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Preface

Modern game theory has evolved enormously since its inception in the 1920s in the
works of Borel and von Neumann. The branch of game theory known as dynamic
games descended from the pioneering work on differential games by R. Isaacs,
L. S. Pontryagin and his school, and from seminal papers on extensive form games
by Kuhn and on stochastic games by Shapley. Since those early developmental
decades, dynamic game theory has had a significant impact on such diverse dis-
ciplines as applied mathematics, economics, systems theory, engineering, oper-
ations research, biology, ecology, and the environmental sciences. On the other
hand, a large variety of mathematical methods from differential equations to
stochastic processes has been applied to formulate and solve many different prob-
lems.

This new edited book focuses on various aspects of dynamic game theory, pro-
viding authoritative, state-of-the-art information and serving as a guide to the
vitality of the field and its applications. Most of the selected, peer-reviewed papers
are based on presentations at the 9th International Symposium on Dynamic Games
and Applications held in Adelaide, South Australia in December 2000. This con-
ference took place under the auspices of the International Society of Dynamic
Games (ISDG), established in 1990. The conference has been cosponsored by
Centre for Industrial and Applicable Mathematics (CIAM), University of South
Australia, IEEE Control Systems Society, Institute of Mathematics, Wroctaw Uni-
versity of Technology (Poland), Faculty of Mathematics, Computer Science and
Econometrics, University of Zielona Géra (Poland), ISDG Organizing Society,
and the University of South Australia. Every paper that appears in this volume has
passed through a stringent reviewing process, as is the case with publications for
archival journals.

A variety of topics of current interest are presented. They are divided in to six
parts: the first (five papers) treat repeated games and stochastic games, and the sec-
ond (three papers) covers differential dynamic games. The third part of the volume
(nine papers) is devoted to the various extensions of stopping games, which are
also known as Dynkin’s games. In the fourth part there are seven papers on applica-
tions of dynamic games to economics, finance, and queuing theory. The final two
parts contain five papers which are devoted to algorithms and numerical solution
approaches for dynamic games, and the section on Parrondo’s games (five papers).

We wish to thank all the associate editors and the referees for their valuable
contributions that made this volume possible.

Wroctaw and Zielona Géra Andrzej S. Nowak
Wroctaw Krzysztof Szajowski
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Information and the Existence of Stationary

Markovian Equilibrium

Ioannis Karatzas
Department of Mathematics and Statistics
Columbia University
New York, NY 10027
ikemath.columbia.edu

Martin Shubik
Cowles Foundation for Research in Economics
Yale University
New Haven, CT 06520
martin.shubik@yale.edu

William D. Sudderth
School of Statistics
University of Minnesota
Minneapolis, MN 55455
billestat.umn.edu

Abstract

We describe conditions for the existence of a stationary Markovian equi-
librium when total production or total endowment is a random variable. Apart
from regularity assumptions, there are two crucial conditions: (i) low informa-
tion—agents are ignorant of both total endowment and their own endowments
when they make decisions in a given period, and (ii) proportional endow-
ments—the endowment of each agent is in proportion, possibly random, to the
total endowment. When these conditions hold, there is a stationary equilibrium.
When they do not hold, such an equilibrium need not exist.

1 Introduction

This paper is part of an effort to investigate a mass-market economy with stochastic
elements, in which the optimization problems faced by each of a continuum of
agents are modeled as parallel dynamic programming problems. The model used is
a strategic market game at the highest level of aggregation, in order to concentrate
on the monetary aspects of a stochastic environment. Although there are several
previous papers which provide economic motivation and modeling details [2]-[4],
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we have attempted to make this paper as self-contained as possible. However, we
shall make use of several results established in these earlier works.

We consider an economy with a stochastic supply of goods, where: (i) the
endowment of each agent is in proportion (possibly random) to the total amount
of goods available; and (ii) the agents must bid for goods in each period without
knowing either the total supply of goods available, or the realization of their own
random endowments.

For such an economy, we shall show the existence of a stationary equilibrium,
where the optimal amount bid by an agent in each period depends only on the
agent’s current wealth. In equilibrium, there will be a stationary distribution of
wealth among agents, although prices and wealth-levels of individual agents will
fluctuate randomly with time. This will be true whether or not the opportunity
is available for agents to borrow from, or deposit in, an outside (government)
bank.

When either the individual endowments are not proportional to the total available
supply of goods, or the agents have additional information (in the form of advance
knowledge of the total supply of goods), there need not exist such an equilibrium.
This will be illustrated by two examples. One interpretation of these results is that
better short-term forecasting can be destabilizing. We plan further investigation
of these “high information” phenomena in a subsequent paper.

The next section has some preliminary discussion of our model. Sections 3 and
4 treat the model without lending, sections 5 and 6 are on the model with lending
and possible bankruptcy, whereas the final section 7 treats five simple examples
that illustrate the existence and non-existence of stationary equilibrium.

2 Preliminaries

For simplicity we omit production from consideration. Instead, we consider an
economy where all consumption goods are bought for cash (fiat money) in a com-
petitive market. Each individual agent begins with an initial endowment of money
and a claim to the proceeds from consumption goods that are sold in the market.
The goods enter the economy in each period as if they were “manna” from an
undescribed production process, and are owned by the individual agents. How-
ever, the agents are required to offer the goods in the market, and do not receive
the proceeds until the start of the subsequent period. The assumption that all goods
go through the market is probably a better approximation of the realities in a mod-
ern economy than the reverse, where each agent can consume everything directly,
without the interface of markets or prices.

Our model has a continuum of agents indexed by the unit interval = [0, 1],
and distributed according to a non-atomic probability measure ¢ on the o -algebra
B(I) of Borel subsets of 7. Time runs in discrete time-periodsn = 0, 1, - - - . Atthe
beginning of each time-period n, every agent o € I receives an endowment Y, (w)
in units of a nondurable commodity. The random variables {Y; o € I,n € N},
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and all other random variables encountered in this paper, are defined on a given
probability space (2, F, P).

We shall consider the no-lending model of [3], and also the lending with pos-
sible bankruptcy model of [2]. Unlike these earlier papers, it will no longer be
assumed that total production Q is constant from period to period, but instead that
production

0n(@) = / Y2 (@)p(da)

in period n is a random variable, foralln = 1,2, ---.
The following assumption will be in force throughout sections 2—6.

Assumption 2.1. (a) The total-production variables Qp, Q»,--- are LLD.
(independent and identically distributed) with common distribution ¢. It will
also be assumed that the Q,,’s are strictly positive with finite mean.

(b) The individual endowment variables Y,¥ (w) are proportional to the Q, (), in
the sense that

Y¥H(w) = Z7 () Qn(w) for all acl,neN weQ. €))

Here the sequences {Z{, Z5, ...} and {Q1, Q2, ...} are independent; Z >
0, E(Zy) = 1;and Z{, Z5, - - - are LLD. with common distribution A%, for
eacha € 1.

This is the simplest set of assumptions that permit both the total-production
random variables to fluctuate with time, and a stationary equilibrium to exist; their
negation precludes the existence of such an equilibrium, as Example 7.4 below
demonstrates. A consequence of these assumptions is that

EY)) = E(Zy) - E(Qn) = E(Qn). @

3 The Model without Lending

Fora € Iandn € N, let §7_, (w) and }"}‘1’[_1 denote respectively the wealth and
information o -algebra available to agent « at the beginning of period n. As in [3],
agent « bids an F) | -measurable amount by (w) € [0, S)'_,(w)] of money for
the consumption good before knowing the value of Q,(w) or Y¥ (w). We call this
the low-information condition. (In other words, the information o-algebra F'_;
available to the agent at the beginning of period n, measures the values of past
quantities including Sg, S,‘i‘, O, Z,‘f, b,‘f fork=1,---,n—1,butnotof Q,, Y.)

Once all agents have placed their bids, the total amount of fiat money bid for
the consumption good is given by

Bu(@) = / B ()¢ (dar),



6 1. Karatzas, M. Shubik, and W. D. Sudderth

and a new price is formed as

By (w)
On(w)
for period ¢ = n. Each agent « receives an amount

by (w) by (w)
Xy (@) = F—— = ——— 0,(»)
pn(@w)  By(w)
of goods, equal to his bid’s worth in the price of the goods for period ¢ = n, as
well as

pn(w) =

B (w)
On(w)

in cash income, and then enters the next period with wealth in fiat money

pn(@)Y, (@) =

- 2y (0) O (0) = By(0)Z (0) 3)

Sp (@) = S_ 1 (@) — by (®) + By(w) Zy (w). “4)

Each agenta € [ is assumed to have a utility function u® : [0, co) — [0, oo) for
consumption of goods; this function is continuous and continuously differentiable,
strictly concave, strictly increasing, and satisfies u*(0) = 0, (u“)jr(O) € (0, 00).
The utility earned by agent « in period n is u® (x5 (w)), and the agent seeks to
maximize the expected value of his total discounted utility

Z B u” (xffH (a))) .
n=0

A strategy * for agent « specifies the sequence of bids {b5;}°° . The strategy
% is called stationary, if it specifies the bids in terms of a single function ¢ :
[0, c0) — [0, 00) of wealth, in the form

by (w) = c*(Sy_ (@), n=>1, (5)

where c%*(s) € [0, s],Vs > 0. We call ¢“(-) the consumption function for the
strategy ¥.
The wealth distribution in period n is the random measure v, (-, w) given by

(A, o) =g (lael:S%w) eA)), AeB(0,00). (6)

We are now ready to define the type of equilibrium that we want to study in this
note.

Definition 3.1. A collection of stationary strategies {wr“, o € I} and a probability
distribution u on B((0, co)) form a stationary equilibrium, if

(a) given that vg = p and that every agent « plays strategy 7%, we have v, = u
foralln > 1, and

(b) given that vg = u, the strategy 7 is optimal for agent «, when every other
agent B plays 7# (B € I, B # «), foreach« € I.
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Unlike [3], there is no mention of price in Definition 3.1. This is, in part, because
the sequence of prices { p,} will not be constant — even in stationary equilibrium —
for the model studied here. Indeed, if the consumption function for 7% is the same
across all agents @ € I, and equal to ¢“(-) = ¢(-), then

[ b @)pda) _ [ c(s)p(ds)
On () O ()

’

Pn(w) =

where the sequence of total bids

B,(w) = B := /C(S)M(dS)

is constant in equilibrium; see Theorem 4.1 below. Thus, the prices {p,, } form then
a sequence of L.I.D. random variables, because the {Q,} do so by assumption. The
constant B will play the same mathematical role that was played by the price p in
the earlier works [3] and [2], but of course the interpretation here will be different.

4 Existence of Stationary Equilibrium for the Model
without Lending

The methods of the paper [3] can be adapted, to construct a stationary equilibrium
for the present model. As in [3], we consider first the one-person game faced
by an agent «, assuming that the economy is in stationary equilibrium. For ease
of notation we suppress the superscript & while discussing the one-person game.
Furthermore, we also assume that the agents are homogeneous, in the sense that
they all have the same utility function u(-) and the same distribution A for their
income variables. This assumption makes the existence proof more transparent,
but is not necessary; the proof in [3] works for many types of agents, and can be
adapted to the present context as well.
We introduce a new utility function defined by

u(b) ;== Eu(bQw))] = /u(bq)é(dq), b=0. (N

Observe that the expected utility earned by an agent who bids b when faced by a
random price p(w) = B/Q(w), can be written

b G -s)

It is straightforward to verify that i(-) has all the properties, such as strict concavity,
that were assumed for u(-).
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Let V(-) be the value function for an agent playing in equilibrium. In essence,
the agent faces a discounted dynamic programming problem and, just as in [3],
the value function V (-) satisfies the Bellman equation

V(s)= sup [ﬁ <%> +B-E[V(s—b+ BZ)]} . )

0<b<s

This dynamic programming problem is of the type studied in [3], and Theorem
4.1 of that paper has information about it. In particular, there is a unique optimal
stationary plan m = 7 (B) corresponding to a consumption function c : [0, o0) —
[0, 00). We sometimes write this function as c(s) = c(s; B), to make explicit its
dependence on the quantity B.

