row vector, Vt. We can

represent the evolution of the Markov chain in time using a simple Matrix equation,

Vt+1 = Vt · [A] . (1)

This can be viewed as a multi-dimensional finite difference equation. The initial

value problem can be solved using generating function, or Z transform, methods.

Sequences of identical Markov transition operators, where [A] does not vary, are

said to be time-homogeneous. A Markov transition operator is said to be regular if

some positive power of that operator has all positive elements. Time-homogeneous

sequences of regular Markov transition operators always have stable limiting prob-

ability vectors, limt→∞ (Vt) = �. The time varying probability vector reliably

converges to a point [16–19].
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We can think of the space which contains the time-varying probability vectors,

and the stable limiting probability vector, as a vector space which has a strong

analogy to the state-space which is used in the theory of control. We shall refer to

this space as “state-space,” [0, 1]N , and we will refer to the time-varying probability

vector as a “state-vector,” within a “state-space.” This terminology is used in the

engineering literature [19]. We emphasize that the “state-vector,” Vt ∈ ℜN is

distinct from the “state’” of the system, K ∈ Z , which we defined earlier. As a

simple example, we can consider the regular Markov transition operator

[A] =

⎡
⎢⎢⎣

13

16

3

16
1

16

15

16

⎤
⎥⎥⎦ , (2)

using the initial condition

Vt = [V0, V1] =
[

3

4
,

1

4

]
when t = 0. (3)

The components of Vt are V0 and V1 and these can be considered to be the

dimensions of a Cartesian space. This “state-space” has clear analogies with the

state-space used in the theory of control [15], with the phase-space of Poincare [20],

with the “γ ” or gaseous phase-space of Gibbs [21] and with the configuration-space

used in Lagrangian dynamics [22]. We can freely borrow some of the visualization

techniques from these other disciplines although we must be careful not to press

these analogies too far since the state-spaces of physics and of Markov chains use

different transition operators and obey different conservation laws.

Figure 1: State-space trajectories: In part (a) we see the response to a homogeneous
sequence of games “T,” from (8). The time varying probability vector converges geometri-
cally to a single fixed point. There is only one point of accumulation at

[
1
4
, 3

4

]
. In part (b) we

see the response to an inhomogeneous randomized sequence of games “S” and “T ,” from
(7) and (8). The time varying probability vector does not converge geometrically to any
fixed point. There are an infinite number of points of accumulation along the line segment
between points [1/4, 3/4] and [3/4, 1/4]. The points of accumulation form an attractor that
corresponds to Cantor’s fractal.
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A fundamental question in the study of dynamical systems is to classify how

they behave as t →∞ and all initial transient effects have decayed. The evolution

of the state-vector of a discrete-time Markov chain generally traces out a sequence

of points or “trajectory” in the state-space. The natural technique would be to draw

a graph of this trajectory. As an example of this, we can consider the trajectory

of a time homogeneous Markov chain shown in Figure 1(a). The state-vector, Vt,

always satisfies the constraint, V0 + V1 = 1, which follows from the law of total

probability. The dynamics of the system all occur within a sub-space on the entire

state-space. This is clearly visible in Figure 1(a). We can think of the set

M = {[V0, V1] | (0 ≤ V0 ≤ 1) ∧ (0 ≤ V1 ≤ 1) ∧ (V0 + V1 = 1)} , (4)

as a state manifold for the dynamical system defined by (2) and (3). The dynamics,

within the state manifold, always converge to a single stable fixed point, as long

as the Markov transition operators are regular and time-homogeneous [16–19].

The convergent point is the correct state-space representation of the stable limiting

probability for the Markov chain.

3 Time-Inhomogeneous Markov Chains

The existence, uniqueness and dynamical stability of the fixed point are important

parts of the theory of Markov chains but we must be careful not to apply these theo-

rems to systems where the basic premises are not satisfied. If the Markov transition

operators are not homogeneous in time then there may no longer a single fixed point

in state-space. The state-vector can perpetually move through two or more points

without ever converging to any single stable value. To demonstrate this important

point, we present a simple example, using two regular Markov transition operators:

[S] =

⎡
⎢⎢⎣

3

4

1

4
3

4

1

4

⎤
⎥⎥⎦ (5)

and

[T ] =

⎡
⎢⎢⎣

1

4

3

4
1

4

3

4

⎤
⎥⎥⎦ . (6)

The rows of these matrices are all identical. This indicates that the outcome

of each game is completely independent of the initial state. The limiting stable

probabilities for these regular Markov transition operators are �S =
[

3
4 ,

1
4

]

and �T =
[

1
4 ,

3
4

]
respectively. The time-varying probability vector immedi-

ately moves to the stable limiting value after even a single play of each game:
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[Q] · [S] = [S] and [Q] · [T ] = [T ] for any conformable stochastic matrix [Q].

This leads to some interesting corollaries: [T ] · [S] = [S] and [S] · [T ] = [T ] .

If we play an indefinite alternating sequence of these games, {ST ST · · · }, then

there are two simple ways in which we can associatively group the terms:

V2N = V0 ([S] [T ]) ([S] [T ]) · · · ([S] [T ])

= V0 [T ]

⇒ � = �T

and

V2N+1 = (V0 [S]) ([T ] [S]) ([T ] [S]) · · · ([T ] [S])

= V0 [S]

⇒ � = �S.

If we assume that there is a unique probability limit then we must conclude that

�S = �T and hence 1
4 =

3
4 which is a contradiction. We can invoke the principle

of excluded middle (reductio ad absurdum) to conclude that the assumption of a

single limiting stable value for limt→∞ (Vt) is false. In the limit as t → ∞, the

state-vector alternately assumes one of the two values�S or�T. We refer to the set

of all recurring state-vectors of this type, {�S,�T}, as the attractor of the system.

In more general terms an attractor is a set of points in the state-space which is

invariant and stable under the dynamics of the system as t →∞.

3.1 Reduction of the Periodic Case to a Time-Homogeneous Markov Chain

In the last section, we considered a short sequence of length 2. This can be

generalized to an arbitrary length, N ∈ Z . It is possible to associatively group the

operators into sub-sequences of length N . As with the sequences of length two,

the choice of time origin is not unique. We are free to make an arbitrary choice

of time origin with the initial condition at t = 0. We can think of the operators

as having an offset of n ∈ Z , where 0 ≤ n ≤ N − 1 within the sub-sequence.

We can also calculate a new equivalent operator to represent the entire sequence,[
Aeq

]
=
∏N−1
n=0 [An]. We can then calculate the steady-state probabilities associ-

ated with this operator, �eq = �eq ·
[
Aeq

]
in the limit as t →∞. We can refer

the asymptotic trajectory of the time-varying probability vector to this fixed point,

V(t (mod N)) = �eq ·�(t (mod N))−1
n=0 [An]. In the periodic case, there is generally

not a single fixed point in the original state-space but the time-varying probability

vector settles into a stable limit cycle of length N . If we aggregate time, mod-

ulo N , then we can re-define what we mean by “state” and we can define a new

state-space in which the time-varying vector does converge to a single point.

If we allow the length of the period, N , to become indefinitely long N → ∞
then our new definition of “state” becomes infinitely complicated. We would have
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to contemplate indefinitely large offsets, n→∞, within the infinitely long cycle.

If we wish to avoid the many paradoxes that infinity can conceal, then we really

should consider the case with “infinite” period as being qualitatively different from

the case with finite period, N .

4 Random Selection of Markov Transition Operators

4.1 Two Simple Markov Games that Generate a Simple Fractal in State-Space

We proceed to construct a simple system in which operators are selected at random

and we use the standard theories regarding probability and expected values to

derive some useful results. If we modify the system specified by (5) and (6):

[S] =

⎡
⎢⎢⎣

5

6

1

6
1

2

1

2

⎤
⎥⎥⎦ (7)

and

[T ] =

⎡
⎢⎢⎣

1

2

1

2
1

6

5

6

⎤
⎥⎥⎦ (8)

and select the sequence of transition operators at random then the attractor becomes

an infinite set. If we were to play a homogeneous sequence of either of these

games, then they would have the same stable limiting probabilities as before, �S

and �T, and the dynamics would be similar to those shown in Figure 1(a). In

contrast, if we play an indefinite random sequence of the new games S and T ,

{ST SST ST T ST T · · · }, then there are no longer any stable limiting probabilities

and the attractor has a fractal or “self-similar” appearance which is shown in

Figure 1(b).

4.2 The Cantor Middle-Third Fractal

These games have been constructed in such a way that they generate the Cantor

middle-third fractal.

It should be noted that the Cantor Middle-Third fractal is an uncountable set

and so a countably infinite random sequence of operators will never generate

enough points to cover the entire set. The solution to this problem is to consider

the uncountably infinite set generated by all possible infinite, random sequences

of operators. We could construct a probability measure on the resulting set and

then we could calculate probabilities and expected values. It is also reasonable to
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talk about the probability density function of the time-varying probability vector

in the state-space.

In order to stimulate intuition, we can simulate the process and generate a his-

togram, showing the distribution of the time-varying probability vector. The result

is shown in Figure 2. For the x axis in this figure, we could have chosen the first

element of the time-varying probability vector,V0, but this would not have been the

easiest way to analyze the dynamics. We choose another parameterization which

reveals the simplicity of the underlying process. If we examine the eigenvectors

of the matrices in (7) and (8), then we find that a better re-parameterization is:

x = (V0 − V1) and y = (V0 + V1). Of course, we always have y = 1 and x is a

new variable in the range −1/2 ≤ x ≤ +1/2. The Cantor fractal lies in the unit

interval −1/2 ≤ x ≤ 1/2 which is the x interval shown in Figure 2. The transfor-

mation for matrix [S], in (7) reduces to:
(
+1

2
− xt+1

)
= 1

3
·
(
+1

2
− xt

)
(9)

and the transformation for matrix [T ], in (8) reduces to:
(
−1

2
− xt+1

)
= 1

3
·
(
−1

2
− xt

)
. (10)

Figure 2: A histogram of the distribution of Vt in state-space. This is a finite approximation
of the Cantor Fractal.
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The transformation S has a fixed point at x = + 1
2 and the transformation T has

a fixed point at x = − 1
2 . If we choose these transformations at random then the

recurrent values of x lie in the interval between the fixed points, − 1
2 ≤ x ≤

1
2 .

This is precisely the iterated function system for the Cantor Middle-Third Fractal.

These are described in Barnsley [23].

The most elementary analysis that we can perform is to calculate the dimension

of this set. If we assume conservation of measure, then every time we perform a

transformation, we reduce the diameter by a factor of 1
3 but the transformed object

is geometrically half of the original object so we can write 1
2 =

(
1
3

)D
where D

is the fractional dimension. This is the law of conservation of measure for this

particular system. We can solve this equation for D to get D = log(2)/log(3) ≈
0.630929 · · · .

We can invert the rules described in (9) and (10) giving: xt = 3xt+1−1 and xt =
3xt+1 + 1. If we consider these equations, together with the law of conservation

of total probability, then we get a self-similarity rule for the PDF (or Probability

Density Function), p(x), of the time-varying probability vector, Vt:

3

2
p (3x − 1)+ 3

2
p (3x + 1) = p (x) .