Consider now the Markov chain {S,,} of successive fortunes for an agent who
plays the optimal strategy 7 given by c(-). Then we have

Sn+1 =Sy —c(Su; B) + BZ,11, ne No (10)

where Z1, Z3, ... are LLD. with common distribution A. By Theorem 5.1 of
[3], this chain has a unique stationary distribution u(-) = wu(-; B) defined on
B([0, 00)). Now assume that Z has a finite second moment: E(ZZ) < 00. Then,
by Theorem 5.7 of [3], the stationary distribution p has a finite mean, namely
f 0.00) 5 u(ds) < oo. The following lemma expresses the fact that the total amount
bid by all agents is equal to B, when the wealth distribution is u(-; B).

Lemmad4.1. [ c(s; B)u(ds; B) = B.

Proof. Assume that Sp has the stationary distribution u. Then take expectations
in (10) to obtain

E(Ss1) = E(Sy) — / ¢(s: Byu(ds: B) + B - E(Z), neNy

and the desired formula follows, since E(S,+1) = E(S,) by stationarity and
E(Z) = 1 by assumption of our model. a

Theorem 4.1. For each B > 0, there is a stationary equilibrium for the no-
lending model, with wealth distribution u(-) = u(-; B), and with stationary strate-
gies 1% = w(B) for all agents o € I.

Proof. Construct the variables Z (w) = Z, («, ) using the technique of Feldman
and Gilles [1], so that
Zi(a, "), Z>(a, +), ... are L1.D. with distribution X, for every o € I, and

Z1(-, ), Z2(-, w), ... are L1D. with distribution A, for every w € Q.

Then the chain {S, (¢, )} has the same dynamics for each fixed w € Q2 as it does
for each fixed @ € I. The distribution p is stationary for the chain when « is
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fixed, and will therefore be a stationary wealth distribution for the many-person
game if the total bids Bi(w), B2(w), ... remain equal to B. Now, if So(-, w) has
distribution u, then

Bi(w) = /C(So(a, w)g(da) = /C(S)M(dS) = B,

by Lemma 4.1. By induction, B,(w) = B foralln > 1 and w € Q2. Hence, the
wealth-distributions v, are all equal to w.

The optimality of 7% = m(B) follows from its optimality in the one-person
game together with the fact that a single player cannot affect the value of the total
bid. O

5 The Model with Lending and Possible Bankruptcy

We now assume that there is a Central Bank which gives loans and accepts deposits.
The bank sets two interest rates in each time-period n, namely 1, () = 1+ p1, (W)
to be paid by borrowers and r, (w) = 1 4 p2,(w) to be paid to depositors. These
rates are assumed to satisfy

I <rp(w) <rm(w),  ra(w) <1/, (11

foralln e N, w € Q.

Agents are required to pay their debts back at the beginning of the next period,
when they have sufficient funds to do so. However, it can happen that they are
unable to pay back their debts in full, and are thus forced to pay a bankruptcy
penalty in units of utility, before they are allowed to continue in the game. For
this reason, we assume now that each agent « has a utility function u® : R — R
defined on the entire real line, and satisfies all the other assumptions made above.
For x < 0, the quantity u®(x) is negative and measures the “disutility” for agent
a of going bankrupt by an amount x; for x > 0, the quantity u“(x) is positive and
measures the utility derived by o from consuming x units of the commodity, just
as before.

Suppose that an agent @ € I begins in period n with wealth S (). If
SY_(w) < 0, then agent & has an unpaid debt from the previous period and is
assessed a penalty of u(S;_,(w)/pu—1(w)). The debt is then forgiven, and the
agent continues play from wealth-position 0. If S, (w) > 0, then agent « is not
in debt and plays from position S;_, (). In both cases, an agent o, possibly after
being punished, plays from the wealth-position (S)_, ()t = max{Sy_,(w), 0}.

Based on knowledge of past quantities Sj, SY, Zy, Ok, r1k, rax for k =
1,---,n — 1, agent @ chooses a bid

b%(w) € [0, (S*_ (@)™ +k*1,
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where k* > 0 is an upper bound on loans to agent «. As before, agent o must
bid in ignorance of both the total endowment O, (w) and his personal endowment
Y (w) for period n.

The total bid B,, the price p,, and agent o’s quantities of goods x and fiat
money p,Y* = B,Z; are formed exactly as in the no-lending model of Section
3. Formula (4) for the dynamics now takes the form

o |y = (SY_DT) + BuZyy, i (ST < by,

n = { o N+ o a : o \+ o (12)
ran((S%_ )T —b%) + B,Z%, if (ST > b2

n

The wealth-distribution v, on day # is defined by formula (6) as before, but with
the understanding that the set A now ranges over Borel subsets of the whole real
line, since some agents may have negative wealth. An agent «’s utility in period n
is now given by

u® (32 (@), it S (@) >0,

&) (0) = { .
u® (xy () +u®(Sy_ | @)/ pn—1(@)), if S (w) <O0.

As before, agent o seeks to maximize the expected value of his total discounted
utility

0
D BEN().
n=0
We extend now the definition of stationary equilibrium to the model with lending.

Definition 5.1. A stationary equilibrium for the model with lending, consists of
a wealth distribution u (i.e. a probability distribution) on the Borel subsets of the
real line, of interest rates 1, 7, with 1 <ry <ry,ry < 1/8, and of a collection of
stationary strategies {w“, & € I} such that, if the bank sets interest rates r; and r;
in every period, and if the initial wealth distribution is vop = u, then

(a) v, = p for all n > 1 when every agent « plays strategy 7%, and

(b) the strategy 7 is optimal for agent @ when every other agent B plays
7PB el p+a)foreacha el.

Suppose that the model is in stationary equilibrium, and that each stationary
strategy * specifies its bids % by the same consumption function ¢* = c(-) with
0 <c%(s) <s+kforall s > 0, and the same upper-bound k* = k on loans, for
all o € I. Then the total bid,

B = B,(w) = /C(ﬁ)/t(dS),

remains constant from period to period, while the prices {p,} form an LLD.
sequence, just as in the no-lending model of Section 3.
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6 Existence of Stationary Equilibrium for the Model
with Lending and Possible Bankruptcy

The methods and results of [2] can be used here, as those of [3] were used in
Section 4. We consider the one-person game faced by an agent when the economy
is in stationary equilibrium. We suppress the superscript « and assume that agents
are homogeneous, with common utility function u(-), income distribution X, and
loan limit k. We define the utility function i1 (-) as in (7) and observe that (8) remains
valid. Formula (12) for the dynamics can be written in the simpler form

Sh=28 ((Sn—l)+ - bn) +BZ,, neN (13)
where

rix, x <020,
g(x) =

o

rnx,

The Bellman equation becomes

(14)

Vis) = SUPg<p<st+k U (D/B) + B - E[V(g(s —Db)+ BZ]], s>0
u(s/B)+Vv@©0), s<0.

This equation is of the type studied in [2], and all the major results of that paper
have counterparts here. For example, Theorem 4.2 of [2] applies, to tell us that there
is a unique stationary optimal strategy m = m (B) corresponding to a consumption
function ¢(-) = ¢(-; B). The Markov chain {S,,} for the fortunes of an agent who
plays m(B) evolves according to the dynamics

Sp+1 = &((S)T = c((S)T; B) + BZyy1, neNo. 5)

Conditions for this chain to have a stationary distribution p with finite mean are
available in Theorem 4.3 of [2]. For u to be the wealth-distribution of a stationary
equilibrium, we must also assume that the bank balances its books under 1.

Assumption 6.1. (i) The Markov chain {S,} of (15) has an invariant distribu-
tion u with finite mean.

(i) Under the wealth-distribution w, the total amount of money paid back to
the bank by borrowers in a given period, is equal to the sum of the total
amount borrowed, plus the amount of interest paid by the bank to lenders.
This condition can be written as

f/[Bz/\rld(s+)]M(dS)k(dz) = /d(s+)u(dS)+;02/€(s+)u(dS),

where d(s) = (c(s) —s)T and £(s) = (s — c(s)) T are the amounts borrowed
and deposited, respectively, under the stationary strategy c(-), by an agent
with wealth s > 0.
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Theorem 6.1. [f Assumption 6.1 holds, then there is a stationary equilibrium
with wealth distribution |, and interest rates ry, rp in which every agent plays the
plan .

The proof of this result is the same as that of Theorem 4.1, once the following
lemma is established. Its proof is similar to that of Lemma 5.1 in [2].

Lemma 6.1. fc(s+, B) u(ds) = B.

Theorem 6.1 is intuitively appealing, and useful for verifying examples of sta-
tionary equilibria. However, it is inadequate as an existence result, because condi-
tion (ii) of Assumption 2.1 is delicate and difficult to check. There are two exis-
tence results in [2], Theorems 7.1 and 7.2, that do not rely on such an assumption.
Here we present the analogue of the second of them.

Theorem 6.2. Suppose that the variables {ZS} are uniformly bounded, and that
the derivative of the utility function u(-) is bounded away from zero. Then a sta-
tionary equilibrium exists.

The proof is similar to that of Theorem 7.2 in [2], with the constant B again
playing the mathematical role played by the price p in [2]. The utility function
i(-) replaces u(-) in the argument, and the hypothesis that inf u’(-) > 0 implies
that the same is true for ().

7 Examples

Here we present five examples. The first two illustrate the existence Theorem 4.1
for the model without lending.

Example 7.1. Suppose that the utility function is linear, namely #(x) = x. The
endowment variables {Y,¥} satisfy the proportionality assumption (1) but are oth-
erwise arbitrary. The function u(-) of (7) is also linear, since

ii(b) = /bq £(dq) = b- E(Q).

We shall show that the optimal policy 7 of Theorem 4.1 is given by the “spend
all” consumption function c(s) = s. To see this, let 1 (-) be the return function for
7. Then I (-) satisfies

I(s):ﬁ(s/B)+ﬂ-E[1(s—s+BZ)]:%E(Q)-i-l*, (16)

where I* := B - E[I(BZ)]. To prove optimality, we have to check that /() also
satisfies the Bellman equation

1) = max [ﬁ(b/B) +B-E[I(s—b+ BZ)]].
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Now

s—b+ BZ
B

s—b+ B

E[I(s—b+BZ)]=E[ -E(Q)+I*}:T~EQ+I*

so that the function

b B E(Q)
> i(b/B) + B ELI(s = b+ BZ)] = b(1 = f)= =

+8[(5+1)E@+ 1]

attains its maximum ((s/B) + B) E(Q) + BI* on [0,s] at b = c(s) = s. In
order for this maximum to agree with the expression of (16), we need I* =

[B/(1 — B)] E(Q); this, in turn, yields I(s) = [(s/B) + (B/(1 — )] E(Q), in
agreement with /* = 1(0). Hence, the Bellman equation holds and 7 is optimal.
Notice that under 7r, we have

Spt1 =8 —Su +BZyy1 = BZy41, n € No,
and the stationary distribution y is that of BZ;.

Example 7.2. Assume that the utility function is

1
S LI EVESE
I, b>1,

that the distribution ¢ of the L.I.D. endowment variables {Q,} is the two-point
distribution

c({1/2) =¢({1h =1/2,

and that the distribution X of the I.I.D. proportions {Z,} of the total endowment is
the two-point distribution

A({0}) = 3/4, A({4}) = 1/4.

Suppose also that the total bid B is 1. Then the price p = B/Q fluctuates between
p1 = 1 (when Q = 1)and p; = 2 (when Q = 1/2). The modified utility function
of (7) is given by

(3b)/4, 0<b<l,

i) = %u(b) + %u(b/Z) =102+b)/4, 1<b<=<2, a7
1, b >
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Clearly, an agent with this utility function should never bid more than 2. However,
for small values of 8, it is optimal to bid all up to a maximum of 2. In fact we shall
show that, for 0 < 8 < 3/7, the policy m with consumption function of the form

s, s <2,
c(s) =
2, s> 2.

is optimal. To establish the optimality of this 7, it suffices to show that the return
function  (-) satisfies the Bellman equation (9). First observe that 7 (-) satisfies the
functional equation

(3s)/4) + B - EI(Z), 0<s<I,
I(s) = (2+s)/+B-EI2), l<s<2, (18)
L+ B/HI(s+2)+CB/NHI(s —2), s=2.
In particular,
3/4, 0<s<l1,
I'(s)=1{1/4, 1<s<2, (19)

B/HI'(s+2)+ 3B/4) I'(s —2), fornon-integerss > 2.