This PDF, p(x), is the density function towards which the histogram in Figure 2

would converge if we could collect enough samples. The self-similarity rule for the

PDF gives rise to a recursion rule for the moment generating function, �(�) =
E
(
ej�x

)
:

�(�) = �
(
�

3

)
· cos

(
�

3

)
. (11)

We can evaluate the derivatives at � = 0 and calculate as many of the moments

as we wish. We can calculate the mean, μ, and the variance, σ 2, giving:

μ = 0 (12)

σ 2 = 1

8
. (13)

These algebraic results are consistent with results from numerical simulations.

4.3 Iterated Function Systems

The cause of the fractal geometry is best understood if we realize that Markov

transition operators perform affine transformations on the state-space. An indefinite

sequence of different Markov transition operators is equivalent to an indefinite

sequence of different affine transformations which is called an “Iterated Function

System.” We refer the reader to the work of Michael Barnsley [23] and the theory of

Iterated Function Systems to show that fractal geometry is quite a general property

of a system of randomly selected affine transformations.
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5 An Equivalent Representation of the
Random Selection of Markov Transition Operators

Consider two mutually exclusive events,A∩B = ∅, embedded within a probability

space (�,F, P ). Consider any third eventC ⊆ A∪B. These events are represented

in Figure 3. The law of total probability asserts that

Pr(C) = Pr(C|A) · Pr(A)+ Pr(C|B) · Pr(B). (14)

Figure 3: Set relationships and change of probability.

We can now make the following particular identifications:

C ≡ {X ∈ � | Kt+1 = i ∧ Kt = j} ,
A ≡ {played game A} ,
B ≡ {played game B} .

If we select games A and B at random with probabilities of γ and (1− γ ) respec-

tively, then we can write Pr(A) = γ and Pr(B) = (1 − γ ). By definition, the

Markov matrices for games A and B contain conditional probabilities for state

transitions:

Ai,j = Pr {(Kt+1 = j | Kt = i) ∧ played game A} ,

Bi,j = Pr {(Kt+1 = j | Kt = i) ∧ played game B} .

Note that in this case C = A∪B. We can define a new operator corresponding to

the events Ci,j :

Ci,j = Pr {Kt+1 = j | Kt = i} ,

and (14) reduces to

Ci,j = Ai,j · γ + Bi,j · (1− γ ) . (15)

The conditional probabilities of state transitions of the inhomogeneous Markov

process generated by games A and B are the same as the conditional probabilities
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of a new equivalent game called “Game C.” The transition matrix for Game C is a

linear convex combination of the matrices for the original basis games, A and B.

Even if we have complete access to the state of the system, there is no function that

we can perform on the state, or state transitions, which could allow us to distinguish

between a homogeneous sequence of games C and an inhomogeneous random

sequence of games A and B. We refer to game C as the time-average model. This

is analogous to the state-space averaged model found in the theory of control [24].

6 The Phenomenon of Parrondo’s Games

6.1 Markov Chains with Rewards

Suppose that we apply a reward matrix to the process:

Ri,j = reward if (Kt+1 = j) | (Kt = i).

There is a specific reward associated with each specific state transition. We can

think of Ri,j as the reward that we earn when a transition occurs from state i to

state j . The state transitions, rewards and probabilities of transition, for “Game

A” are shown in Figure 4. The state transition diagrams for “Game B” and the

time averaged “Game C” would have identical topology and have identical reward

structure, although the probabilities of transition between states would be different.

Systems of this type have been analyzed by Howard [25] although we use different

matrix notation to perform the necessary multiplications and summations.

The expected contribution to the reward from each transition of the time-

averaged homogeneous process is:

Yi,j = E
[
Ri,j ◦ Ci,j

]
, (16)

where “◦” represents the Hadamard, or element by element, product.

If we wish to calculate the mean expected reward, then we must sum over all

recurrent states in proportion to their probability of occurrence. This will be a func-

tion of the transition matrix,C, and the relevant steady state probability vector,�C:

Y (C) = �C · ([R] ◦ [C]) · UT , (17)

Figure 4: State transition diagram for “Game A” with rewards.
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where UT is a unit column vector of dimension N . Post-multiplication by UT has

the effect of performing the necessary summation. We recall that �C represents

the steady state probability vector for matrix C. The function Y (C) represents the

expected asymptotic return, in units of “reward,” per unit time when the games

are played.

If we include the definition of C from (15) in (16) then we can write:

Yi,j = E
[
Ri,j ·

(
γAi,j + (1− γ )Bi,j

)]
(18)

= γE
[
Ri,j · Ai,j

]
+ (1− γ )E

[
Ri,j · Bi,j

]
. (19)

We can also define:

Y (A) = �A ([R] ◦ [A])UT (20)

and

Y (B) = �B ([R] ◦ [B])UT , (21)

and we might falsely conclude that

Y (C) = γ Y (A)+ (1− γ ) Y (B). (22)

This would be equivalent to saying that:

Y (C) = γ
(
�A ([R] ◦ [A])UT

)
+ (1− γ )

(
�B ([R] ◦ [B])UT

)
, (23)

but these equations (22) and (23) are in error because (19) must be summed over all

of the recurrent states of the mixed inhomogeneous games but in the false equation,

(23), the first term is summed with respect to the recurrent states of Game “A” and

the second term is summed with respect to the recurrent states of game “B” which

is a mistake! The dependency on state makes the reward process nonlinear in C.

The correct expression for Y (C) would be:

Y (C) = γ
(
�C ([R] ◦ [A])UT

)
+ (1− γ )

(
�C ([R] ◦ [B])UT

)
. (24)

The difference between the intuitively appealing but false equations (22) and (23)

and the correct equation (24) is the cause of “Parrondo’s paradox.”

6.2 Parrondo’s Paradox Defined

The essence of the problem is that when we say that “Game A is losing” or “Game

B is losing” we perform summation with respect to the steady state probability

vectors for games “A” and “B” respectively. When we say that “a random sequence

of games A and B is winning,” we perform the summation with respect to the

steady state probability vector for the time-averaged game, Game “C.”



626 A. Allison, D. Abbott, and C. Pearce

We can say that the “paradox” exists whenever we can find two games A and B

and a reward matrix R such that:

Y (γA+ (1− γ )B) 	= γ Y (A)+ (1− γ ) Y (B). (25)

The “paradox” is equivalent to saying that the reward process is not a linear function

of the Markov transition operators.

6.3 A Simple “Two-State” Example of Parrondo’s Games

We can show that Parrondo’s paradox does exist by constructing a simple example.

We can define

[A] =

⎡
⎢⎢⎣

5

6

1

6
1

2

1

2

⎤
⎥⎥⎦ (26)

and

[B] =

⎡
⎢⎢⎣

1

2

1

2
1

6

5

6

⎤
⎥⎥⎦ . (27)

The steady state probability vectors are: �A =
[

3
4 ,

1
4

]
and �B =

[
1
4 ,

3
4

]
. These

games are the same as games “S” and “T ” defined earlier but we analyse them

using the theory of Markov chains with rewards. We can define a reward matrix

[R] =
[ −7 +17

+17 −7

]
, (28)

and we can apply (20), (21) and (24) to get:

Y (A) =
[

3

4

1

4

]
⎛
⎜⎜⎝
[ −7 +17

+17 −7

]
◦

⎡
⎢⎢⎣

5

6

1

6
1

2

1

2

⎤
⎥⎥⎦

⎞
⎟⎟⎠
[

1

1

]
= −1 (29)

and

Y (B) =
[

1

4

3

4

]
⎛
⎜⎜⎝
[ −7 +17

+17 −7

]
◦

⎡
⎢⎢⎣

1

2

1

2
1

6

5

6

⎤
⎥⎥⎦

⎞
⎟⎟⎠
[

1

1

]
= −1, (30)
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and for the time-average we get:

Y (C) =
[

1

2

1

2

]
⎛
⎜⎜⎝
[ −7 +17

+17 −7

]
◦

⎡
⎢⎢⎣

2

3

1

3
1

3

2

3

⎤
⎥⎥⎦

⎞
⎟⎟⎠
[

1

1

]
= +1. (31)

Games “A” and “B” are losing and the mixed time-average game,C = 1
2 (A+B), is

winning and (25) is satisfied and so we have Parrondo’s “paradox” for the two-state

games “A” and “B” as defined in (26) and (27). We can simulate the dynamics of

this two-state version of Parrondo’s games. Some typical sample paths are shown

in Figure 5. The results from the simulations are consistent with the algebraic

results.

Figure 5: Simulation of a Two-State version of Parrondo’s games: Note that the homoge-
neous sequences of games “A” or “B” are losing but the inhomogeneous mixture of games
“A” and “B” is winning. This is an example of Parrondo’s paradox.

If we refer back to Figure 4 then an intuitive explanation for this phenomenon is

possible. The negative or “punishing” rewards are associated with transitions that

do not change state. The good positive rewards are associated with the changes

of state. If we play a homogeneous sequence of Games “A” or “B”, then there

are relatively few changes of state and the resulting weighted sum of all the

rewards is negative. If we play the mixed game, then the rewarding changes

of state are much more frequent and the resulting weighted sum of rewards is

positive.
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7 Consistency between State-Space and Time Averages

In order for the “fractal view” of the process, in state-space, to be consistent with

the time average view of the process we require:

E [Vt] = �C (32)

The value of E[Vt] follows from the argument in Section 4.2. We can use the

mean, evaluated in (12), and construct the relation

E [Vt] =
[

1

2
+ 1

2
E [x] ,

1

2
− 1

2
E [x]

]
(33)

=
[

1

2
+ 1

2
μ,

1

2
− 1

2
μ

]
(34)

=
[

1

2
,

1

2

]
. (35)

The value of�C follows from the arguments in Section 6.3. Specifically we require

�C = �C · C which gives:

�C =
[

1

2
,

1

2

]
, (36)

which is consistent with (35). This proves this special case. To prove the more

general case we need to have some notation for an entire fractal set, like the one

shown in Figure 1(b). We use {F } to denote the attractor generated by two operators

A and B. We can write:

E [{F }] = γE [{F }]A+ (1− γ )E [{F }]B. (37)

This follows from conservation of measure under the affine transformations

A and B. We note that everything in these equations is linear and so we can

write

E [{F }] = E [{F }] (γA+ (1− γ )B)

= E [{F }] · C,

which is the defining property of �C which implies that

E [{F }] = �C. (38)

The two ways of viewing the situation are consistent which means that we can use

the time-averaged game to calculate expected values of returns from Parrondo’s

games.
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8 Parrondo’s Original Games

8.1 Original Definition of Parrondo’s Games

In their original form, Parrondo’s games spanned infinite domains, of all integers or

all non-negative integers [3]. If our interest is to examine the asymptotic behaviour

of the games as t →∞ and to study asymptotic rates of return or moments, then it

is possible to reduce these games by aggregating states of the Markov chain modulo

three. We can do this without losing any information about the rate of return from

the games. After reduction, the Markov transition operators take the form:

[A] =

⎡
⎢⎣

0 a0 (1− a0)

(1− a1) 0 a1

a2 (1− a2) 0

⎤
⎥⎦ , (39)

where a0, a1 and a2 are the conditional probabilities of winning, given the current

state modulo three. This form of the games has been described by Pearce [6].