As a step toward the verification of the Bellman equation, we shall see that the
function 7 (-) satisfies the concavity condition:

1= BIL.(4) + 3B, (0). (20)

Note that, if we can compute /(0) = S - EI(Z), then, by (18), we know the
function 7 (-) on the interval [0, 2].
Now write a; := [ (2k), k =0, 1, ... and, by (18), we have the recursion

. B 3p
ar =1+ icas + o U1 k>1. 21

A particular solution of (21) is ax = 1/(1 — B), so the general bounded solution
is given by

1(2k) = ax = [1/(1 — B)] + A6k, k=1,2,... (22)

for a suitable real constant A. Here 6 = (2 — /4 —382)/8 is the root of the
equation

&) =8 —-@/BE+3=0

in the interval (0, 1), and we have 6 < 8.
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Using (18) and (22), we see that 1 (2) = 1+1(0) andhence 1 (0) = /(1 — B)+
A6. Also I1(0) = (B/4)1(4)+(3B8/4)1(0). Thus (1 — (38/4)) 1(0) = (B/4)1(4),

or
38 B B 5 1
(1_4)<1—ﬂ AQ) 4<A9 1—,3)‘

Hence, A = —1/(1—-6),1(0) = [B/(1—=B)]—[0/(1—-6)] > 0,and I(1) =
G/H+10)=[1/0-=p1—-10/(1 —0)]—(1/4).
More generally, with dy := 1 (2k+ 1), k =0, 1, ..., we have the recursion

dp =1+ (B/4dy1 + BB/ dk—1, k=1,2,...
with general solution
dy = [1/(1 — B)] + Do*, k=1,2,....

Plugging this last expression into the equality 7 (3) = 1+(8/4)1(5)+(3B/4)1(1),
and substituting the value of 7(1) from above, we obtain D = —[0/(1 — 0)] —
1/4).

With these computations in place, we are now in a position to check the con-
cavity condition (20). Indeed,l_/s_(4) =I105)—1@) =dr—ay = (D — A)B? =
[AB — 1) — (1/4)]16% = (3/4)6*> = (3/4) (4/B)6 — 3) = (30/B)—(9/4). Thus

BIL(4) +3BI.(0) =30 — (9/4)B +38-(3/4)30 < 1

amounts to f(1/3) < 0, or (1/9) — (4/38) + 3 < 0, and this last condition is
equivalent to our assumption that 8 < 3/7.

We are now prepared to complete the proof that 7 is optimal by showing that
its return function 7 (-) satisfies the Bellman equation (9). Equivalently, we have
to check that the function

Uy (b) = ii(b) + BEI(s — b+ Z) = ii(b) + gl(s —b+4)+ %m —b)

attains its maximum over b € [0, s] at b* = c(s). We consider three cases.

CaseI: 0 < s < 1.Inthis case, for0 < b < s:
Ys(b) = B/Hb+ (B/HI(s —b+4) + BB/HI(s — D)
and
Yy (b) = (3/4) — [(B/H I (4 + BB/DILO)] > 0.

Thus ¥/ (s—) > 0, and b* = s = c(s) is the location of the maximum.



16 1. Karatzas, M. Shubik, and W. D. Sudderth

Case Il: 1 < s < 2. Here we use (16) and (18) to obtain
~[hne+ £ 1m]. 0<b<s-1,
vy =13 - [§1’+(4) + %1@(0)], s—1<b<l,

~lin@+ o], 1<b<s.

IS STV N

In particular, ¥/ (-) > 0 on [0, 5], thus b* = s = c(s), as follows from Lemma 7.1
below.

Case III: s > 2. In this case, we have
%-[%1;(s+3)+¥1;(s—1)], 0<b<l,
}‘—[§1’+(s+2)+¥1’+(s—2)], 1<b<2,
“Prs—bl+4 L (s -b), b>2.

The function ¥ (-) now attains its maximum at bx = 2 = c(s), since ¥'(-) > O on
(0,2) and ¥'(-) < 0on (2, s) as follows from Lemma 7.1 below.

Lemma 7.1. The function I (-) satisfies:

1.0 > 1 (1) >1.(2)>-->0.
Proof. The first three of these inequalities amount to

3/4>1/4> (B/HIL&) + GB/HIL0) = 11(0),
and have been established already. So we have to prove
1LQ2k) > 1.2k +1) > IL2(+1) >0, for k=>2. (23)
Now
IL(2k) =12k +1) — 1(2k) = dy —ax = (D — Aok,
and
ILQk+1) =1Q%K+1)—1Q2k+1) =ary —di = (A — D)6k,

So the inequalities of (23) amount to

D—-—A>A0—-D>06(D—-A)>0.

ButD - A =A@ —-1)—1/4 =3/4, A6 — D = 1/4, and these inequalities
reduce to 0 < 6 < 1/3, which has already been proved. O
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The optimality of the strategy  for an agent playing in equilibrium with B =1
has now been established. The stationary distribution w for the corresponding
Markov chain as in (10) is supported by the set of even integers {0, 2, - - - } and is
given by

p(O) =1/2, p(2) =1/6, p(2k) = @2/3H(A/3)" for k> 2.

(The calculation of u is explained in some detail in Example 2.5 of [3].) Note that,
with this distribution, the total amount bid in equilibrium is B = fooo su(ds) =
1, as postulated. The family of stationary strategies 7% = m and the wealth
distribution p form a stationary equilibrium as in Theorem 4.1 for 0 < g < 3/7.
There will also exist equilibria for other values of 8, but we shall not calculate
them here.

The next example provides a simple illustration of Theorem 6.1.

Example 7.3. Let the utility function be

u(b) = b, b>0,
2b, b <O0.

Suppose that the common distribution ¢ of the random variables {Q,,} is ¢ ({1}) =
¢({3}) = 1/2, and that the distribution A of the variables {Z,,} is A({0}) = A({2}) =
1/2. The modified utility function #(-) is then

2b, b=>0,

1 1
i(b) = u(b) + Su(3b) = {4b Do

Take the interest rates to be r{ = r, = 2 and the bound on lending to be k = 1.
Finally assume that the total bid B is 1.

Although the penalty for default is heavy, as reflected by the larger value of
u'(b) for b < 0, it is to be expected that an agent will choose to make large
bids for B sufficiently small. Indeed, we shall show that the optimal strategy 7 for
0 < B < 1/3 is to borrow up to the limit and spend everything, corresponding to
c(s) = s+ 1 forall s > 0, as he is then not very concerned about the penalty for
default. (Recall that an agent with wealth s < 0 is punished in amount u(s) and
then plays from position 0. Thus, a strategy need only specify bids for nonnegative
values of s.)

Let 7 (-) be the return function for 7. Then this function must satisfy

I)=a(s+1)+BEIQRE—(s+ 1)+ 2)]
=2s+24+(B/2)[1(-2) + 1(0)]

for s > 0, and

1(s) = ii(s) + 1(0) = 4s + 1(0)
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for s < 0. Thus

2, §>0
I/ — ’ 3
) {4, s < 0.

To verify that I (-) satisfies the Bellman equation (14), consider the function

Vs (b) =i(b) + B E[1(2(s — b) + Z)]
=2b+ (B/2)[I2(s — b)) + I (2(s — b+ 1))]

. 2b — 48b + cy, 0<b<sys,
- 2b — 68b + ¢, s<b<s+1,

where ¢; = c¢1(s) and ¢y = ¢ (s) are constants. Thus

1-28, 0<b<ys,

/ D) =
vs(®) {1—3ﬂ, s<b<s—+1,
and we see that 1 (-) attains its maximum on [0, s 4+ 1] at s + 1, thanks to our
assumption that 0 < 8 < 1/3. It follows that 7 (-) satisfies the Bellman equation,
and that 7 is optimal. The Markov chain {S,} of (15) becomes

Spr1 =2[(S)T = ((SHT+D1+Z2=2-2.

The stationary wealth-distribution, namely, the distribution of Z — 2, assigns mass
w({—2}) = 1/2 at —2 and mass u({0}) = 1/2 at 0. Obviously, clause (i) of
Assumption 6.1 is satisfied. Clause (ii) is also satisfied, because every agent bor-
rows one unit of money and spends it; one-half of the agents receive no income
and pay back back nothing, whereas the other half receive an income of 2 units
of money, all of which they pay back to the bank since the interest rate is r; = 2.
As there are no lenders, the books balance. Theorem 6.1 now says that we have a
stationary equilibrium, in which half of the agents are in debt for 2 units of money,
and the other half hold no money at the beginning of each period. All the money
is held by the bank.

Suppose now that the discount factor is larger, so that agents will be more
concerned about the penalties for default. In particular, assume that 1/3 < 8 <
1/2. Then an argument similar to that above shows that an optimal strategy is for
an agent to borrow nothing and spend what he has; that is, the optimal strategy
corresponds to c(s) = s for every s > 0. This induces the Markov chain,

Sp1 =2[S)T = ST+ Z =2,

with stationary distribution equal to the distribution A of Z, which assigns mass
A({0}) = 2({2}) = 1/2 each to 0 and 2. This time the books obviously balance,
since no one borrows and no one pays back. In fact, the bank has no role to play.
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For the next example we drop the assumption that individual endowments are
proportional to total production (Assumption 2.1, part (b)) and show that a station-
ary equilibrium need not exist.

Example 7.4. For simplicity, we return to the no-lending model of Section 3
for this example. Assume that the utility function is u(b) = b, and let the distri-
bution ¢ of the variables {Q,} be the two-point distribution ¢({1}) = ¢({3}) =
1/2. Suppose that when Q, = 1, the variables {Z), « € I} are equal to O or
2 with probability 1/2 each, but that when Q, = 3, each of the Z7 is equal
to 1. Thus the {Q,} and the {Z]} are not independent, as we had postulated
in Assumption 2.1. We claim that no stationary equilibrium can exist in this
case.

Now suppose, by way of contradiction, that a stationary equilibrium exists, with
wealth distribution ¢ and optimal stationary strategies {w*, o € I} corresponding
to consumption functions ¢*(-), @ € I. The total bid in each period is then B =
f c“(s) u(ds) and the prices p, = B/Q, are independent, and equal to B and
B /3 with probability 1/2 each.

Consider next the spend-all strategy 7z’ with consumption function c(s) = s.
We will sketch the proof that 7z’ is the unique optimal strategy. First we calculate
the return function I (-) for 7’: this function satisfies

I(s) =E[(s/B)- Q+B-1(BZ)]=(2s/B)+ B - E[I(BZ)].
It is easy to check that 7 (-) also satisfies the Bellman equation

I(s)= sup E[(b/B)-Q+pB -I(s—b+BZ)],

0<b<s

and that the supremum above is uniquely attained at b = s. It follows that 7’ is the
unique optimal strategy. Thus, we must have 7% = 5/ for all « € I, which means
that every agent « spends his entire wealth at every time-period n and enters the
next period with wealth

St1(@) = BZE, ().
But the distribution of Z,‘;‘ 41 depends on the value of Q,,. Thus, the distribution of

wealth varies with the value of O, and cannot be identically equal to the equilibrium
distribution u, as we had assumed.

In our final example, we assume that agents know the value of the production
variable for each time-period, before placing their bids. It is not surprising then,
that agents playing optimally will take advantage of this additional information,
and therefore that a stationary equilibrium need not exist. What sort of equilibrium
is appropriate for this “high information” model is a question that we plan to
investigate in future work.
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Example 7.5. As in the previous example, we consider a no-lending model with
the linear utility u(x) = x and with the distribution ¢ of the variables {Q,}
given by ¢({1}) = ¢({3}) = 1/2. We assume that the individual endowments are
proportional (so that, as in Assumption 2.1, the variables {Z;, } are independent of
the {Q,}’s), and that agents know the value of the ‘production variable’ Q,, for
the time-period ¢ = n, before making their bids for that period. Again, we claim
that no stationary equilibrium can exist in this case.