8.2 Optimised form of Parrondo’s Games

Simulations reveal that periodic inhomogeneous sequences of Parrondo’s games

have the strongest effect. Further investigation by the authors, using Genetic

Algorithms, suggest that the most powerful form of the games is a set of three

games that are played in a strict periodic sequence {G0,G1,G2,G0,G1,G2, · · · }.
The transition probabilities are as follows:

Game G0: [a0, a1, a2] = [μ, (1− μ), (1− μ)],
Game G1: [a0, a1, a2] = [(1− μ),μ, (1− μ)],
Game G2: [a0, a1, a2] = [(1− μ), (1− μ),μ],

where μ is a small probability, 0 < μ < 1. We can think of μ as being a very

small, ideally “microscopic”, positive number. The rate of return from any pure

sequence of these games is approximately Y ≈ 1
2 · μ which is close to zero

and yet the return from the cyclic combination of these games is approximately

Y ≈ 1− 3 · μ which is close to a certain win. We can engineer a situation where

we can deliver an almost certain win every time using games that, on their own,

would deliver almost no benefit at all! These games clearly work better as a team

than on their own. Just as team players may pass the ball in a game of soccer, the

games {G0,G1,G2} carefully pass the state-vector from one trial to the next as

this sequence of Parrondo’s games unfolds.

8.3 An Exquisite Fractal Object

We can de-rate these games by increasing μ. In the limit as μ→ 1
2 the Parrondo

effect vanishes and the attractor collapses to a single point in state-space. Just
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before this limit the attractor takes the form of the very small and exquisite fractal

shown in Figure 6. This fractal is embedded in a two-dimensional sub-space of the

three-dimensional state-space of the games {G0,G1,G2}. The two-dimensional

sub-space has been projected onto the page in order to make it easier to view. The

projection preserves dot product, length and angle measure. The coordinates “x”

and “y” are linear combinations of the components of the original state-vector,

Vt = [V0, V1, V2]. The orientation of the image is such that the original “V2” axis is

projected onto the new “y” axis. (The direction of “up” is preserved.) The negative

numbers on the axes represent negative offsets rather than negative probabilities.

This is the same concept that is used when we write down a probability (1 − p).
If p is a valid probability, then so is (1− p). The number −p is an offset that just

happens to be negative.

The dimension of this fractal is D ≈ log(9)/ log(4) ≈ 1.585. We define the

amount of Parrondo effect, �p, as the difference in rate of return, Y , between the

mixed sequence of games {G0,G1,G2} and the best performance from any pure

sequence of a single game. For this limiting case, �p ≈ 0. There are some inter-

esting qualitative relationships between the capacity dimension and the amount of

Parrondo effect that deserve further investigation to see if it is possible to state a

general quantitative law.

−8 −6 −4 −2 0 2 4 6 8

x 10
−3

−6

−4

−2

0

2

4

6

x 10
−3 A fractal attractor generated by Parrondo’s games with Δ p =1.8691e−07 and D =1.5849

x

y

Figure 6: A 2D projection of a fractal attractor generated by the “last gasp” of Parrondo’s
games. Note the similarity of this fractal to the fractals of Sierpinski and of Koch.



State-Space Visualization and Fractal Properties of Parrondo’s Games 631

9 Summary

In this paper we have analyzed Parrondo’s games in terms of the theory of Markov

chains with rewards. We have illustrated the concepts constructively, using a very

simple two-state version of Parrondo’s games and we have shown how this gives

rise to fractal geometry in the state-space. We have arrived at a simple method for

calculating the expected value of the asymptotic rate of reward from these games

and we have shown that this can be calculated in terms of an equivalent time-

averaged game. We have used graphic representations of trajectories and attractors

in state-space to motivate the arguments.

The use of state-space concepts opens up new lines of inquiry. Simulation and

visualization encourage intuition and help us to grasp the essential features of a

new system. This would be much more difficult if we were to use a purely formal

algebraic approach at the start. We do not propose visualization as a replacement

for rigorous analysis. We see it as a guide to help us to decide which problems are

worthy of more detailed attention and which problems might later yield to a more

formal approach. We believe that state-space visualization will be as useful for the

study of the dynamics of Markov chains as it has already been for the study of

other dynamical systems.

Finally, we conclude that Parrondo’s games are not really “paradoxical” in the

true sense. The anomaly arises because the reward process is a nonlinear function of

the Markov transition operators and our “common sense” tells us the reward process

“ought” to be linear. When we combine the games by selecting them at random, we

perform a linear convex combination of the operators but the expected asymptotic

value of the rewards from this combined process is not a linear combination of the

rewards from the original games.
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Abstract
It has been shown that it is possible to construct two games that when played

individually lose, but alternating randomly or deterministically between them

can win. This apparent paradox has been dubbed “Parrondo’s paradox.” The

original games are capital-dependent, which means that the winning and losing

probabilities depend on how much capital the player currently has. Recently,

new games have been devised, that are not capital-dependent, but history-

dependent. We present some analytical results using discrete-time Markov-

chain theory, which is accompanied by computer simulations of the games.

1 Introduction

It has recently been shown [1,2] that a discrete-time version of the flashing ratchet

[3–5] can be interpreted as simple gambling games. There exist two losing games

that can be combined to form a game with a winning expectation, much in the

same way as a flashing ratchet can be made to move Brownian particles uphill

with the use of mechanisms that individually let the particles move downhill. More

information regarding this analogy can be found in [6].

However, this original incarnation of the games has probabilities that depend

on the value of the current capital of the player, that is, the games are capital-
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dependent. Though this is useful in certain applications [7], a version of the games

that does not depend on capital is more natural. This led to a construction of the

games where the probabilities depend on the results of the previous two games,

referred to as history-dependent games [8].

In this chapter, we analyze the games using simple discrete-time Markov chain

theory and show analytical results from numerical simulations of the games. We

also offer an explanation of the games in terms of their equilibrium distributions.

2 Parrondo’s Capital-Dependent Games

In this section we construct capital-dependent games and explain how the concept

of fairness applies to these games. Certain results of playing the games are also

shown. The results have been found analytically, that is, they are what would be

expected if we averaged then over almost an infinite number of games.

2.1 Construction of the Games

Game A is straightforward and can be thought of as tossing a weighted coin that

has probabilityp of winning. GameB is a little more complex and can be generally

described by the following statement. If the present capital is a multiple ofM , then

the chance of winning is p1, if it is not a multiple ofM , the chance of winning is

p2. Thus, the respective losing probabilities are 1− p1 and 1− p2.

The two games can be represented diagrammatically using branching elements,

shown in Fig. 1. The notation (x, y) at the top of the branch gives the probability

or condition for taking left and right branch respectively.

Figure 1: Construction of the capital-dependent games. The games could be formed using
three biased coins.

If we require to control the three probabilities p, p1 and p2 via a single variable,

a biasing parameter ǫ can be used to represent a subset of the probability space

with the transformation

p = 1/2− ǫ,
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p1 = 1/10− ǫ and

p2 = 3/4− ǫ. (1)

This parameterization along with M = 3 gives Parrondo’s original numbers for

the games [1].

2.1.1 The Randomised Game

Dealing with the randomized game is not as difficult as it first appears. Let us

define a mixing parameter γ that gives the probability of playing game A, which

is assumed to be a 1/2 unless otherwise stated. When the capital is a multiple of

M , the probability of winning is

q1 = gp + (1− g)p1. (2)

This is the chance of playing game A multiplied by the chance of winning it

and correspondingly the chance of playing game B multiplied by the chance of

winning. Alternatively, when the capital is not a multiple ofM , the probability of

winning is

q2 = gp + (1− g)p2. (3)

The respective losing probabilities are 1−q1 and 1−q2. Using these probabilities

we can treat the randomized game exactly the same as game B, except replace

each pi with a qi .

2.1.2 Fairness

An issue that needs to be clarified is the question of how to define whether the

games are losing, fair or winning. To classify a game as either winning or losing is

trivial, but when it comes to deciding if it is fair, the issue can become controversial.

The reason is that the behavior of game B differs from that of game A as we are

likely to win or lose a small amount depending on the value of the capital that we

start with. If the starting capital is a multiple ofM , then it is likely we will lose a

little, if not, it is likely we will gain a little.

A brief discussion of fairness follows. A more detailed mathematical formula-

tion of fairness relating to Parrondo’s games is given by [9]. Consider a gambler

repeatedly playing a game and after the nth game has capitalX(n), orXn for short.

Classically, as defined by [10], a fair game is one where given all the past results,

the expectation of the next result is the same as the present result for any given

game. That is, the game has to be a martingale where the expected value of capital

after playing a game is the same as the present value.

The difficulty with game B is whenX0 is a multiple ofM ,E[X1|X0] < X0 and

correspondingly when X0 is not a multiple of M , E[X1|X0] > X0. This makes

it troublesome to classify game B as either winning, losing or fair [9]. Suffice to
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say it is argued in [9] that fairness can be defined in terms of drift rates. Thus, if

the capital tends to drift toward infinity then it classifies as winning (ǫ < 0) or if

it drifts towards negative infinity it is losing (ǫ > 0). If there is no drift, then the

game is fair (ǫ = 0).

Therefore, using the above criterion, both games A and B are fair when ǫ set

to zero in (1). This is true of game A because the probabilities of moving up and

down in capital are equal for all n. It is also true of gameB even though the value of

starting capital influences the probability of going up and down for small values of

n because as n→∞, there is no change in capital. The transient response actually

decays to almost nothing very quickly, after about 20 games. The drift rates that

determine fairness can be easily verified by considering a detained balance [11] of

the corresponding system.

Although there is some concern over whether game B is technically fair, it is

not that important in the context of the apparently paradoxical nature of the games

as they definitely lose when ǫ > 0. This is satisfactory since the only prerequisite

we have in later sections are that games A and B lose when ǫ > 0.

2.2 Playing the Games Analytically

As has been implied in the introduction, the mode of analysis for the games is via

discrete-time Markov chains (DTMCs). Each value of capital is represented by

a state, and the transition probabilities are determined by the rules of the games.

Since in every game we must either incrementally win or lose, i.e. go up or down

the chain by one state, the DTMC is referred to as skip-free.

The transition probabilitiespij form the entries of the transition matrix P, which

defines the DTMC. Since the matrix represents a skip-free DTMC, P is tridiagonal

with the main diagonal all zeros and all the columns summing to unity. Since

the DTMC that represents the games is doubly-infinite, the dimensions of P also

extend to ±∞. However, in practice the dimensions only need to extend to twice

the number of games that are being played.

The transition matrix modeling game B is given by

PB =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1− p2

p1 0
. . .

p2
. . . 1− p1

. . . 0 1− p2

p1 0
. . .

p2
. . .

. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4)

This matrix shows the state dependency that is exhibited with the probabilities p1

and 1− p1 leaving the state that are divisible byM .
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Since game A is a specific case of game B where p1 = p2 = p, PA can be

easily found from PB . Recalling from (2) and (3), anything derived for game B

equally holds true for the randomized game, thus PR can be determined. This is

sufficient for all the analysis since the combination of two DTMCs simply forms

another DTMC that obeys Markov chain theory.

From the transition matrices representing the games, the equilibrium probabili-

ties (or stationary distribution) π = [. . . , π−1, π0, π1, . . . ]
T can be found. This

contains the probabilities of finding the capital in each of the states. The expected

outcome when playing a game can then be found by applying P to π. Hence, the

posterior distribution after playing n games is given by

πn = P
nπ0,

where the π0 is the starting capital. As n → ∞ this gives the stationary dis-

tribution. To initially start (i.e. n = 0) with zero capital we would have π0 =
[0, . . . , 0, 1, 0, . . . , 0]T . By using the appropriate transition matrix, the individ-

ual or randomly mixed games can be played.

To play a deterministic mix of games, the appropriate P must be substituted.

Thus, we could have

π[a,b]
n = P

n
Xπ0,

where the notation [a, b] represents playing game A a times, game B b times and

so on, thus

PX =
{

PA if n mod (a + b) < a,
PB otherwise.

The deterministically mixed games can be implemented using a single transition

matrix by grouping the periodic sequence. For example, P2,2 = P
2
BP

2
A represents

the equivalent transition matrix of playingAABB. Applying P2,2 is then equivalent

to playing four consecutive games. Due to the multiple paths the capital can take

within those four games, the algebra becomes tedious – a symbolic programming

language is most advantageous.

Using the stationary distribution we can determine some statistical properties of

the games, namely the meanμ, and standard deviation σ . We define a capital vector

x = [−n, . . . ,−1, 0, 1, . . . , n] so that the values correspond to the stationary

probabilities in π, thus the 0 in x should be aligned with the 1 in π0. The mean is

then given by

μn ≡ E[Xn] = xπn (5)

and the standard deviation by

σn = ((x − μn)2πn)1/2, (6)

where the squared vector term is an element-wise operation.
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Several characteristics of the games are plotted in Fig. 2. The probability den-

sity functions (PDF) p(x, n) of the games, which are equivalent to the stationary

probabilities π are shown in Fig. 2a. However, since the capital must increase

or decrease after each game, it leaves every second state with a zero stationary

probability. To correct for this misleading characteristic a centered mean is taken,

denoted by a hat,

p̂(x, n) = p(x, n− 1)+ 2p(x, n)+ p(x, n+ 1)

4
, (7)

which is the quantity plotted in Fig. 2a.

Figure 2: Characteristics for the capital-dependent games using (1). (a) The probability
density function of the games using the centered mean of (7) with ǫ = 0. (b) The expected
outcome when playing the games individually and mixing with ǫ = 0.05. The notation
[3, 2] for example, refers to playing the sequenceAAABB . . . . (c) The standard deviations
of the games, which are proportional to

√
n.

To better observe the ratchet potential that is exhibited by game B, a higher

value ofM is preferable,M = 7 with p1 = 0.075 and p2 = 0.6032 for example.

This clearly shows the Brownian ratchet mechanism that the games are based on

from [1].

In Fig. 2b the expected outcome of the games using (5) is plotted against the

number of games played. This shows clearly the paradoxical result of the games

– two losing games can combine to form a game with a winning expectation. One
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should note, however, that this is an apparent paradox, even though it has a counter-

intuitive result that even experienced mathematicians find surprising; a proof is

available that explains the situation.

Fig. 2c plots the standard deviations using (6) against
√
n for the same games

in Fig. 2b. This shows the behavior of the games does not diverge rapidly, but in

fact the standard deviations of the games are all proportional to
√
n and less than

that of game A’s.

2.3 Analysis using Equilibrium Distributions

When analyzing the games, it is sufficient to only consider whether the capital

X(n) is in a state relative to the modulus rule. Thus we can define a cyclic DTMC

by

Y (n) ≡ X(n) mod M, (8)

where Y (t) has the states {0, . . . ,M − 1}. If we win at the highest state M − 1

we go back to state 0, and vice versa from state 0 toM − 1. Thus, given an initial

distribution of capital among the states and as n→∞ the probability of the capital

being in any of the states reaches an equilibrium, πn → π = [π0, . . . , πM−1].

From this equilibrium distribution, many properties of the games can be found

analytically. The transition matrix associated with Y (t) is

PB =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1− p2 p2

p1 0
. . .

p2
. . . 1− p2

. . . 0 1− p2

1− p1 p2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (9)

which is used to represent game B (or the randomised game by replacing each p

with a q). This is restricted to M ×M in size and the two extra entries (c.f. (4))

provide the cyclic nature of the chain.

From the transition matrix, there are many ways to find the stationary distribu-

tion, see [12,13] for example. UsingM = 3 to simplify the algebra, the stationary

distribution is

πB = 1

D

⎡
⎣

1− p2 + p2
2

1− p2 + p1p2

1− p1 + p1p2

⎤
⎦ , (10)

where D = 3 − p1 − 2p2 + 2p1p2 + p2
2 is the normalization constant. If we

let p1 = p2 = p represent game A, then the stationary distribution simplifies to
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πA = (1/3)[1, 1, 1]T as expected for a three-state chain. Using the probabilities

of (1) with ǫ = 0, the stationary distribution for game B turns out to be

πB = (1/13)[5, 2, 6]T . (11)

2.3.1 Capital-Dependent Games Constraints

It would be desirable, given a set of parameters, if constraints could be found

to determine if Parrondo’s paradox exists. An intuitive approach is finding the

probability of winning using the stationary distribution, which is given by

pwin =
M−1∑

i=0

πipi, (12)

where pi is the winning probability in state πi . The games are winning, losing or

fair whenpwin is greater than, less than or equal to a half, which implies that 〈X(n)〉
is a decreasing, increasing or constant function with respect to n respectively.

For game A to lose, from (12) we get p < 1/2, or alternatively

1− p
p

> 1. (13)

The probability of winning game B by expanding (12) is

pwin = π0p1 + (1− π0)p2, (14)

recalling that
∑
πi = 1. Subjecting pwin < 1/2 and using the stationary proba-

bilities πB
′

of (10) yields

(1− p1)(1− p2)
2

p1p
2
2

> 1, (15)

forM = 3. This is the condition that needs to be satisfied for game B to be losing.

For the randomized game we use the expression for game B, except replacing

each pi with a qi , and conditioning the game to win by setting pwin > 1/2 leads to

(1− q1)(1− q2)
2

q1q
2
2

< 1. (16)

This is the condition for the randomized game to win. Therefore, in order for Par-

rondo’s paradox to be exhibited we require probabilities and parameters to satisfy

(13), (15) (i.e. to make games A and B lose) and (16) (i.e. make the randomized

game win). This happens to be the case for p = 5/11, p1 = 1/121, p2 = 10/11

and γ = 1/2.

This type of analysis becomes tedious asM becomes larger due to the necessity

of finding the equilibrium distribution. An alternative analysis, which can be solved

for the general modulo M game, considers the conditions for recurrence of the

corresponding DTMC and is given in [6]. The conditions that need to be satisfied

for the generalized games are
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1− p
p

> 1, (17)

(1− p1)(1− p2)
M−1

p1p
M−1
2

> 1 and (18)

(1− q1)(1− q2)
M−1

q1q
M−1
2

< 1. (19)

Using this type of analysis it is possible to find other properties such as rate of

return, range of ǫ where the paradox occurs and the probability space for example.

2.4 Explanation in Terms of Distributions

When investigating game B prima facie, it can be mistakenly interpreted as a win-

ning game, thus invalidating the paradoxical result. This is due to taking the wrong

line of analysis by considering the games statistically. This approach assumes the

capital spends an equal amount of time in all states. When M = 3 it would be

mistakenly assumed the capital is in each of the three states a third of the time.

Then using the probabilities in (1) with ǫ = 0 so the games are fair, the winning

probability is calculated as

pwin =
1

3
· 1

10
+ 1

3
· 3

4
+ 1

3
· 3

4
= 16

30
,

which is greater than a half. This implies that the game B is winning, which is

incorrect – it is actually fair.

As we have seen, the correct analysis is via DTMCs. Using the correct distribu-

tion probabilities from (11) the probability of winning is

pwin =
5

13
· 1

10
+ 2

13
· 3

4
+ 6

13
· 3

4
= 1

2
,

which correctly dictates that the game is fair. Subtracting a small amount ǫ from

each of the probabilities makes pwin < 1/2 and the game is losing.

We notice that the construction of the game keeps the stationary distribution

πB locked at these values and manages to weight the probabilities so game B is

losing. We can think of game B as consisting of two coins, a bad (C1) and a good

(C2) coin biased to win according to p1 and p2 respectively. Then we use coin C1,

5/13 of the time and C2 for the remaining time. If we can somehow ‘flatten’ the

distribution of the game it can be made to win. This is achieved by mixing game

B with something completely random like game A. This has the effect of playing

the better coin C2 more often than C1, and hence producing a winning game.

This can be related to several observations in Fig. 2. The distributions of game

B have a very definite shape whereas that of game A is smooth. It is this well-

defined shape of game B that allows it to lose using both good and bad coins.
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When mixing the two games evenly together the new PDF loses some of its shape.

This is enough to allow the new game to be more evenly distributed, as seen from

the skinny bars in Fig. 2a, to produce a winning game. It is this breaking up of the

PDF of game B that leads to the paradoxical result. Note, in Fig. 2a the PDFs for

games A and B have drifted to the left and that for the randomized game to the

right.

The consequences of breaking the distribution are seen in the standard deviations

in Fig. 2c. Since game A essentially represents free diffusion it has the largest

standard deviation, whereas the standard deviation of game B is the smallest due

to the capital being caught by the rules of the game. It should be of no then surprise

then to find the standard deviation of the games formed by mixing A and B to lie

between the standard deviation of the individual games.

3 The History Dependent Games

It has been shown that two losing capital dependent games can win, but are there any

other types of games that have this characteristic? Although state dependent games

are applicable in certain areas (see [7] for examples), it may be desirable to have

a version of the games independent of capital. The answer to the aforementioned

question is in the affirmative, in the form of history dependent games. These were

also devised by Parrondo [8], although other implementations are possible [9].

3.1 Construction and Results

Game A is the same as before and we introduce game B ′, the modified version of

the original gameB. The probabilities that we use for the new game depend on the

results of the two previous games, hence there are four options. Game B ′ is shown

by a branching process in Fig. 3 and could be played using four biased coins.

Figure 3: Construction of the history dependent games, game B ′ has four possible options
{LL,LW,WL,WW}.
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We can also parameterize the history-dependent games as

p = 1/2− ǫ,
p1 = 9/10− ǫ,
p2 = p3 = 1/4− ǫ and

p4 = 7/10− ǫ. (20)

This parameterization gives Parrondo’s original probabilities for the history-

dependent games [8], which behave in much the same way as the parameterization

of the capital-dependent games in (1). That is, games are fair when ǫ = 0, losing

when ǫ > 0 and winning when ǫ < 0. The method of analysis closely follows

that of the capital-dependent games.