Suppose, by way of contradiction, that a stationary equilibrium does exist, with
wealth distribution © and optimal stationary strategies {w*, « € I} corresponding
to consumption functions {c*(-), « € I}. Let B = f c“(s) u(ds) be the total bid
in each period, so that the price p, = B/Q, in period n is B/3 if 0, = 3 and
is B if O, = 1. It is not difficult to show that, in a period when the price is low
(i.e., when Q, = 3), the optimal bid for an agent is c(s) = s. Thus, we must
have c%(s) = s for all « and s. However, in a period when the price is high (i.e.
when @, = 1), an agent who spends one unit of money receives in utility (1/B),
whereas an agent who saves the money and spends it in the next period expects to
receive B[(1/2B) + (3/2B)] = (28/B). Thus, for § € ((1/2), 1), it is optimal
for an agent to spend nothing in a period when the price is high. But then ¢*(s) = 0
forall« € I and s > 0, a contradiction.
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Abstract

Zero-sum stochastic games with the expected average cost criterion and
unbounded stage cost are studied. It is assumed that the transition probabilities
of the Markov chains induced by stationary strategies satisfy a certain geo-
metric drift condition. Under additional assumptions concerning especially the
existence of e-optimal strategies in corresponding one-stage games it is shown
that the average optimality equation has a solution and that both players have
g-optimal stationary strategies.

Key words. Markov games, Borel state space, average cost criterion, geo-
metric drift condition, unbounded costs.

1 Introduction

In this paper two-person stochastic games with standard Borel state space, standard
Borel action spaces, and the expected average cost criterion are considered. Such
a zero-sum stochastic game can be described in the following way: The state x,,
of a dynamic system is periodically observed at times n = 1,2,.... After an
observation at time 7 the first player chooses an action a,, from the action set A (x;,)
and afterwards the second player chooses an action b,, from the action set B (x;)
dependent on the complete history of the system at this time. The first player must
pay cost k(x,, a,, b,) to the second player, and the system moves to a new state
Xn+1 from the state space X according to the transition probability p(:|x,, an, by).

Stochastic games with Borel state space and average cost criterion are considered
by several authors. Related results are given by Maitra and Sudderth [10], [11], [12],
Nowak [14], Rieder [16] and Kiienle [8] in the case of bounded costs (payoffs).
The case of unbounded payoffs is treated by Nowak [15], Jaskiewicz and Nowak
[4], Hernandez-Lerma and Lasserre [3], Kiienle [6] and Kiienle and Schurath [9].
The assumptions in these papers are compared in [9]. The assumptions in our paper
concerning the transition probabilities are related to Nowak’s assumptions in [15],
[4]: Nowak assumes that there is a Borel set C € X and for every stationary strategy
pair (77°°, p°°) a measure w such that C is p-small with respect to the Markov
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chain induced by this strategy pair. We assume that C is only a p-petite set with
respect to a resolvent of this Markov chain; on the other hand, we demand that
w is independent of the corresponding strategy pair. (For the definition of “small
sets” and “petite sets” see [13], for example.) Since in our paper the assumptions
concern the resolvents of the corresponding Markov chains instead of the one-step
transition probabilities as in the above mentioned papers, it is possible that the
Markov chains are periodic, for instance. Furthermore, in [15] and [3] the existence
of a density of the transition probability is assumed while in [4], [9] and in this
paper such a density is not used.

The paper is organized as follows: in Section 2 the mathematical model of
Markov games with arbitrary state and action spaces is presented. Section 3 con-
tains the assumptions on the transition probabilities and the stage costs and also
some preliminary results. In Section 4 we study the expected average cost of a
fixed stationary strategy pair. We show that the so-called Poisson equation has a
solution. Under additional assumptions (which are satisfied if the action spaces
are finite or if certain semi-continuity and compactness conditions are fulfilled,
for instance) we prove in Section 5 that the average cost optimality equation has a
solution and both players have e-optimal stationary strategies for every ¢ > 0.

2 The Mathematical Model
Stochastic games considered in this paper are defined by nine objects:

Definition 2.1. M = ((X, 0x), (A, 0a),A, (B,oB),B, p,k,E,F) is called a
Markov game if the elements of this tuple have the following meaning:

— (X, ox) is a standard Borel space, called the state space.

— (A, oa) is a standard Borel space and A : X — o4 is a set-valued map which
has a ox - op-measurable selector. A is called the action space of the first
player and A (x) is called the admissible action set of the first player at state
x € X. Weassume {(x,a) : x € X,a € A(x)} C oxXxA-

— (B, op) is a standard Borel space and B : X x A — op is a set-valued
map which has a ox - og-measurable selector. B is called the action space of
the second player and B(x) is called the admissible action set of the second
player at state x € X. We assume {(x,b) : x € X, a € B(x)} C oxxB-

— p is a transition probability from ox «A xB t0 0%, the transition law.

— k is a oxxAxp-measurable function, called stage cost function of the first
player.

— Assume that (Y, oy) is a standard Borel space. Then we denote by oy the o-
algebra of the oy-universally measurable sets. Let H, = (X x A x B)" x X
forn > 1, Hy = X. h € H,, is called the history at time n.

A transition probability 77, from o'y, to o4 with

7n (A (xn)1x0, a0, bo, - .. s xp) =1
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for all (xo, ag, bo, ... ,xn) € Hy, is called a decision rule of the first player
at time n.
A transition probability p, from o'y, xA to o With

on(B(x,)|x0, ao, bo, ... , Xy, ap) =1

for all (xq, ag, bo, ... ,xn,an) € H, x A is called a decision rule of the
second player at time n.

A decision rule of the first [second] player is called Markov iff a transition
probability 77, from o'y, to oA [0, from o, xA to TB] exists with

nn('|x07 ap, bOv ey xn) = ﬁn ('lxn)
[on(-|x0, a0, bo, - .., Xn, an) = Pn(-1Xn, an)]
for all (xg, ao, bo, - .. , Xn, ay) € H, x A. (Notation: We identify 7, as 7,

and p, as py.)
E and F denote nonempty sets of Markov decision rules.

A decision rule of the first [second] player is called deterministic if a function
en - H, > A[f, : H, x A — B] exists with (e, (h,)|h,) = 1 forall h, € H,
Lon (fu(hn, an)lhy, ay) = 1for all (hy, a,) € H, x Al

A sequence IT = (i) or P = (p,) of decision rules of the first or second player
is called a strategy of that player.

Strategies are called deterministic, or Markov iff all their decision rules have
the corresponding property.

A Markov strategy I1 = (7,) or P = (p,) is called stationary iff my = 71 =
Ty =...0rpy=p; = pp=.... Notation: [T = 7% or P = p°°.) We assume
in this paper that the sets of all admissible strategies are E> and F°°. Hence, only
Markov strategies are allowed. But by means of dynamic programming methods
it is possible to get corresponding results also for Markov games with larger sets
of admissible strategies. If E and F are the sets of all Markov decision rules (in the
above sense) then we have a Markov game with perfect (or complete) information.
In this case the action set of the second player may depend also on the present
action of the first player. If E is the set of all Markov decision rules but F is the
set of all Markov decision rules which do not depend on the present action of the
first player, then we have a usual Markov game with independent action choice.
Let2:=XxAxBxXxAxBx...and KV(w) := Z;\;ok(xj,aj,bj)for
o = (xg, ao, by, x1, ...) € 2, N € N. By means of a modification of the Ionescu—
Tulcea Theorem (see [17]), it follows that there exists a suitable o -algebra F in
and for every initial state x € X and strategy pair (I1, P), I1 = (7,), P = (pn), a
unique probability measure P, rj p on F according to the transition probabilities
Ty, pn and p. Furthermore, K N is F-measurable for all N € N. We set

V() = /Q KN (@)Py.1.p (do) (1)
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and

®pp(x) = liminf Vi (x) )
N—o0

N+1
if the corresponding integrals exist.
Definition 2.2. Let e > 0. A strategy pair (IT*, P*) is called e-optimal iff

Pr+p —& < Prspr < Pripr +¢

for all strategy pairs (I1, P).
A 0-optimal strategy pair is called optimal.

3 Assumptions and Preliminary Results

In this paper we use the same notation for a sub-stochastic kernel and for the
“expectation operator” with respect to this kernel, that means:

If (Y,oy) and (Z, oz) are standard Borel spaces, v : Y x Z — R aoyxz-
measurable function, and g a sub-stochastic kernel from (Y, oy) to (Z, o7z), then
we put

qu(y) :=/Zq(dzly)v(y,z),

for all y € Y, if this integral is well-defined.

We assume in the following that u and v are universally measurable functions
for which the corresponding integrals are well-defined. If v : X X AxB xX — R,
then we have for example

pv(x,a,b)=/Xp(d$|x,a,b)v(x,a,b,§),
forall (x,a,b) € X x A x B.If u : X — R then pu means
Pu(x,a,b)=/Xp(d$|x,a,b)u(€),
forall (x,a,b) e X x A xB.Form € E, p € F we get
mopu) = [ wdate) [ p(avina) [ pidei.a,byuce.a,b.6)

for all x € X. Furthermore, we define the operator 7' by

Tu =k + pu, 3)
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for u : X — R, that means
Tu(x,a,b) =k(x,a,b) +/ p(d&|x,a, byu(§),
X

forallx € X,a € A, b € B. mpT is then the operator with

wpTu(x) = wpk(x) + wppu(x)
:/n(da|x)/p(db|x,a) (k(x,a,b)—}-/ p(délx,a,b)u(&)),
A B X

for all x € X. This operator is well-known in stochastic dynamic programming
and Markov games. It is often denoted by T7,.
LetI1 = (1,) € E®, P = (p,) € F*. If VIZ[VP exists then we get

N

Vitp = mopok + Y wopop -+ i 10197 pik.
=

Forw € E, p € F we put (mpp)" := mpp(pp)"~" where (rpp)° denotes the
identity. Let ¥ € (0, 1). We set foreverym e E, p e F,x e X,and Y € ox

Qonp(Y1X) := (1= 9) Y 9" (rpp)"Ty (x),
n=0

where Iy is the characteristic function of the set Y.
We remark that for a stationary strategy pair (1 *°, p*°) the transition probability
0O0v,7,p 1s aresolvent of the corresponding Markov chain.

Assumption 3.1. There are a nontrivial measure @ on oy, a set C € ox, a ox-
measurable function W > 1, and constants 9 € (0, 1), « € (0, 1), and 8 € R with
the following properties:

(@) Qz?,n,p >Ic-pu,
forallm €e Eand p € F,
(b) pW < aW +1Ic8,
|k(x,a, b)|
(©) sup —_— <

xeX,aeA(x),beB(x,a) W(x)

Assumption 3.1 (a) means that C is a “petite set”, (b) is called “geometric
drift towards C” (see Meyn and Tweedie [13]). We assume in this paper that
Assumption 3.1 is satisfied.

For a measurable function # : X — R we denote by nu the integral puu =
Jx m(@&)u(€) (f it exists).
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Lemma 3.1. There are a ox-measurable function V with1 < W <V < W +
const and a constant A € (0, 1) with

Qﬂ,n,pv <AV +Ic-uVv 4
and
opV < AV. ()

Proof. Without loss of generality we assume 8 > 0.
Let B/ :=[0/(1 —M]B, W =W+ g',and o’ := (B’ +a)/(B' + 1). Then it
holds o’ € («, 1) and
pW' = pW +p
<aW+p +plc
<od'W—(@ —a)W+ao'p +1—-a)g' + BlIc
<adW — (@ -a)+ 1 - +Blc
=dW+p +a—d(B +1)+Blc
— o'W + Blc. (6)
Letnow W := W' — B'Ic = W + 8/(1 — I¢). Then we get from (6)
p(W" + B'Ic) = pW’
<o'W + Blc
— oW —i—()l/,B/IC + Bl
1—v
— (X/W// + a/ﬂ/IC + 1} ﬂ/IC

+1-0
— Ol/WN + LIB/IC

12
IB/
<a/'W'+ e, 7
We put @” := (1 — )/(1 — o«’®?). Then it holds &’ = (@” + & — 1)/(a”®?). For
B’ :=a" B it follows

a// + 'l?‘ _ 1 ﬁ// IB//
" "
W= v e JPIC + o’y

Ic.
Hence,

o"IpW' < @+ — DWW — " plc + B'Ic.
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Then
(1=9)W' <a"W' + B"Ic —9p”" W'+ B"1c).
This implies
(1 =W <a"W' + B"1c — dmppa” W' + 8"1c),
forevery 7 € E, p € F. Hence,

o
Qox oW =Y (1 =)0 (wpp)"W”
n=0

o o
<> 0" @op)" @ W'+ B"le) = Y 0" (pp)" @ W + B"1c)
n=0 n=1
='W + ﬂNIC- (8)
We choose ¥ € (¥, 1) and set

" / 1
ni= max{ fX)’ ﬁ/'B 19}’ A= al _:'77’ A :=max{A, 9'}.
n - n

It follows «” <A’ <A < land A’ —a” = (1 — 1)n. Hence,

A= HYW' =2 —a”" = (1 =)= (1 -1 ©
We put V := W” + 5. Obviously, V. > W” > 1 and V > 5. Then it follows

Ov.2pV = QonpW' +1

<d"W'+Ic-8"+1n

<d"W'+Ic-quX) +1n

<a"W'+Ic-uV+n

<od"W' +Ic-puV+ G —aoa)YW’ + iy (see (9))

=AW'+n)+1Ic-pnv

=AV+Ic-uV.

Hence, (4) is proven.
From n > B//(®' — ) it follows

»'n>on+ 8. (10)
Then
OpV =0pW" + 0y
<a'OW" + B + 91 (see (7))
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<o’ OW" + ¥'n (see (10))
<’ (W' +1n)

=9V

<AV.

Hence, (5) is also proven. O

4 Properties of Stationary Strategy Pairs

Forafunctionu : X — Rweput |lu|ly := sup,x(|u(x)|/V (x)). Furthermore, we
denote by U the set of all ox-universally measurable functions u with |lu|ly < oo.
In the following we will assume that on ®J the metric is given which is induced by
the weighted supremum norm ||-||y. Then U is complete.

Lemmad.1. Let Il = (,), P = (p,). Then

< Q.
Vv

sup TOPOP - TnPnpV
neN,TTeE>®, PeF>®

Proof. From Assumption 3.1(b) it follows
1
TOPOP - - nnpan < Otn+1W + mﬁ

By Lemma 3.1 there is a constant d with

T0pop - TnpnpV < 70poP - TnpupW +d

1 1
<od""'Wad4 —B<a"'Vird+ —8
l—«a l—«

for all n € N. This implies the statement. a
Let T, be the operator given by
Tyu(x,a,b) = (1 —9)Wk(x,a,b) +w(x)) + dpu(x,a, b)

forallu € U, x € X, a € A, b € B. We note that T, has essentially the same
structure as the cost operator 7 used in stochastic dynamic programming and
stochastic game theory (see (3)). This implies that some of our proofs are very
similar to known proofs. Therefore, we restrict ourselves to only a few remarks
in these cases. (A very good exposition of basic ideas and recent developments in
stochastic dynamic programming can be found in the books of Hernandez-Lerma
and Lasserre [1], [2].)
Obviously,

u
Tyu=(1—-0)0T <m>+(l —)w. an
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Lemma 4.2. Let w € U arbitrary, m € E, p € F. Then the functional equation
u=mnplyu (12)

has a unique solution u, € 0 and it holds for u,, := Sx,w,

o
Szpw = lim (pTy)"u = (1 —9) Zﬁ"(ﬂpp)"(ﬂﬂpk +w), 13)
n—o00 =0

for everyu € 0.
Proof. We note that 7pT,,*U < 0. From (5) it follows that 7 p T}, is contracting on

0 with modulus A. The rest of the proof follows by Banach’s Fixed Point Theorem.
a

We can consider Sy, as an operator Sy,: U — ‘U. Let S, 5, be the operator
defined by

Sy pw:i=—0—=Ic)y + Szpw — Icpw (14)

form € E, p € F, w € 0. The following lemma gives some properties of this
operator.

Lemma 4.3.
(a) Sy, 0 V.
(b) Sy x,p is isotonic.
(c) Sy x,p is contracting.

Proof.
(a) is obvious.
(b) Using (13) we get

o0
Syxpw =—(1=Ic)y + (1 =) > 9" (wpp)" @mpk + w) —Icpw
n=0

=—(1=Io)y + (1 =) Y 9" Gpp)' 7ok + (Qo.x.p — Icpw.

n=0
(15)
From Assumption 3.1 (a) it follows the statement.
(¢) By Lemma 3.1 and (15) we get for u, v € U
ISy 7, 0tt — Sy pv| = [(Qo,7,p — Icw)(w —v)|
< (Qoxp—Icw)Viu—vlv
<AViu—vly. (16)
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Lemma 4.4. The operator Sy 5 , has in 0 a unique fixed point uy x . iy 7 p
is continuous and non-increasing in y.

Proof. The existence and uniqueness of the fixed point follows from Lemma 4.3
by Banach’s Fixed Point Theorem.

From Sy 7 ,v > S,/ » ,v for y < y’, and the isotonicity of S,  , it follows
Uy m,p = Uy zp. HeNCe, ity 7 p > Uty 7 5.

Furthermore, for arbitrary y, y’

|u)/,7'r,p - uy/,n,p| =](1- IC)(V/ —-y)+ (Qr?,rr,p - ICM)(uy,n,p - uy/,n,p)|
<ly - V/|V + Aluy,zp — uy/,n,p||VV~

Hence,
Ity zp =ty zpllv <1y =¥+ Mty zp =ty 7 pllv
and
ity mp ity ) < Wy =ty pllvinV < 22y,
O
Theorem 4.1. There are g = const and v € U with
g+v=mpTv. 17

It holds
§ = Proopoe.
Proof. From Lemma 4.4 it follows that there is a y* with y* = uu,+  ,. Hence,
Uy 7,0 = Sy* 7, pUy* 7,p
=—(1 =)y + Septty z,p — Iopitys z p
= Septtyinp — V™ (18)
Let w* := uy+ 7 ,. If we put w = w* in (12) then we get
Szpw* = (1 — ) (O mpk + w*) + dwppSzpow™.
It follows by (18)
w*+y* =0 -)@Orpk +w*) + dmppw* + y*).
Therefore,

dw* + (1 -y =1 - ))dnpk + Smrppw*.
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For g = %, v = % we get (17). From (17) it follows

N-1

Ng = Z (mpp)"mpk + (wpp)N v — v.
n=0

If we consider Lemma 4.1 we get

1 N-—1
— lim — Rt ok = B poo oo,
g = lim — ’;(ﬂpp) P %) .

5 The Optimality Equation

In this section we use a further operator. Let w : X x A X B - R a oxxAxB-
measurable function, such that wpw exists for all # € E, p € F. Then we set

Lw(x) := ;Iéf sup Tpow(x)
peF

for all x € X.

Assumption 5.1. Let 8 C U a complete subspace of the metric space U with
the following properties:

(a) LTR C R.

(b)) viuy + voup € Kforuyg, ur € R, vy, vy € [0, 00).

(c) vic e Randv € Kforallv € R.

(d) Forevery u € R, ¢ > 0 there are decision rules , € E, p, € F with

wepTu —e <mepTu <mp.Tu—+ ¢
forallm € E, p € F.

Assumption 5.1 is satisfied if M is a Markov game with perfect information
and A and B are denumerable, or if M is a Markov game with independent action
choice and A and B are finite. We give a further assumption which implies Assump-
tion 5.1. The proof of this implication is similarly to corresponding proofs in [5]
or [16].

Assumption 5.2.

(a) M is a Markov game with independent action choice or perfect information.

(b) A and B are compact-valued, and B has a Castaing representation (that means,
there is a sequence (g;) of ox-op-measurable maps such that {g;, g2, ...} is
dense in B for every x € X).

(c) k(x,-) is lower semi-continuous for every x € X.

(d) pu(x,-) is lower semi-continuous for every x € X and every Borel measur-
able u € 0.
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In these cases R is the set of all Borel measurable functions from ‘. Further
conditions under which Assumption 5.1 is satisfied can be derived from the results
in [7], for example.

We assume in this section that Assumption 5.1 is fulfilled. Then we get

inf supwpTu —e <supmepTu—e
€L pcF peF

< mepeTu
< inf mp.Tu +¢
ek

<sup inf 7pTu

peF T€E
< inf supmpTu.
7€k pep
It follows for ¢ — oo
sup inf mpTu = inf supwpTu = LTu. 19)
peF Tk 7€k pep
Hence,
|[epeTu — LTu| < ¢.
It follows

wepTu —2¢ < LTu <mp:.Tu + 2e. 20)
Lemma 5.1. The functional equation

u = inf sup{(l — ) (Owpk + w) + dmwppu}
NEE,OEF

= LTyu=(1—9)9LT <%) +(—9)w @1)
has for every w € R in R a unique solution u* =: Sw.

Proof. Let w € K. Then it follows from Assumption 5.1 LT,,8 C K. Because
wpT, is contracting on ‘Y, it holds for u, v € R

wpTyu <mpTyv + Allu —v|ly V.
Since L is isotonic, it follows
LTyu < LTyv+ Allu —v|yV.

Because u and v can be interchanged, we get that LT, is also contracting. By
Banach’s Fixed Point Theorem it follows the statement. O
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We consider S as an operator S : & — £ according to Lemma 5.1.
Lemma 5.2. Foreveryw € Rand e > 0 there are . € E, p. € F with
Spe oW —6V < Sw <8z, w+ eV 22)
forallw € E, p € F. Furthermore, it holds

Sw = inf sup Sy,w. 23)

ek peF

Proof. Lete’ := (1—1)e. Itfollows from Assumption 5.1(d) that there are 7, € E,
pe € F with
/

Uy g Uy
we.pT — V<LT
1-9 (1 —19) 1—v
£

Uy
S7”)ET<1 —19> Tra-n @Y

where u,, = Sw (see (20). Hence,
TepTwtty — 'V < LTyuy =ty < wps Tty + €'V, (25)

forallm € E, p € F. Assume that

/! /

&
I—XVSuw < (mpeTw)" uw + 1—

for n € N. Then it follows from (25)

(mepTw) Uy — 1% (26)

/
Uy <P Ty ((npsTw)nuw + 1 8_)LV> +¢&'Vv
)\' /
= (JT,OaTw)"HMw + 1 E)LV +e'V
8/
= (o T)" ity + V. 27)
Analogously,
8/
tt = (e pTw)" it — TV (28)
From (27) and (28) it follows by mathematical induction that (26) holds for all
n € N. For n — 0o we get (22), and (23) follows analogously to (19). O

We define a new operator S, by
Syw:=—-10-Ig)y +Sw—Icpw

for w € R, y € R. The following lemma gives some properties of this operator.
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Lemma 5.3.
(a) SR C R
(b) S, is isotonic.
(c) Sy is contracting with modulus A.
(d) S, has in R a unique fixed point v,. It holds lim,, _, 5 (S,)"u = v, for every
u € R vy, is isotonic and continuous in y.

Proof.
(a) is obvious.
(b) From (14) and (23) it follows

Syw = inf sup Sy, 7 pw.
ek peF

By Lemma 4.3 we get the statement.
(c) Let w', w” € K. By Lemma 5.2 it follows that for every ¢ > 0 there are
n) € E, p, € F, with

Sw' < Sy pw' +eV

Sw” > Sng”,pw” —¢eV
for all m € E, p € F. Hence,

Syw = Syw’ =—-1-1Ic)y + Sw' —Icpw’
— (=1 =Io)y + Sw” —Icuw”)
<=1 =Io)y + Sar pw —Icpw'
—(—=(1 =Io)y + Sar pw” —Icpw”) + 28V
= Syarppw = Syay pw” +2eV
<AV]w —w"|ly 4 2¢V,

since Sy 77, 1s contracting (see Lemma 4.3). For ¢ — 0 we get
Syw' = S,w” <AV|w —w|y. (29)

Because w’ and w” can be interchanged, we get the statement.
(d) The existence of a unique fixed point v, € & and lim,,_, c(S,)"u = v,, for
every u € £ follows from Banach’s Fixed Point Theorem. For y’ < y itholds

Syw<S,yw=S,w+A-Ic)y—y)<Sw+(y—-y)HV.

Assume that for n > 1
y =V
1—A

S;,’flv},/ <wv, < S;flv},/ + V.
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Then it follows

o
Snv)// < S)//S;_lvy’ < Sy/vy/ =, < Sy/ (S;Z_IUV/ + y—VY V>

4 1—A
<5, (S;“vy/ - yl:il V) + =)V
< Spu, + M’l/f_i/)v + (¥ — ¥V (see (29))
= S"v, + yl:’;/ V.