The same counter-intuitive result occurs when playing games A and B ′, that

is, when playing the games individually they are losing, but switching between

them creates a winning expectation. The switching can be either stochastic or

deterministic as shown by various games that are plotted in Fig. 4. Similarly, there

are initial stating transients, the magnitude and shape depending on the initial

conditions used, i.e. LL, LW, WL or WW. The sequences shown in Fig. 4 are

averaged from each of the four starting conditions, thus eliminating much of the

transient behavior.

Figure 4: Games were played using the probabilities in (20) with ǫ = 0.003, the results
were averaged over each of the four starting conditions.

3.2 Analysis using DTMCs

When analyzing the chain that is associated with game B ′ we notice the capital

X(n) is not a Markovian process [8]. However, there are two ways to overcome this

limitation; to model the game as a quasi-birth-and-death (QBD) process or define

a state space Y ′(t) similar in nature to Y (n) for the capital-dependent games.
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With either method we require to record the past two events to determine what

probability to use for the current game. Using a QBD process this is achieved by the

use of phases, the second index in the state spaceE [14]. Details of the QBD formu-

lation and the transition matrix directly representing game B ′ can be found in [9].

If we consider Y (n) used to analyse game B, it only records where the capital

is in each period in the periodic structure, not the absolute value of the capital.

Similarly, we can define Y ′(n) as

Y ′(n) = [X(n− 1)−X(n− 2),X(n)−X(n− 1)] , (21)

which records the past events of the game. This gives four states as [−1,−1],

[−1,+1], [+1,−1] and [+1,+1], where +1 represents winning and −1 losing.

Using this representation we can perform the same types of analysis as for the

capital-dependent games. The corresponding transition matrix to Y ′(n) is

PB ′ =

⎡
⎢⎢⎢⎣

1− p1 0 1− p3 0

p1 0 p3 0

0 1− p2 0 1− p4

0 p2 0 p4

⎤
⎥⎥⎥⎦ , (22)

with the rows and columns representing the four states LL, LW, WL and WW

labelling from the top left corner. This matrix is always 4×4 as only the results of the

previous two games are recorded. The stationary probabilities can be calculated as

πB
′ = 1

D′

⎡
⎢⎢⎢⎣

(1− p3)(1− p4)

(1− p4)p1

(1− p4)p1

p1p2

⎤
⎥⎥⎥⎦ , (23)

where the normalization constant D′ = p1p2 + (1 + 2p1 − p3)(1 − p4). Using

the probabilities of (20) with ǫ = 0 gives πB
′ = (1/22)[5, 6, 6, 5]T .

When randomly mixing the games, the probabilities can be given by

qi = γp + (1− γ )pi, (24)

for i = 1, . . . , 4 and γ is the mixing parameter.

Thus, we can simply use the probability of winning to find constraints for the

games paradox to exist. Using

pwin =
4∑

i=1

πipi, (25)

with the stationary probabilities of game B ′ in (23) yields

pBwin =
p1(1+ p2 − p4)

p1p2 + (1− p4)(1+ 2p1 − p3)
. (26)
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Subjecting this to the constraint pwin > 1/2 for a winning game or pwin < 1/2

for a losing game, we have the following conditions,

1− p
p

> 1, (27)

(1− p4)(1− p3)

p1p2
> 1 and (28)

(1− q4)(1− q3)

q1q2
< 1 (29)

for games A and B ′ to lose and the randomized game to win.

The explanation of the games in terms of the equilibrium distribution is the same

as that for the capital-dependent games with the only difference being that for each

value of capital there are four amounts to plot, LL, LW, WL and WW. If one plots

the PDFs for history-dependent games it is easy to see how the introduction of

game A breaks up the equilibrium distribution of game B ′.

4 Summary

We have described two versions of Parrondo’s games and given simple DTMC

analysis of them. The analytical results derived match closely with computer

simulations. The analysis was performed via use of simple Markov-chain theory

and the apparent paradox explained in terms of breaking the equilibrium distri-

bution set by game B. Observing the similarity between the capital-and history-

dependent games, one may assume that further investigation may reveal other

settings where the games can be applied.
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Abstract
In this paper, we provide an introduction to quantum game theory through

discussion of ways of converting classical games into the quantum regime. We

illustrate how a quantum-based approach can simulate all possible classical

game histories in parallel, for the example of Parrondo’s games.

1 Introduction

Game theory has been used to describe and model the world in a variety of ways.

A large group of these models rely, at some level, on probability or stochastic

modeling. Quantum mechanics is a theory based on probability. So it is natural to

extend classical game theory into the quantum regime. It has been suggested that

classical game theory is, in fact, a limiting subset of quantum game theory.

Meyer introduced the idea of quantum game theory for two-person zero-sum

games using deterministic and probabilistic strategies [6]. He proved that, in

dynamic games1, quantum strategies are indeed always at least as good as clas-

sical ones. Eisert et al. later published corresponding principles for static games2

through examining the prisoner’s dilemma in the quantum regime [2]. This work

∗Presented at the 9th International Symposium on Dynamic Games and Applications held

in Adelaide, South Australia in December 18–21, 2000
1Dynamic games are games where players play sequential moves in turn, e.g. chess
2Static games are where players make simultaneous decisions, e.g. the game of paper-stone-

scissors
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was later generalized by Benjamin and Hayden [1]. Attempts have even been made

to produce a quantum Monty Hall game [4]. For a summary of quantum game

theory, see Marinatto [5].

Section two describes briefly the classical Parrondo’s paradox [3], in which we

have the counter-intuitive phenomenon where two losing games combine to result

in a winning game. For simplicity we have used Parrondo’s original parameters –

but note, however, that the games need not be restricted to this particular parameter

set. The third section provides a brief introduction to quantum mechanics and

general principles of quantum game theory. These have been simplified greatly

but, we believe, provide sufficient explanation for those readers with no previous

quantum mechanics background.

Sections four and five describe one method of playing classical Parrondo games

through a quantum computer. The results are classical, but the ability of quantum

computers to simulate classical systems efficiently is demonstrated. Classical sys-

tems require 2n bits to represent the parameter space of an n bit system, where

quantum computers only require n qubits.

2 Classical Parrondo’s Paradox

Parrondo’s Paradox [3] is a counter-intuitive result in which two statistically

“losing” games (Game A and Game B) combine to create a “winning” game.

This is best demonstrated by tossing coins where the coins are biased one way

or another (towards winning or losing). The original game [3] is a capital-

dependent (CD) game requiring feedback loops. Parrondo et al. later published

a capital-independent but history-dependent (HD) game requiring feed-forward

loops [7].

In both CD and HD games, Game A involves tossing a single coin which is

slightly biased towards losing, i.e. p1,win = 1 − p1,lose = 0.5 − ǫ, where ǫ is a

small number.

Game B is where CD and HD games differ. In the CD game, there are two coins,

biased at p2,win = 0.1− ǫ and the other at p3,win = 0.75− ǫ. We play either coin

2 or coin 3 depending on the amount of capital (money), C, that we have at the

moment, hence a Capital-Dependent (CD) game. If C is a multiple of 3, then we

play coin 2, otherwise we play coin 3. This means that on average, coin 3 will be

played more often than coin 2, but because coin 2 has such a poor probability of

winning, it outweighs coin 3. This makes Game B a losing game overall.

On the other hand, 3 coins are used in Game B of the HD game. Depending on

whether we won or lost in the previous game history, we choose one of the 3 coins

to toss (see Table 1). The probabilities are given as p2,win = 0.9 − ǫ, p3,win =
0.25 − ǫ, p4,win = 0.7 − ǫ. As coin 3 is played much more frequently than the

other coins, this is a losing game as well. It can be shown that the starting condition

does not influence subsequent games, and so it is convenient to start the game with

coin 2, and then coin 2 or 3 depending on the result of the first game.
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It has been shown that for both the CD [3] and HD [7] games, by combining their

respective losing games A and B, the combined game has a winning expectation

overall.

Table 1: The choice of the next coin to
play, Gamen, depends on the results of
the previous two games. This table shows
which coin to play.

Gamen−2 Gamen−1 Coin Played
Loss Loss 2
Loss Win 3
Win Loss 3
Win Win 4

3 Basic Quantum Mechanics and Quantum Game Theory

The difference between quantum game theory and conventional classical game

theory comes from the ability to place the bits into a superposition of states and

the ability to entangle the bits. These bits are thus called qubits (quantum bits). A

qubit has two distinct states. They may be arbitrarily labeled “Heads” and “Tails”

if we are dealing with coin tosses, or more generally, Win/Lose. For the purpose

of computation, we shall label them “1” and “0”. These are orthogonal states

in Hilbert space. Now, when a qubit is in a superposition, we can think of it as

being both 0 and 1 at the same time. However, when we measure the qubit, the

superposition will collapse into one of the two states with the probability defined

by the nature of the superposition.

The standard notation for expressing these quantum states is the Dirac Bra-Ket

notation. Each state is written as |ψ〉. So, the 0 state is |0〉, called the 0 ket. A

ket is a complex vector in Hilbert space. Superpositions are expressed as vector

sums of state kets. In the case of qubits, it is a|0〉 + b|1〉, where a and b are, in

general, complex probability amplitudes 3 of the respective kets. A measurement is

a projection of this superposition onto the basis kets, with each of the magnitudes

being the probability that we will find the qubit in a particular state. In other words,

|a|2 and |b|2 are the probabilities that when we measure the qubit, we will find 0

and 1 respectively. From this, we can also conclude that |a|2 + |b|2 = 1.

One of the easiest ways to picture a qubit is by considering photon polarizations

(Fig. 1). We can define vertical polarization of the photon as |0〉 and horizontal

polarization as |1〉. Now imagine that we have a single photon of 45◦ polarization –

this is a superposition of |0〉 and |1〉. What happens when this photon arrives at a

3Quantum probability amplitudes differ from classical probability by obeying Feynman’s

rules rather than the classical Bayesian rules. In fact, a complex probability amplitude

multiplied by its conjugate results in classical probability.
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Figure 1: Using photon polarization as a qubit. For the 45◦ polarized photon, the photon
detector behind the filter has a 50% chance of detecting that the photon has passed through
the filter. For the 30◦ polarized photon, the chance is increased to 75%.

vertically polarized filter? This is a measurement of the photon, and thus the super-

position will collapse. The photon will collapse into either a vertically polarized or

a horizontally polarized state with 50/50 probability. This is an even superposition

of |0〉 and |1〉. i.e. (1/
√

2)|0〉 + (1/
√

2)|1〉. Obviously if the photon is vertically

polarized, it will pass through, otherwise, it will not. Now if the photon is 30◦ polar-

ized, then we can see that this is (
√

3/2)|0〉 + (1/2)|1〉. This means that we have

a |(
√

3/2)|2 = (3/4) chance of detecting that the photon has passed through the

filter.

Quantum mechanically, we place a qubit into a superposition by rotating the

state ket in Hilbert space. Suppose we start with |ψi〉 = |0〉. To create |ψf 〉 =
(1/
√

2)|0〉 + (1/
√

2)|1〉, we rotate this ket by 45◦. In our example, this can be

achieved by rotating a vertically (or horizontally) polarized photon by 45◦ through

a nonlinear medium or waveguide.