Hence, by mathematical induction we get that this inequality holds for all
n € N. For n — oo it follows

y—v
< ;< V.
vy < vy, <v, + T—x
This implies the rest of the statement. O
Theorem 5.1.
(a) The optimality equation
g+v=LTv (30)

has a solution (g*, v*) with g* = const and v* € R.
(b) Let (g, ) be a solution of (30) with g = const and v € K. Then it holds

~ X .
g=g = inf sup Ppp
MeE® ppoo

and
U = v* + const.
(c) For every ¢ > 0 there is an e-optimal stationary strategy pair.

Proof. From Lemma 5.3 it follows that pv,, is non-increasing in y. Therefore,
there is a unique y* with y* = pv, .

Uy* = SV*UV*
=—(1-Ic)y*+ Svy+ — Lo pvy«
= Sv,e — y*. 31)

Let w* := v,«. If we put w = w* in (21) then we get

Sw* = L((1 — )Pk + w*) + dpSw*).
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It follows by (31)
w* +y* = L((1 — 90k + w*) + dpw* + ).
Therefore,
dw*+ (1 —)y* = L((1 — )Pk + dpw™).

For g* = L v* = % we get (a).

Let (g, v) be a solution of (30) with g = const and v € K. From Assumption 5.1
it follows that for every ¢ > O there are 7, € E, p. € F, with

TeppTO—6—g <0 =<mpp.TV+ ¢ — g,

for all IT = () € E*, P = (p,) € F*. It follows

TepoTwep1T - wepnTO — (N +1)(g +6) <V
<P T 1peT -+ NP TO+ (N + 1)(—8 + &).

Using Lemma 4.1, for N — oo, we get in a usual way
cbl'[pg’o —e<g= q)rrsocP‘i‘&
for all IT € E*°, P € F*°. This implies

.~ .
g-=g= inf sup Ppp,
[MTeE>® peFPoo

and the e-optimality of (72°, p2°). Hence, (c) and the first part of (b) are proven.
Letw := (1 —9)v+ c withc:= (1/u(X))(?g* — (1 — ¥)uv). Then it holds

pi = (1 -0+ pX) =vg" =y"
Furthermore, by (30) we get
y* w w
— 4 ——=LT|—).
) + 1—v (1 — z?)
It follows

(1 —)y* + 00 = L@ (1 — 9)k + Ipib).

Foru := y* + 1 we get

u ~
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Since Sw is the unique solution of this functional equation (see Lemma 5.1), it
follows

W=8w—y* =S, 0.

The solution of this functional equation is also unique (see Lemma 5.3). Hence,
W = vy* and
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Abstract

Two players hold money and bid each day for a nondurable consumer
good whose worth to each player is measured by a concave utility function.
The money recirculates to the players according to a rule that treats them
symmetrically. When the total reward is discounted and the discount factor is
small, there is a Nash equilibrium in which the players make large bids. For a
discount factor close to one and also for a game with long run average reward,
there is a Nash equilibrium with small bids.

1 Introduction

Each player holds an integral amount of money with the total amount of money
equal to a fixed quantity M. Every day, one unit of a nondurable commodity is
brought to a market and each player bids some integral part of his or her money
for the good. Portions of the good are awarded to the players based on their bids
and they consume their portion on the same day.

A player’s bid may or may not be accepted in payment for a portion of the good.
If the bid is accepted, the player pays the bid and the sum of these payments on a
given day is the value or the price of the good on that day. The value is returned
to the players at the end of the day with each player receiving a random share
having the same distribution. One interpretation is that the players own shares of
the market that are stochastically equivalent; another is that they own stochastically
equivalent shares of the good which they bring to the market.

The utility of the good to the players is measured by a concave utility function
u : [0, 1] — N such that u(0) = 0. If a player receives y, units of the good on
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day n forn =1, 2, ..., then the player’s total discounted reward is

D B um),
n=1

where 0 < 8 < 1 is a discount factor, and the player’s long run average reward is

1 n
lim sup — Z u(yr).
n k=1

n—oo

We will consider below both discounted and average reward games.

We also consider two schemes for apportioning the good to the players based on
their bids. In the first version, called “winner-takes-all”, the player who makes the
larger bid receives the entire good or if their bids are the same positive number, they
each receive an equal share. The second version is called “proportional rewards”
because in it each player receives a fraction of the good in proportion to his or her
bid.

The strategic dilemma of a player of these games was aptly described by Shubik
and Whitt [10], namely, whether “to spend more now to get more real goods now
or to spend less now to get more real goods in the future.” It is natural to expect
that a wise player would save less when future values are discounted by a small
B and save more when S is near 1 or when the long run average reward payoff
is used. We will construct pure strategy Nash equilibria that seem to justify this
intuition. We focus here on two person games, but several, and perhaps all, of our
results generalize to n person games.

Our work stems from that of Shubik and Whitt [10], who, with the aim of pro-
viding satisfactory connections between theories in macroeconomics and microe-
conomics, introduced a non-stochastic proportional reward game in which each
player receives every day a fixed, nonrandom, fraction of the current value of
the good. More recently Karatzas, Shubik and Sudderth [4,5] and Geanakoplos,
Karatzas, Shubik and Sudderth [3] have studied proportional reward games with
a continuum of players and with borrowing and lending. Constant sum versions
of the games studied here were considered in two earlier papers [8,9]. In [8], we
introduced a constant sum, winner-takes-all game with discounted rewards where
money is a finite but continuous quantity; we proved the existence of the value
for the game and found good strategies for the players when the discount factor
is less than or equal to 2/3. In [9], we assumed money to be finite and discrete,
and we focused on constant sum versions of the winner-takes-all game and the
proportional rewards game both with discounted and long run average rewards;
we found the value of our games and optimal strategies for small values of the
discount parameter § as well as for 8 near 1 and long run average reward.

In the next section, the games to be studied are defined and notation and termi-
nology are introduced. In Section 3 we show that “bold” strategies for each player
form a Nash equilibrium when 8 is small, and in Section 4 we show that “timid”



A Simple Two-Person Stochastic Game with Money 41

strategies are Nash for 8 near 1. In Section 5 we introduce a slight change in the
rules for apportioning the good — namely, each player receives half of the good
when both bid nothing. This leads to asymmetric equilibria when f§ is near 1. In
the final section we study the average reward game.

2 Formulation

Let M be a positive integer corresponding to the total amount of money held by
the two players who are denoted I and II. The state space is S = {0, 1, ..., M}
and a state x € S will represent the cash held by player I at some stage of the game
whereas M —x corresponds to that held by player II. Actions represent bids and, for
each x € S, the action sets for players I and I, respectively, are Ay = {0, 1, ..., x}
and B, ={0,1,... , M — x}.

Let Z = {(x,a,b) : x € S,a € A;,b € B,}. To complete the definition of
the stochastic game, we must specify a daily reward functionr : Z — 0, a law
of motion g that assigns to each triple (x, a, b) € Z a probability distribution
defined on §, and a discount factor 8§ € (0, 1) if the game is discounted. We
will consider two versions called winner-takes-all and proportional rewards. In
both versions, the players have the same utility function « : [0, 1] — [0, co) for
the good. The function « is assumed to be concave, and strictly increasing with
u(0) =0.

In the winner-takes-all game, the daily reward function for player I is

u(l) if a>b,
r(x,a,b)=qu(1/2) if a=b>0, (D)
0 if a<bora=b=0,

whereas the daily reward function for player II is defined symmetrically as
F(xaavb) ZV(M—X,b,a),

for every (x,a,b) € Z. Thus, if a > b, player I receives all the good which has
price p = a; if a < b, player II receives all the good at price p = b; and, if
a = b > 0, each player receives half the good and the price is p = a + b.

In the proportional-rewards game, the reward function for player I is

if
r(x,a,b) = g(a/(a+b)) ;f Ztii% ()

and the reward function for player I is defined symmetrically as before. The price
of the good in this game is the total bid p = a + b.

The law of motion can be viewed as a means of redistributing the money spent
for the good, that is, the price p, to the players. Suppose that, for each possible
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p =0,1,..., M, there is a probability distribution 7, on {0, 1, ... , p} for the
amount that will go to each of the players. Let Y7 be a random variable with
distribution 7 ,. If Y (P) represents the amount for player I, then p — ¥ (?) represents
that for player II. We assume that ¥ ?) and p — ¥P) have the same distribution.
For example, Y (P) could be the uniform distribution on {0, 1, ..., p}, or binomial
(p, 1/2), orequal to p or 0 with probability 1/2 each. We will also assume that ¥ ()
is stochastically increasing in p. Thatis, Y P) is stochastically smaller than ¥ (?*D
forp =0,1,..., M — 1. This assumption, which holds for the three special cases
above, implies that larger bids are riskier.

Consider first the law of motion for the winner-takes-all game. Let X be a
random variable with distribution ¢ (x, a, b) and we can specify g by setting

xX—a+Y®@ if a>b,
Xi=4qx+Y® if a<b, 3)
Xx—a+Y@th if g=p.

Thus player I’s new fortune equals his old fortune, less what he spends, plus his
share of the proceeds from selling the good.
The rule takes a simpler form in the proportional-rewards game where we let

X =x—a+y@th, 4)

for a random variable with distribution g (x, a, b).

In either game play begins at a state Xo = x and proceeds in stages that
we often call “days”. If on day n > 1, the state of the game is X, = x,—|
and player I chooses action a, € A,, , while simultaneously player II chooses
b, € By, ,, then I receives the daily reward r, = r(x,—1, a,, b,) and Il receives
Fn = F(xp—1, an, by). The game then moves to the new state X,, with probability
distribution q (x,—1, an, by).

A strategy u for player I (respectively, v for player II) specifies the distribu-
tion of each action a, (respectively, b,+1) as a function of the partial history
(x,a1, by, ..., an, by, x,). Strategies for the two players together with the law of
motion determine the distribution Py, , of the stochastic process x, ay, b1, X1, az,
by, ... and the expected discounted rewards

Uﬂ(xv M, V) = Ex,p,,v (Z ,Bn_lrn) s (5)
n=1

o0
Ug(x, 1, v) = Ex yy (Z /3"‘7,,) ,
n=1

for players I and II respectively. Likewise the expected average rewards are deter-
mined. (For an introduction to stochastic games, see [2] or [6]. A more advanced
treatment is in [7].)
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Let o and 7 be functions defined on S such that, for every x € S, o(x) is a
probability distribution on A, and 7(x) is a probability distribution on B,. The
functions o and t are called selectors for players I and Il respectively. The selectors
o and 7 determine stationary strategies o °° (x) and T (x) ateach x; namely o *° (x)
(respectively T%°(x)) uses the mixed action o (y) (respectively, T(y)) whenever y
is the current state.

Associated with each stationary strategy o°°(x) for player I is a symmetric
stationary strategy ¢°°(x) for player Il where 6(x) = o(M — x). (Recall that
when the state is x, player I has x units of money and player Il has M — x.) It
is well-known that there exists a Nash equilibrium in stationary strategies for a
discounted stochastic game with finite state space, finite action sets, and finitely
many players. For our games the strategies can be taken to be symmetric.

Theorem 2.1. For either a discounted winner-takes-all game or a discounted
proportional rewards game, there exists a selector o for player I such that, for
every x € S, (0%°(x), 3% (x)) is a Nash equilibrium.

Proof. The proof follows that of Theorem 1 in [11] where the Brower fixed point
theorem is applied to a certain mapping ¢ : IT — II where IT is the compact,
convex set of all pairs of selectors { (o (-), T(-))} considered as vectors in a Euclidean
space. It is easy to see that the subset of all symmetric pairs {(c (-), 6(-))} is also
compact, convex and is mapped into itself by ¢. The rest of the proof is the same
asin [11]. O

Most of the particular strategies we consider will be pure stationary strategies
a®(x) where a(x) € Ay for all x € S. We write a°(x) for the symmetric pure
stationary strategy where a(x) = a(M — x).

Nash equilibria need not exist for average reward games. However, there is a
deep result of Vieille [12,13] showing the existence of equilibrium payoff vectors
in a strong sense for two person games. We will give simple direct arguments in
Section 6 to identify Nash equilibria for the games studied here.

3 Bold Play for Small Beta

If the discount factor is small, then there is an urgency for the players to spend
now rather than save for the future. Consider first the winner-takes-all game and
call a player “rich” if his or her fortune exceeds M /2 and “poor” otherwise. On
any given day, a rich player can obtain the entire good by bidding one more unit
of money than the poor player has available. Now the larger the bid of the rich
player, the more money he or she risks losing to the poor player. This suggests that
the poor player should bid as much as possible in order to maximize the monetary
losses of the rich player.
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Define the bold selector b by

b =
) if x<M)2,

{M—x—i—l if x> M/2,
and call the pure stationary strategy b*°(x) the bold strategy for player I at x. The
symmetric strategy b (x) is the bold strategy for player II at x.

Theorem 3.1. For

u(l) —u(1/2)

B =< D) —ulj2) (6)
2u(1l) —u(1/2)

and every x € S, the bold strategies (b* (x), b>®(x)) form a Nash equilibrium in

the winner-takes-all game.

It suffices to show that 5> (x) is an optimal strategy for I when II plays 5 (x).
(The optimality of 5> (x) against 5> (x) will then follow by symmetry.) So assume
that player II plays the action b(x) at each x. Thus player I faces a discounted
dynamic programming problem with state space S, action sets Ay, x € §, daily
reward function r(x, -, l;(x)) and law of motion ¢ (x, -, l;(x)). For x € § and
a € Ay, let X(x, a) be a random variable with distribution ¢ (x, a, b(x)): that is
X (x, a) is distributed like X in (3) with b = b(x). For functions Q : S — R,
define the operator L by

(LQ)(x) = sup [r(x,a, b(x)) + BEQ(X (x, a))].

acAy

Let V be the optimal reward function for the dynamic programming problem.
Then, for x € S, V satisfies the Bellman equation

V(x) = (LV)(x) = sup [r(x,a,b(x)) + BEV(X (x,a))],

acAy

and a strategy is optimal if and only if it uses actions that achieve the supremum
in this equation. In particular, 5> (x) is optimal for all x if and only if

V(x) = r(x, b(x), b(x)) + BEV (X (x, b(x))) (M
for all x € S. Equality (7) will be established with the help of a lemma.

Lemma3.1. Let Q : § — [0, 00) be non-decreasing and bounded above by
u(1)/(1 — B). Then

(i) (LO)(x) =r(x,b(x),b(x)) + BEQ(X (x, b(x))), for x € S,
(ii) LQ is non-decreasing and bounded above by u(1)/(1 — B).
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Proof. To prove (i), define

Y (x,a) =r(x,a,b(x)) +BEQ(X(x,a))

u(l)+ BEQ(x —a+ Y@) if a>bx),
= {u(1/2) + BEQ(x — b(x) + YWy if a=hx), (8
u(0) + BEQ(x + Yt if a<bx),

forx € §,a € A,.Withthis notation, (i) can be written as (L Q) (x) = ¥ (x, b(x)).
We consider four cases.

Casel:x =M.
Fora=1,2,..., M,

v(M,a) =u(l) + BEQM —a+ YD) =u(l)+ BEQ(M — YD)

because ¥ @ and a — Y@ have, by assumption, the same distribution. Also ¥V
is stochastically smaller than each Y @ g >2 and Q is non-decreasing. Hence,

V(M. 1) =y (M,b(M)) =sup (M, a).

a>1

Also

VM, 0)=u0) +pOM) =0+ 7 i u(l) =u(l) <y(M, 1),

where the second inequality holds because

4 u(h) —u(1/2) _ 1
= 2u(l) —u(1/2) —

2
Thus (LQ)(M) = ¥ (M, 1) = ¢ (M, b(M)).
Case2: M/2 <x < M.
First we rewrite (8) as
u(l) + BEQ(x —a + Y @) if a>M—x+1,
V(x,a) = u(1/2)+ BEQ(x —a+ YPM=0)y if g=M —x,
u(0) + BEQ(x + Y M=) if a<M—x.

Because Y M~**1 js stochastically smaller than ¥ fora > M —x + 1, we have,
as in Case 1,

vx,M—x+1)= sup v(x,a).
a>M—x+1
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Moreover

w(x,M—x)s»t(%)+ ) < U =y M =5 1),

where the second inequality is equivalent to our assumption (6). Finally, for a <
M —x,

V(x,a) <u0)+

1_ﬁu(l) <u(l) <y(x,M—x+1),

where the second inequality has already been established above in Case 1. So again
we have (LQ)(x) =¥ (x, M —x + 1) = ¥ (x, b(x)).
Case 3: x = M/2.

Here (8) becomes

W(M )_ u(1/2) + BEQ(Y M) if a=M)2,
27 ) T + BEOMP2 + YD) i a < M)2.

Fora < M/2,

v (Za) cu@+Louwy<u () zv (X
2 )= - ="\ =Y\

where the second inequality holds because

M

)

u(l) —u(/2) u(l) —u(1/2) - u(1/2) — u(0)

b= 2u(l) —u(1/2)  u(l) + @) —u(1/2)) = u(l) + @(1/2) — u(0))

and u(1) —u(1/2) <u(1/2) — u(0) by the concavity of u. Thus

0($)-+(25)-+(54()

Case4:0 <x < M/2.
In this case

¥ (x,a) = u(0) + BQ(x + Y M=+
is the same for all @ € A,. So trivially, (LQ)(x) = ¥ (x, b(x)).

This completes the proof of part (i).
To see that L Q is non-decreasing we look at four cases again.
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Case l,:x+1 < M/2.
By part (i),

LO)x+1) =r(x+1,bx+1),b(x + 1) + BEQ(X(x + 1, b(x + 1)))
= u(0) + BEQ(x + 1 + YO+
=u0) +BEQ(x + 1+ Y*2)
= u(0) + BEQ(x + YD)
=(LO)(x).

The inequality holds because x + ¥ *+1 is stochastically smaller than x + 1 +
y+2)

Case2,:x+1=M/2.
In this case,
LO(x+ 1) = (LOM/2) =u(1/2) + BEQY™)
> u(1/2)
p
1-p

= u(0) + BEQ(x + YY)
= (LO)(x).

The second inequality was established in Case 3 above.

Case3,:x = M/2.
Here

> u0) + u(l)

(LO) <% + 1) =u(l)+ BEQ( 4+ YM/2))
> u(l)

2 () + 1L

> u(1/2) + BEQ(Y'™)
= (LQ)(M/2).

Cased,: M > x > M/2.
By definition of the operator L,

(LOYx+1)>r(x+1,b(x), E(X + 1)+ ,BEQ(X()C 1+ 1,b(x)))
=u(l) + BEQ(x + 1 — b(x) + Y PO
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> u(l) + BEQ(x — b(x) + YO
= (LO)(x),
where r(x + 1, b(x), b(x +1)) = u(1) since b(x) = M —x +1 =b(x+ 1) +1 >
b(x +1).

This completes the proof that L Q is non-decreasing.
To see that L Q is bounded above by u(1)/(1 — B), note that

(LQ)(x) = r(x, b(x), b(x)) + BEQ(X (x, b(x)))

<u(l)+ %u(l) — 1”91)8.

O

Proof. (of Theorem 3.1). Apply Lemma 3.1 first with O = 0 and then use induc-
tion to conclude that L"0 satisfies (i) and (ii) for all n > 1. But L"0 is the
optimal n-day reward for the dynamic programming problem and converges point-
wise to V. Hence, V satisfies the hypothesis of Lemma 3.1 because L"0 does
for all n. Equality (7) now follows from part (i) of the lemma and the Bellman
equation. a

Consider next the proportional-rewards game. Because larger bids resultin larger
portions of the good, a player can guarantee the largest portion only by making
the largest possible bid — except when he or she has all the money. This suggests
a new form of bold play based on the selector

x if x <M,
bl(x)z{l if x=M

for player L.
Theorem 3.2. If

a u(l)—i—u(MT*l)—u %—:0’

then, for every x € S, (bi>o (x), l;fo (x)) is a Nash equilibrium in the proportional
rewards game.

Proof. Suppose O : § — [0, c0) is non-decreasing and bounded above by

u(l)/(1 — B), and
(L1Q)(x) = sup [r(x,a, by (x)) + BEQ(X(x,a))]

acAy
where r is given by (2) and X (x, a) is the X of (4) with b = b1 (x). We can prove
the analogues of Lemma 3.1 (i) and (i7) by similar, but easier arguments. The rest
of the proof is the same as that of Theorem 3.1. O
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It is clear from the proofs that Theorems 3.1 and 3.2 can be extended to the
situation where players I and II have different utility functions u, u, and discount
factors B1, B2. For example, the conclusion of Theorem 3.1 is still true if

b < ui (1) —u;i(1/2)
DT 2ui (1) — i (1/2)

fori =1, 2.
It would be interesting to know whether the Nash equilibria in Theorems 3.1
and 3.2 are unique.

4 Timid Play for Beta Near 1

If the discount factor is large, then consumption tomorrow is worth almost as much
as consumption today. This suggests a conservative strategy based on small bids.
Since a bid of zero brings a player no part of the good, the most conservative
strategy of interest, which we call timid, is for a player to bid 1 whenever he or
she has at least one unit of money. The corresponding selector for player I is

1 if x> 1
t(x) = - 9
@W=10 it x—o. ©)

Indeed the symmetric stationary strategies (1°°(x), £°°(x)) form a Nash equilib-
rium in both versions of our game for g close to 1, if we rule out one extreme
possibility.

Recall that when the total price of the good is 2, as in the case when both players
bid 1, the cash income to each player is a random variable ¥ ? with possible values
{0, 1, 2} and satisfying the symmetry condition that ¥ ®) and 2— ¥ ®) have the same
distribution. Let mp = (72,0, 72,1, 2,2) = (72,0, 72,1, 72,0) be the distribution of
Y@, For the rest of this section, we assume that Y@ is not concentrated at 1 or,
equivalently, 2 o > O.

Theorem 4.1. There exists a $* € (0, 1) such that, for all 8 € [B*, 1) and all
X € S, the timid strategies (t*°(x), % (x)) form a Nash equilibrium in the winner-
takes-all game and in the proportional-rewards game.

The proofs for the two games are similar and the proof for the proportional-
rewards game is slightly more difficult. So we will give the details only for that
case.

Let T(x) = Tg(x) be the expected discounted reward to player I in the
proportional-rewards game with initial state x when I plays r°°(x) and II plays
f®(x). The key to the proof is an estimate on the increments of 7 given in the
following lemma.
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Lemma 4.1. Let0 < a < 1. There exists B* = *(a) in (0, 1) such that, for all
BelB*, )andallx €{1,..., M},

200 [u(1) I; u(1/2)] < Ty() - Tpx—1) < 214(1/2)'

Proof. Suppose players I and II play timidly starting from x and that, in another
realization of the same game, players I’ and IT' play timidly starting from x — 1.
Assume that the games are coupled so that the position of player I is always one
unit larger than that of player I’ until the day after the first time, #;, that either
player I reaches M or I reaches 0. Players I and I’ each receive 1/2 unit of the
good on every day up to and including day #;. On the next day after 71, player
I receives 1/2 unit more of the good than does I'. Indeed, when I reaches M, I
receives in utility #(1) — u(1/2) more than I’, and when I’ reaches 0, I receives
u(1/2)(= u(1) — u(1/2)) more than I'. Furthermore, the games can be coupled
so that on the day after ¢, the probability is 1/2 that players I and I’ have the same
fortune and the probability is also 1/2 that I remains one unit ahead. (For example,
ifTisat M and I’ at M — 1, the motion in both games can be modeled by an urn
with 72 ¢ white balls, 772 1 /2 pink balls, 72 1 /2 red balls, and 3 o black balls. The
draw of a white ball moves I’ to M — 2 and [ to M — 1; a pink leaves I at M — 1
and moves I to M — 1; ared leaves I’ at M — 1 and I at M; and a black moves
I' to M and leaves I at M.) If I remains one unit ahead of I’, then, just as before,
they each receive 1/2 of the good each day until the next time, #,, that one of the
players reaches the boundary. And so on.
Thus, if #,, is the n-th time that one of the players reaches the boundary, then

T(x)—T(x—1)<u<l)E[ﬁfl+l[ﬂf2+l[ﬁ’3+ ]H
B B =uly 3 5

1 o) ﬂ n
< —_ -
= (2> 2 <2)

n=0
_ 2u(1/2)
=55
< 2u (1/2)
B
which establishes the right hand inequality. To obtain the other inequality, first
choose a positive integer n such that 1 — 27" > «. Then calculate

Tg(x) — Tg(x — 1) > [u(l) —u (%)} E [,3” + % [ﬁ” + % [B" +. ]H

1 0 1o RS

s
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As B grows to 1, the last quantity converges to

1 . 1
|:u(l) —u (5)} Q1 —-2"") > [u(l) —u (E)} Qa).