This can be thought of as a simple gambling game, where one person can bet

on whether the detector behind the filter will register a photon or not. Since a 45◦

polarized photon has a 50% of passing through the filter, this is a fair gamble. A

30◦ photon on the other hand represents uneven odds, and so this is equivalent to,

say, tossing a biased, weighted coin.
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4 Quantum Parrondo’s Paradox

We have chosen to simulate the HD Parrondo’s paradox game. This is because

the feedback loop required for the CD game will generally, but not necessarily, be

irreversible. In quantum terms, irreversibility means that some information must

be taken out of the system, which can be regarded as a measurement. As noted

earlier, a measurement on a quantum superposition will cause the superposition to

collapse into one of the eigenstates depending on the probability amplitudes and

thus lose its strange quantum properties.

4.1 Simulating Game A

Suppose we have a ket, |ψ〉 = |T 〉, representing a single coin initially in the “Tails”

state. Fig. 2 shows this in the two-dimensional Hilbert Space.

Figure 2: |ψ〉 = |T 〉 in 2-D Hilbert Space. When we measure the system, we will get |T 〉
with probability 1.

If we do nothing to it, |ψ〉 will always be in the eigenstate |T 〉 every time we

measure it. This is analogous to leaving a coin sitting on the table (or having a

vertically or horizontally polarized photon); it is either heads or tails (in this case,

tails), and will stay that way until we do something to it.

A fair coin toss will be to rotate |ψ〉 by 0.5∗(π/2) = (π/4) (Fig. 3). Fig. 4 shows

this in a quantum circuit form. If we want to bias the coin, we just change the proba-

bility from 0.5 to some other probability, but we will assume an unbiased coin at the

moment for simplicity. This puts |ψ〉 into the state (1/
√

2)|T 〉+(1/
√

2)|H 〉 and so

if we measure the system now, the superposition has a probability |(1/
√

2)|2 = 0.5
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Figure 3: Rotating |ψ〉 by π/4 to create a superposition.

Figure 4: Quantum circuit representation of a single coin toss. For Parrondo’s Game A,

 ̂A will rotate the qubit by (0.5−ǫ)∗ (π/2), assuming ǫ = 0, so |ψf 〉 = (1/
√

2)(|0〉+|1〉)

of collapsing into the eigenstate |T 〉 and a 0.5 chance of collapsing into the eigen-

state |H 〉. So this is a fair coin toss. A simplified analogy is if we sit the coin on

its side, representing a superposition of heads and tails, and then slap a hand onto

the coin and see what we are left with (measurement). Under fair circumstances,

when we lift our hand, half the time, we find that we have heads, and tails the other

half of the time. Also, if we manipulate the coin no further, it does not matter how

many more times we slap our hand onto the coin, it will remain as heads or tails4.

Algebraically this is a multiplication of the state ket, |ψ〉 =
[

1

0

]
|T 〉
|H 〉 by a

unitary rotation matrix  ̂(θ) =
[

cos(θA) sin(θA)

− sin(θA) cos(θA)

]
where the parameter θA

gives the angle of rotation of the ket. Applying  ̂(θ) on |ψ〉 results in:

 ̂(θ)|ψ〉 = a|T 〉 + b|H 〉,
4It must be stressed that the example given is only an analogy and not a true quantum

superposition. A coin is a classical object. A 45◦ polarized photon, however, is a true

quantum superposition.
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[
cos(θA) sin(θA)

− sin(θA) cos(θA)

] [
1

0

]
=
[
a

b

]
,

where a = (1/
√

2), b = −(1/
√

2) for θA = π/4. To simulate the Game A

described by Parrondo et al. [7], we simply choose θA = (0.5− ǫ) ∗ π/2. We can

see that in this example, the probability amplitude b is negative. As mentioned

earlier, probability amplitudes are, in general, complex quantities. This reflects

that they have both magnitude and phase components. The only limiting factor, in

this case, being that |b|2 = 1/2.

4.2 Two or More Coin Tosses

For two tosses of the coin, we cannot just use the rotation matrix on the same qubit

again. If we did, we would put |ψ〉 into the eigenstate |H 〉, which is obviously not

representative of tossing the coin twice (Fig. 5).

Figure 5: Rotating |ψ〉 by π/4 again will place the quantum coin into the |H 〉 state. So
when we now measure the system, we will get Heads with probability 1.

What we need is to use another qubit, |ψ2〉, and rotate that one instead. Now the

total state of the system can be described as |ψ〉 = |ψ1ψ2〉 in the 4-dimensional

Hilbert space with |T T 〉, |TH 〉, |HT 〉, |HH 〉 as its base kets. The rotation matri-

ces in this case would be the tensor product of  ̂(θ) and Î , i.e. for the first

qubit,

 ̂1(θ) =  ̂(θ)⊗ Î

=
[

cos(θA) sin(θA)

− sin(θA) cos(θA)

]
⊗
[

1 0

0 1

]
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=

⎡
⎢⎢⎣

cos(θA) 0 sin(θA) 0

0 cos(θA) 0 sin(θA)

− sin(θA) 0 cos(θA) 0

0 − sin(θA) 0 cos(θA)

⎤
⎥⎥⎦ ,

and for the second qubit,

 ̂2(θ) = Î ⊗  ̂(θ)

=
[

1 0

0 1

]
⊗
[

cos(θA) sin(θA)

− sin(θA) cos(θA)

]

=

⎡
⎢⎢⎣

cos(θA) sin(θA) 0 0

− sin(θA) cos(θA) 0 0

0 0 cos(θA) sin(θA)

0 0 − sin(θA) cos(θA)

⎤
⎥⎥⎦ .

So the total system, |ψ〉, becomes |ψ〉 =  ̂2 ̂1|ψ1ψ2〉, which is a superposition

of the base kets. i.e. a|T T 〉 + b|TH 〉 + c|HT 〉 + d|HH 〉. As before, |a|2, |b|2,

|c|2, |d|2 represent the classical probability of obtaining the respective states if we

measure the system and |a|2 + |b|2 + |c|2 + |d|2 = 1.

So what does it all mean if we find that the system is in the state, say, |TH 〉?
Now the T represents the 1st qubit and theH , the 2nd qubit. As we have defined

qubit 1 as the result of the 1st toss, and qubit 2 as the 2nd, |TH 〉 means that we

have a tail at the 1st toss, followed by a head. It gives us the toss history of the

set of games. So, if a head is considered a win, and tails, a loss, then |b|2 is the

probability of losing the first game, and then winning the second game5.

5 Simulating Game B

For Game B, we employ a very similar approach to Game A. However, the differ-

ence is that we will now use a Controlled-Controlled-Rotation (CCRot) matrix.

A CCRot gate is a 3-qubit gate, where the 3rd bit is rotated when the first 2 qubits

are 1 (Fig. 6). The truth table of a CCRot gate is given in Table 2:

Table 2: The truth table of a CCRot gate. The rotation is given by θ .

|q0〉 |q1〉 |q2〉
|0〉 |0〉 |0〉
|0〉 |1〉 |0〉
|1〉 |0〉 |0〉
|1〉 |1〉 cos(θ)|0〉 + sin(θ)|1〉)

5From now on, we shall represent Heads as 1, and Tails as 0, i.e. |00〉 ≡ |T T 〉, |11〉 ≡ |HH 〉
etc.
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Figure 6: A Controlled-Controlled-Rotation gate/matrix. If qubit 2, |q2〉, starts off in the
|0〉 state, it will be rotated if both |q0〉 and |q1〉 are in the |1〉 state.

In matrix form, this is

|000〉
|001〉
|010〉
|011〉
|100〉
|101〉
|110〉
|111〉

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 cos(θB) sin(θB)

0 0 0 0 0 0 − sin(θB) cos(θB)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The CCRot matrix is perfect for what we need to do because in Game B of

the HD game, the choosing of the coin for the 3rd toss (qubit) is dependent on

the previous 2 results (qubits). But Game B is a little more than the above. As

mentioned earlier, the above matrix will rotate the 3rd bit if the first 2 qubits are

1. In our context, this means that the state of the system is only changed if we

won the previous 2 games, i.e. this simulates choosing and tossing coin 4 in Game

B. What we need is to obtain 3 other variations of the CCRot gate to simulate

the other coins for the different possible histories. So for coins 2, 3 and 4, their

respective matrices are:

 ̂win,win =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 cos(θB4) sin(θB4)

0 0 0 0 0 0 − sin(θB4) cos(θB4)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
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 ̂win,lose =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 cos(θB3) sin(θB3) 0 0

0 0 0 0 − sin(θB3) cos(θB3) 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

 ̂lose,win =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 cos(θB3) sin(θB3) 0 0 0 0

0 0 − sin(θB3) cos(θB3) 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

 ̂lose,lose =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cos(θB2) sin(θB2) 0 0 0 0 0 0

− sin(θB2) cos(θB2) 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Now Game B is obtained by putting these 4 CCRot matrices one after another

(Fig. 7). i.e.

 ̂B =  ̂0 ̂1 ̂2 ̂3

=

⎡
⎢⎢⎢⎢⎣

B2 0 . . . 0

0 B3 0
...

... 0 B3 0

0 . . . 0 B4

⎤
⎥⎥⎥⎥⎦
,

Figure 7: Combining the different rotation matrices to form the Game B quantum gate. A
solid dot means that the control qubit must be in the |1〉 state for the gate to rotate the target
qubit. An open circle means that the control qubit must be in the |0〉 state.
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where

B2 =
[

cos(θB2) sin(θB2)

− sin(θB2) cos(θB2)

]
,

B3 =
[

cos(θB3) sin(θB3)

− sin(θB3) cos(θB3)

]
,

B4 =
[

cos(θB4) sin(θB4)

− sin(θB4) cos(θB4)

]
.

As the  ̂i matrices commute with each other, the order is not important. All we

need to do is to vary the amount of rotation for each  ̂i , this gives us the required

matrix for simulating Game B which we will denote by  ̂B .

5.1 Combining Games A and B

To combine the two games, all we need to do is to decide on the number of games,

create the correct rotation matrices for these games, and then apply these matrices

to an initial state ket, |ψ0〉 = |00 . . . 0〉. For example, to play two games of Game

A and a game of Game B, the final state of the system is |ψf 〉 =  ̂1 ̂2 ̂3|000〉
(see Fig. 8), which will be a superposition of all possible outcomes, so |ψf 〉 =
a|000〉+b|001〉+c|010〉+ . . .+h|111〉. This means that we can now plot a graph

of probability vs. outcome, and thus work out the most likely histories if we play

the game infinite times (Fig. 9). Fig. 10 shows the results for playing two games of

A’s followed by two games of B’s followed by two games of A’s etc. for 10 games.

Figure 8: A 3-toss game, where we play two games of A followed by one game of B.

6 Discussion

What we have done so far is essentially the same as calculating each of the possible

outcomes by multiplying the respective probabilities. So what we have here is a

quantum game that produces classical results, where the two losing games combine

to create a winning game (Fig. 11). It is a quantum simulation of a classical system.

However, on a classical computer, to calculate every possible history for n games
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Figure 9: Classical probability vs history plot of playing two games of A’s followed by one
game of B. The indices are binary strings converted into decimals. For example, the bar for
2 (010) is the probability of losing the first game, winning the second, and losing the third.
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Figure 10: Probability vs history plot of playing 10 games. These games are played by
playing two games of A’s, followed by two games of B’s and so on.
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Figure 11: When we combine the two losing games (Game A and Game B) in a periodic
fashion (alternate game A and B), a winning game results. This result is identical to that of
classical simulations [7].

require 2n bits. On a quantum computer, on the other hand, only n qubits are

required: an improvement of log(n). The rotation matrices are 2nx2n because it is

a classical way of representing, calculating and simulating quantum processes.

Looking back at Fig. 2, it is natural to ask what happens if we extend the axes

to allow the coefficients of |0〉 and |1〉, a and b, to be negative and/or complex?

These complex amplitudes are taken into account by a phase factor eiφ which is

inserted into the rotation matrices. So the basic rotation matrix,  ̂(θ), becomes

 ̂(θ, φ) =
[
eiφ cos(θ) sin(θ)

sin(θ) e−iφ cos(θ)

]
.

Since the actual probabilities are the lengths of the state kets, these complex

amplitudes will still produce classical results under normal circumstance. However,

if made to interact with each other, they can produce radically different results. Two

probability amplitudes of the same magnitude and different signs can cancel each

other out, resulting in destructive interference. This will not happen in classical

game theory because classical probabilities are always real and positive.

So how do we cause these quantum probability amplitudes to interact? Eisert’s

approach [2] was to employ an entangling gate, J , which calculates the payoff of

the two parties. By varying the entangling parameter (which is essentially a phase

parameter) in J , Eisert’s result showed that the classical problem of Prisoner’s

dilemma is a subset of the quantum game, and there is no longer a dilemma when

the game is fully explored in the quantum regime.
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Parrondo’s game can be seen as a competition between two players: Casino (C)

and Parrondo (P). Both Parrondo’s and Casino’s aim is to maximize the winnings or

minimize the losses. As mentioned above, despite the Casino’s Game A and Game

B being originally unfairly biased against Parrondo, he can construct a combined

winning game by playing the games in certain sequences. However, one of the

Casino’s business strategists has read Parrondo’s published paper, and brought the

issue up at the next Casino board meeting. At that meeting, it was decided that

the Casino should employ quantum mechanics to help them turn the tables back

in their favor. This was done by implementing a Casino Gate (Fig. 12), C(φ),

and a “de-Casino” gate C†(φ), where C(φ) = C†(φ) =
[

cos(γ ) sin(γ )

− sin(γ ) cos(γ )

]
. For

n games, the resultant state is |ψf 〉 = C†(γ )G(n)C(γ )|0〉⊗n where G(n) is the

collection of quantum gates that describes the sequence of games played. This can

be thought of as the player walking through the doors from the classical world

into the quantum Casino, and later, from the Casino back into the classical world.

By setting γ = π/2, Game A remains the same but Game B becomes a winning

Figure 12: The Casino adopts a quantum strategy by employing entangling gates, J (γ ).
The degree of entanglement is determined by γ , with γ = 0 representing no entanglement,
and γ = π/2 representing maximum entanglement.

Figure 13: The player also adopts a quantum strategy by employing phase gates, P(φ).
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game, yet through Parrondo’s strategy, the combined game is now a losing game

(Fig. 14). Interestingly, although Game B wins faster than Game A, the combined

game is still losing. In fact, it loses faster than just playing Game A on its own.

This is a different paradox to the original!
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Figure 14: Plotting Capital vs Games for varying γ and φ and varying game sequences (as
labeled). Classical Casino uses γ = 0, Quantum Casino uses γ = π/2. Classical Parrondo
uses φ = 0, Quantum Parrondo uses φ = π/2. As can be seen, for a classical casino, the
results are the same regardless of whether Parrondo uses a quantum coin or not.

However, it did not take long for Parrondo to realise that this sudden change of

fortune is not simply a statistical abnormality, but rather, due to the Casino’s quan-

tum strategy. So he decides to beat the Casino at their own game again, and adopts

a quantum strategy as well. This is done with a phase-shift gate (Fig. 13), P(φ) =[
eiφ 0

0 e−iφ

]
. Now, the resultant state is |ψf 〉 = C†(γ )G(n)P (φ)C(γ )|0〉⊗n. This

causes both Game A and Game B to become winning games, and combine to cre-

ate a winning overall game. So when both the Casino and Parrondo adopt quantum

strategies, the original Parrondo game is no longer a paradox.

So as can be seen, Parrondo’s best strategy lies in employing a quantum strategy.

He is guaranteed to win regardless of the strategy used by the Casino (Fig. 15).
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Unfortunately (or fortunately, depending on how one prefers to see the situation),

the same cannot be said for the Casino however. If the casino adopts a quantum

strategy, Parrondo can choose a classical strategy and play only the winning Game

B or a quantum strategy and still win.
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Figure 15: Plotting the capital after playing 8 games as labeled. The axes are plotted from
0 to 2π . γ is the casino’s parameter, while φ is Parrondo’s parameter. At γ = φ = 0, we
have an entirely classical game. In fact, for all γ = 0, the results are the same as classical
results, so in the plots, we have a straight line at γ = 0, regardless of what φ is.

7 Conclusion

Parrondo’s games are of general interest as they illustrate how two losing coin

tossing games can win when combined either in deterministic or non-deterministic

sequences. For this phenomenon to occur, there must be coupling between the

games. In Section 2 we saw that the CD games couple via capital-based state-

dependence and the HD games couple via history-based state-dependence. The

open question is, can a quantum Parrondo game be designed such that the coupling

is via quantum entanglement?

For the case of non-deterministic sequences of games A and B, Game A can

be thought of as “noise” that breaks up the state-dependent rules that are biasing
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Game B to lose – and this is why the combination of A and B wins (“the Boston

Interpretation”). So another open question for quantum Parrondo games is, can

the effect of Game A be in fact replaced by some form of decoherence such as a

measurement?
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Abstract
A version of John Conway’s game of Life is presented where the normal

binary values of the cells are replaced by oscillators which can represent a

superposition of states. The original game of Life is reproduced in the classical

limit, but in general additional properties not seen in the original game are

present that display some of the effects of a quantum mechanical Life. In

particular, interference effects are seen.

Key words. Cellular automata, quantum games, quantum cellular automata

AMS Subject Classifications. Primary 68Q80; Secondary 37B15

1 Introduction

John Conway’s game of Life [10] is a well-known two-dimensional cellular

automaton where cells are arranged in a square grid and have binary values gen-

erally known as dead or alive. The status of the cells change in a discrete fashion,

each “generation” depending upon the number of neighboring cells that are alive,

the general idea being that a cell dies if there is either overcrowding or isolation.

There are many different rules that can be applied for birth or survival of a cell

and a number of these give rise to interesting properties such as still lives (sta-

ble patterns), oscillators (patterns that periodically repeat), spaceships or gliders

(fixed shapes that move across the Life universe), glider guns, and so on [3,12,11].

Conway’s original rules are some of the few that are balanced between survival

and extinction of the Life “organisms.” In this version a dead (or empty) cell



668 A. P. Flitney and D. Abbott

�� = alive�
= empty or dead

�
�
�
�
�
�
�
�

(i) block

�

�

�

�
� �� ��

(ii) tub

(a)

�
�
�

�
�
�� �

initial

�������
�

1st gen.

�
�
�

�
�
�� �

2nd gen.

blinker

(b)

�
�
�
���

����
���� ��

� ��
� ��

initial

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
��� ��

�� ��

1st gen.

�
�
�
���

����
���� ��

� ��
� ��

2nd gen.

beacon

(c)

Figure 1: A small sample of the simplest structures in Conway’s Life: (a) the simplest
still-lives (stable patterns), the block and the tub, and the simplest oscillators (periodic
patterns), (b) the blinker and (c) the beacon, both of period two. A number of blocks and
blinkers will normally evolve from any moderate-sized random collection of alive and dead
cells.

becomes alive if it has exactly three living neighbors, while an alive cell survives

if and only if it has two or three living neighbors. Much literature on the game

of Life and its implications exists. For a recent discussion on the possibilities of

this and other cellular automata the interested reader is referred to reference [24].

The simplest still lives and oscillators are given in figure 1, while figure 2 shows

a glider, the simplest and most common moving form. A large enough random

collection of alive and dead cells will, after a period of time, usually decay into a
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Figure 2: In Conway’s Life, the simplest spaceship (a pattern that moves continuously
through the Life universe), the glider. The figure shows how the glider moves one cell
diagonally over a period of four generations.

collection of still lives and oscillators like those shown here while firing a number

of gliders off towards the outer fringes of the Life universe.

The recent interest in quantum games [1,2,4,6,7,9,16–20] suggests the possi-

bility of applying the idea of superposition of states in quantum mechanics to the

game of Life. Unfortunately Conway’s Life is irreversible while, in the absence of

a measurement, quantum mechanics is reversible. In particular, operators that rep-

resent measurable quantities must be unitary. A full quantum Life would be prob-

lematic given the known difficulties of quantum cellular automata [21]. Recently,

in an attempt to generalize von Neumann’s universal constructor [22] to quantum

mechanics, it was found that a quantum universal constructor capable of self-

reproduction cannot exist with finite resource in a deterministic universe [23].

This could have important bearing in understanding life from a quantum theoretic

viewpoint.

Interesting behavior can still be obtained in a semi-quantum mechanical Life

by representing the cells by classical sine-wave oscillators with a period equal to

one generation, an amplitude between zero and one, and a variable phase. The

amplitude of the oscillation represents the coefficient of the alive state so that the

square of the amplitude gives the probability of finding the cell in the alive state

when a measurement of the “health” of the cell is taken. If the initial state of

the system contains at least one cell that is in a superposition of eigenstates the

neighboring cells will be influenced according to the coefficients of the respective

eigenstates, propagating the superposition to the surrounding region.

If the coefficients of the superpositions are restricted to positive real numbers we

do not expect to see qualitatively new phenomena. By allowing the coefficients to

be complex, that is, by allowing phase differences between the oscillators, quali-

tatively new phenomena, for example interference effects, may arise. The inter-
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ference effects we see are those due to an array of classical oscillators with phase

shifts and are not fully quantum mechanical. Our cellular automaton should be dis-

tinguished from quantum cellular automata discussed in references [5,8,13–15].

2 A First Model

To represent the state of a cell we introduce the following notation: 1

|ψ〉 = a|alive〉 + b|dead〉, (1)

subject to the normalization condition

|a|2 + |b|2 = 1. (2)

|a|2 and |b|2 represent the probabilities of measuring the cell as alive or dead

respectively. If the values of a and b are restricted to non-negative real numbers we

cannot get destructive interference. The model still differs from a classical proba-

bilistic mixture since it is the amplitudes that are added and not the probabilities.

In our model |a| is the amplitude of the oscillator. Restricting a to non-negative

real numbers corresponds to the oscillators all being in phase.

The birth, death and survival operators have the following effects

B|ψ〉 = |alive〉, (3)

D|ψ〉 = |dead〉,
S|ψ〉 = |ψ〉.

A cell can be represented by the vector

(
a

b

)
.

The B and D operators are not unitary. Indeed they can be represented in matrix

form by

B ∝
(

1 1

0 0

)
,

D ∝
(

0 0

1 1

)
, (4)

where the proportionality constant is not relevant for our purposes. After applying

B orD (or some mixture) the new state will require (re-) normalization so that the

probabilities of being dead or alive still sum to unity.

1| . . . 〉 is the standard quantum mechanical notation to be read as “the state of . . . ”
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A new generation is obtained by determining the number of living neighbors

each cell has and then applying the appropriate operator to that cell. The number of

living neighbors in our model is the amplitude of the superposition of the oscillators

representing the surrounding eight cells. This process is carried out on all cells

simultaneously in effect. When the cells are permitted to take a superposition of

states, the number of living neighbors need not be an integer. Thus a mixture of

the B, D and S operators may need to be applied. For consistency with standard

Life, the following conditions will be imposed upon the operators that produce the

next generation:

• If there are an integer number of living neighbors the operator applied must

be the same as that in standard Life.

• The operator that is applied to a cell must continuously change from one of the

basic forms to another, as the sum of the a coefficients from the neighboring

cells changes from one integer to another.

• The operators can only depend upon this sum and not on the individual

coefficients.

If the sum of the a coefficients of the surrounding eight cells is

A =
8∑

i=1

ai, (5)

then the following set of operators, depending upon the value of A, is the simplest

that has the required properties

0 ≤ A ≤ 1;G0 = D, (6)

1 < A ≤ 2;G1 = (
√

2+ 1)(2− A)D + (A− 1)S,

2 < A ≤ 3;G2 = (
√

2+ 1)(3− A)S + (A− 2)B ,

3 < A < 4;G3 = (
√

2+ 1)(4− A)B + (A− 3)D ,

A ≥ 4;G4 = D.

For integer values of A, the G operators are the same as the basic operators of

standard Life, as required. For non-integer values in the range (1, 4), the operators

are a linear combination of the standard operators. The factors of
√

2 + 1 have

been inserted to give more appropriate behavior in the middle of each range. For

example, consider the case whereA = 3+1/
√

2, a value that may represent three

neighboring cells that are alive and one that has a probability of one half of being

alive. The operator in this case is

G = 1√
2
B + 1√

2
D, (7)
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or in matrix form

M = 1√
2

(
1 1

1 1

)
. (8)

Applying this to either a cell in the alive,

(
1

0

)
or dead,

(
0

1

)
states will produce

the state,

|ψ〉 = 1√
2
|alive〉 + 1√

2
|dead〉, (9)

which represents a cell with a 50% probability of being alive. That is,G is an equal

combination of the birth and death operators, as we might have expected given the

possibility thatA represents an equal probability of three or four living neighbors.

Of course the same value of A may have been obtained by other combinations of

neighbors that do not lie half way between three and four living neighbors, but

one of our requirements is that the operators can only depend on the sum of the a

coefficients of the neighboring cells and not on how the sum was obtained.

The new state of a cell is obtained by calculating A, applying the matrix G

corresponding to the appropriate operator:

(
a′

b′

)
= G

(
a

b

)
, (10)

and then normalizing the resulting state so that |a′|2 + |b′|2 = 1. It is this process

of normalization that means that multiplying the matrix by a constant has no effect.

Hence, for example,G2 forA = 3 has the same effect asG3 in the limit asA→ 3,

despite differing by the constant factor (
√

2+ 1).

3 Semi-Quantum Life

To get qualitatively different behavior from classical Life we need to introduce

a phase associated with the coefficients, that is, a phase difference between the

oscillators. We require the following features from this version of Life:

• It must smoothly approach the classical mixture of states, as all the phases

are taken to zero.

• Interference, that is the partial or complete cancellation between cells of

different phases, must be possible.

• The overall phase of the Universe must not be measurable. That is, multiply-

ing all cells by eiφ for some real φ should have no measurable consequences.

• The symmetry between (B, |alive〉) and (D, |dead〉) that is a feature of the

original game of Life should be retained. That is, if the state of all cells is

reversed (|alive〉 ←→ |dead〉) and the operation of the B andD operators is

reversed, the system should behave in the same manner.
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In order to incorporate complex coefficients while keeping the above properties,

the basic operators are modified in the following way:

B|dead〉 = eiφ |alive〉, (11)

B|alive〉 = |alive〉,

D|alive〉 = eiφ |dead〉,
D|dead〉 = |dead〉,
S|ψ〉 = |ψ〉,

where the superposition of the surrounding oscillators is

α =
8∑

i=1

ai = Aeiφ, (12)

A and φ being real positive numbers. That is, the birth and death operators are

modified so that the new alive or dead state has the phase of the sum of the

surrounding cells. The operation of the B and D operators on the state

(
a

b

)
can

be written as

B

(
a

b

)
=
(
a + |b|eiφ

0

)
, (13)

D

(
a

b

)
=
(

0

|a|eiφ + b

)
,

with S leaving the cell unchanged. The modulus of the sum of the neighboring

cells, A, determines which operators apply, in the same way as before (see Eqn.

(6)). The addition of the phase factors for the cells allows for interference effects

since the coefficients of alive cells may not always reinforce in taking the sum,

α =
∑
ai . A cell with a = −1 still has a unit probability of being measured in

the alive state but its effect on the sum will cancel that of a cell with a = 1. We

are free to make the phase of the dead cell have some effect, but this does not

fit the physical model presented in the introduction. Also, we wish to ensure that

standard Life, in which empty cells have no effect, is a subset of our model. Hence

we have chosen for the phase of the dead cells to have no effect. It is retained in

order to maintain the alive←→ dead symmetry.

A useful notation to represent semi-quantum Life is to use an arrow whose length

represents the amplitude of the a coefficient and whose angle with the horizontal

is a measure of the phase of a. That is, the arrow represents the phaser of the
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oscillator at the beginning of that generation. For example

−→ =
(

1

0

)
, (14)

↑ = eiπ/2
(

1/2√
3/2

)
=
(
i/2

i
√

3/2

)
,

ր = eiπ/4
(

1/
√

2

1/
√

2

)
=
(
(1+ i)/2
(1+ i)/2

)
,

etc. Then α is the vector sum of the arrows. This notation includes no information

about the b coefficient. The magnitude of this coefficient can be determined from a

and the normalization condition. As noted previously, the phase of the b coefficient

has no effect on the future progression of the game so it is not necessary to represent

this.

4 Results and Discussion

The above rules have been implemented 2 in Mathematica [25]. All the structures

of standard Life can be recreated by making the phase of all the alive cells equal.

We are interested in whether there are new effects in our model or whether existing

effects can be reproduced in simpler or more generalized structures.

The most important aspect of our model, not present in standard Life, is inter-

ference. Two live cells can work against each other as indicated in figure 3 that

shows an elementary example in a block still life with one cell out of phase with

its neighbors. In standard Life there are linear structures called wicks that die or

“burn” at a constant rate. The simplest such structure is a diagonal line of live cells

as indicated in figure 4a. In this, it is not possible to stabilize an end without intro-

ducing other effects. In our model a line of cells of alternating phase, that is of units

of −→←−’s, is a generalization of this effect (figures 4b and 4c) since it can be

in any orientation and the ends can be stabilized easily. A line of alternating phase

live cells can be used to create other structures such as the loop in figure 5a. This

is a generalization of the boat still life (figure 5b) in the standard model that is of

a fixed size and shape. The stability of the line of −→←−’s results from the fact

that while each cell in the line has exactly two living neighbors, the cells above or

below this line have a net of zero (or one at a corner) living neighbors, due to the

canceling effect of the opposite phases. No new births around the line will occur

unlike the case where all the cells are in phase.

Oscillators (figure 1) and spaceships (figure 2) cannot be made simpler than the

minimal examples shown for standard Life. Figure 6 shows a stable boundary that

results from the appropriate adjustment of the phase differences between the cells.

2A version is available from the leading author.
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Figure 3: (a) A simple example of destructive interference in semi-quantum Life: a block
with one cell out of phase by π dies in two generations. (b) Blocks where the phase differ-
ence of the fourth cell is insufficient to cause complete destructive interference; each cell
maintains a net of at least two living neighbors and so the patterns are stable. In the second
of these, the fourth cell is at a critical angle. Any greater phase difference causes instability
resulting in eventual death as seen in (c), which dies in the fourth generation.

The angles have been chosen so that each cell in the line has between two and

three living neighbors, while the empty cells above and below the line have either

two or four living neighbors and so remain life-less. Such boundaries are known

in standard Life but require a more complex structure.

In Conway’s Life interesting effects can be obtained by colliding gliders. In our

model we can obtain additional effects from colliding gliders and “anti-gliders,”

where all the cells have a phase difference of π with those of the original glider.

For example, a head-on collision between a glider and an anti-glider as indi-

cated in figure 7, causes annihilation, whereas the same collision between two

gliders leaves a block. However, there is no consistency with this effect since other

glider–anti-glider collisions produce alternative effects, sometimes being the same

as those from the collision of two gliders.

5 Conclusion

John Conway’s game of Life is a two-dimensional cellular automaton where the

new state of a cell is determined by the sum of the neighboring states that are in

one particular state generally referred to as “alive.” In semi-quantum Life cells
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may be in a superposition of the alive and dead states with the coefficient of the

alive state being represented by an oscillator. The equivalent of evaluating the

number of living neighbors of a cell is to take the superposition of the oscillators of

(a)

��
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Figure 4: (a) A wick (an extended structure that dies, or “burns”, at a constant rate) in
standard Life that burns at the speed of light (one cell per generation), in this case from
both ends. It is impossible to stabilize one end without giving rise to other effects. (b) In
semi-quantum Life an analogous wick can be in any orientation. The block on the left-hand
end stabilizes that end; a block on both ends would give a stable line; the absence of the
block would give a wick that burns from both ends. (c) Another example of a light-speed
wick in semi-quantum Life showing one method of stabilizing the left-hand end.
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Figure 5: (a) An example of a stable loop made from cells of alternating phase. Above a
certain minimum, such structures can be made of arbitrary size and shape. Compare this
with (b), the boat still life in Conway’s scheme, that cannot be extended without added
complexity.
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Figure 6: A boundary utilizing appropriate phase differences to produce stability. The
upper cells are out of phase by ±π/3 and the lower by ±2π/3 with the central line.
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Figure 7: A head-on collision between a glider and its phase-reversed counter-part, an
anti-glider, produces annihilation in six generations.

the surrounding states. The amplitude of this superposition will determine which

operator(s) to apply to the central cell to determine its new state, while the phase

gives the phase of any new state produced. Such a system is able to reproduce

some of the aspects of quantum mechanics such as interference.

Obviously this paper just touches on some of the results that can be obtained

with this new scheme but it can be seen that some new effects and structures

occur and that some of the known effects in Conway’s Life can occur in a simpler

manner.
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