Hence there is a 8* = B*(«) such that the left hand inequality holds for all
B €lB*. D). a

Proof. (of Theorem 4.1 for the proportional rewards game). First choose

_u(M/(M+1)) —u(1/2)
o u(l) —u(1/2)

and let 8* = B*(«) be as in the statement of Lemma 4.1. Then fix the discount
factor B € [B*, 1).

To prove that (+*°(x), 7°°(x)) is a Nash equilibrium, it suffices to show that
t*°(x) is optimal for player I when player II plays °°(x). So fix the strategy of
I1 to be 7°°(x) at every x € S and consider the discounted dynamic programming
problem faced by player I. The function T'(x) = Tg(x) is the reward function
for player I from the strategy t°°(x). A necessary and sufficient condition for
the optimality of t°°(x) at every x is that T satisfy the Bellman equation; that
is

T (x) = sup [r(x,a,f(x))+ BET(X(x,a))] (10)

acAy

where r is the reward function of (2) and X (x, a) is distributed like the X of (4)
when b = 7(x). In other words we need to show that the supremum on the right
side of (10) is attained when a = ¢ (x) foreach x € S.

To simplify notation, let

Yv(x,a) =r(x,a,t(x)) +BET(X(x,a))

u(a/(a+ 1) +BET(x —a+ Y@ty if x <M,
=u()+BETM —a+ YD) if x=Manda >0,
u(0) + BT (M) if x=Manda=0.

We consider four cases.

Case l: x =M.

For a > 1, the random variable —a + ¥ (@ has the same distribution as —Y (©)
and is stochastically smaller that —Y 1. Also the function T is increasing by
Lemma 4.1. Hence,

sup ¥ (M,a) =v(M,1).

ael{l,... ,x}
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Also,
Y(M,0)=BTM) <T(M)=1vy(M,1).

Case 2: x = 0.
This case is trivial since only the timid action #(0) = 0O is available at 0.

Case3:2<x<M—1.
‘We have

u(a/(a+1)+BET(x —a+YUt)) if 1<a<ux,

vir.a) = BET (x + Y1) if a=0.

We will first show that

sup  Y(x,a) =y¥(x,1). (11)

aefl,2,... ,x}
Observe that, fora =2, ..., x,
ET(x—14Y®)—ET(x —a+Y©@tD)
=ET(x+1—-YP)—ET(x+1—Yy@th)
>ET(x+1-Y®)—ET(x+1-Y9)

because —a + Y@ has the same distribution as —Y ) and —Y @ is stochastically
decreasing in a. Also

() ()=o) ()

because u is increasing. Therefore, fora =2, ... , x,

1
w2 ) 4+ BET(x—a+ Y@y <y (=) 4+ BET(x — 1+ Y?)
a—+1 2
if

1 |:u (L> —u <1>] <ET(x4+1-YP)—ET(x+1-Y®). (12
B M+ 1 2]~ '

So (11) will be established once we have proved (12).

For the proof of (12), let my = (2,0, 72,1, 72,2) = (72,0, 72,1, 72,0) be the
distribution of Y ®, and let 13 = (73,0, 3,1, 73,2, 703,3) = (73,0, 73,1, 73,1, 3,0)
be the distribution of ¥ ®. Notice that

w1 =1—2mpand 31 = (1/2) — w30
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and, because Y@ is stochastically smaller than Y ®), we also have the condition
73,0 < m2,0. Now the right-hand-side of (12) is a linear function of (72,9, 73,0)
so that it suffices to check the inequality on the extreme points of the set

A = {(m,0,m30) : 0 < 73,0 <20 < (1/2)} .

We will check each of the three extreme points.
For (72,0, 3,0) = (0, 0), we have mp 1 = 1, 3,1 = 1/2, and the right side of
(12) equals
Tx) = 3[Tx =D+ T =3[Tx) - T« =]

_alu() —u(1/2)]
- B

—5 () ()]

where the inequality holds by Lemma 4.1. For (72,9, 73,0) = (1/2,0), we have
my1 =0, 73,1 = 1/2, and the right side of (12) is

T+ D+ T —DI= 3T+ T - D= 3T +1) - TW],

which is greater than or equal to the left side of (12) just as before. Finally for
(72,0, m3,0) = (1/2, 1/2), we have mp 1 = 73,1 = 0 and the right side of (12) is

TG+ D+ T =DI= 3T+ 1)+ T(x —2)]
=3[Tx—1)—T(x—2)]

which is greater than or equal to the right side of (12) as above.
The proof of (11) is now complete. To finish Case 3, we need to show that
Y(x,0) < ¥(x, 1); that is, we must show

BET(x + YD) <u(1/2) + BET(x — 1+ Y@)

or

ET(x+YD) —ET(x —14+Y®) < (13)

u(1/2)

5
By our symmetry assumption ¥ ) must equal 0 and 1 with probability 1/2 each;
we use mp = (2,0, 72,1, 72,0) for the distribution of Y@ as before. The left-hand-
side of (13) is linear in 72 ¢. So we need only check the extreme points 72 o = 0
and 90 = 1/2. For w20 = 0, the left side of (13) equals

1 1 u(1/2)
E[T(x)+T(x+1)]—T(x) = E[T(x—l—l)—T(x)] = 8
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by Lemma 4.1. For 72 9 = 1/2, we have

%[T(x) +T(x+D]- %[T(x —D+Tkx+1)]

1 o u(1/2)
—2[T(X) T(x—-1]=< 5

Case4:x = 1.

We need to show ¥ (x,0) < v(x, 1), which is equivalent to (13) above. The
proof is the same as that already given for (13) in Case 3.

This completes the proof of Theorem 4.1 for the proportional-rewards
game. |

As with Theorems 3.1 and 3.2 it is easy to extend Theorem 4.1 to a situation
where the players have different utility functions and discount factors. Also we sus-
pect that timid play provides the unique Nash equilibrium for sufficiently large 8.

Remark 4.1. When 73 o = 0 and both players use the timid strategy, their initial
fortunes donot change during the course of the game except when one player has
all the money and the other has none. Therefore, for 1 < x < M — 1, Tg(x) =
u(1/2)/(1— ), aconstant, and itis easy to see that, for 8 near 1, Tg need not satisfy
the Bellman equation (10) at every x; for instance, for M > 3and x = M — 1.
Thus the timid strategies need not form a Nash equilibrium in this case.

5 A More Generous Rule for Distribution of the Good

In this section we consider a change in the rule for distributing the good to the
players. In previous sections, the rule has been that a player who bids zero for the
good always receives a zero portion. In particular, r(x, 0,0) = u(0) = 0. Now
we assume instead that when both players bid zero, they each receive half of the
good. That is,

r(x,0,0) =r(x,0,0) =u(1/2)

for all x € S. We call this the generous rule and make no other changes in our
games.

The change to the generous rule has relatively little effect when the discount
factor is small. Recall from Section 3 that large bets are good for small 8. Indeed
Theorems 3.1 and 3.2 on the symmetric bold strategies remain true and the proofs
are essentially the same.

It is amusing, however, that a form of the Prisoner’s Dilemma is now embedded
in our game. To see that this is so, we introduce the zero selector

z(x) =0, forx € S,
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and observe that, because u is concave, the total of the discounted rewards to the
two players is maximized by the zero stationary strategies (z°°(x), z°°(x)) at every
x. Under these strategies the return to each player is u(1/2)/(1 — B) and, if u is
strictly concave, the sum of the returns will be smaller under strategies for which
the players do not have equal portions of the good every day. Nevertheless the zero
strategies need not form a Nash equilibrium.

Example 5.1. Suppose M = 2, u is strictly concave, and § is small. As explained
above, the strategies (z°°(1), z°°(1)) yield u(1/2)/(1 — B). A switch to bold play
by one of the players gives him an immediate return of « (1) which clearly exceeds
u(1/2)/(1 — B) for sufficiently small . By the theorems of Section 3, the bold
strategies (b*° (1), 1500(1)) form a Nash equilibrium, but have a smaller return for
both players than the zero strategies.

For B near 1, a new strategy is of interest based on the selector

1 if x=1,2,..., M—1,
m(x) = .
0 if x=0andx =M.
We call m the meek selector and the corresponding stationary strategies are called
the meek strategies. Notice that a meek strategy m™ (x) differs from the timid
strategy t°°(x) only at state M where the meek bid is zero and the timid bid is one.
When both players play meekly, they each receive half of the good every day
and a total discounted return of u(1/2)/(1 — B), the same as when both play zero
strategies. However, for 8 near 1, meek play is not optimal for one player when
the other plays meekly. In fact, timid play is optimal against meek play and meek
against timid; the result is a surprising asymmetric equilibrium.
We continue to assume in this section that mpo > 0 where m =
(12,0, 2.1, T2,0) is the distribution of Y2,

Theorem 5.1. Assume that the utility function u is strictly concave. Then for the
winner-takes-all game and the proportional rewards game with the generous rule
for distribution, there exists a B* € (0, 1) such that, for all B € [B*, 1) and all
x € S, the meek-timid strategies (m™(x), 1°(x)) and the timid-meek strategies
(t°°(x), m®°(x)) form Nash equilibria.

The equilibria in Sections 3 and 4, unlike the meek-timid equilibria of Theo-
rem 5.1, used symmetric strategies for the two players. Also, by Theorem 2.1 we
know that a symmetric equilibrium exists. However, there may not exist a sym-
metric equilibrium based on pure stationary strategies as the following example
illustrates.

Example 5.2. Suppose M = 1 and u is strictly concave. There are only two pure
stationary strategies available to each player. Player I has the meek strategy m®°(-),
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which is now the same as the zero strategy, and the bold strategy b°°(-), which is
the same as timid. Player II has the symmetric strategies m°°(-) and b*°(-). Let

2[u(1) —u(1/2)]

u(l)
It can be shown by a straightforward argument that, for 0 < 8 < g*, the bold
strategies (b*°(x), b (x)) form a Nash equilibrium, but for 8* < B < 1, neither
(b (x), b®(x)) = (t®(x), 7°(x)) nor (m™(x), m®(x)) = (z*°(x), z°(x)) is a
Nash equilibrium. Indeed, for 8* < B < 1, there are three stationary Nash equilib-
ria: namely, the meek—timid (m°(x), £°°(x)) and the timid—meek (> (x), m> (x))
and a symmetric equilibrium (s°°(x), §°°(x)) where s(0) = 0 and s(1) is the ran-
domized action that equals O with probability

~ 2u(1/2) — 2u(1) 4 Bu(l)
T BR2u(1/2) —u(D)]

and equals 1 with probability 1 — y.

B* =

Here we prove Theorem 5.1 for the winner-takes-all game; with slight modifi-
cations, along the lines of the proof of Theorem 4.1, it is not difficult to prove the
proportional rewards case.

Proof. (of Theorem 5.1 for the winner-takes-all game). Suppose player I uses the
meek strategy and player II uses the timid strategy. For a given initial state x, let
Xo = x, X1, X2, ... be the Markov chain of successive states corresponding to
the fortunes of player I. The chain { X, } is absorbed at state M because both players
bid zero there.

Assume x > 1 and let {Y;,} be another Markov chain starting from Yp = x — 1
and having the same transition probabilities as { X, }. Assume that the two chains
are coupled so that Y, stays one unit behind X,, until either X,, reaches M or
Y, reaches 0. If X,, reaches M first, then Y,, continues until it too is absorbed at
M. If Y, reaches O first, then the processes are coupled so that on the next day
Xy+1 = Y41 with probability 1/2, Y,4+1 = 0 and X,,41 = 1 with probability
7m2.1/2,and Y41 = 1 and X, 1 = 2 with probability 72 ¢. (This motion can be
modeled by a simple urn as in the proof of Lemma 4.1.) Once X, and Y;, coincide,
they remain equal.

This coupling will be used to obtain information about the functions

v(x) = vg(x) = vg(x, m™(x), 1°(x)), (14)
w(x) = wg(x) = vg(x, m™(x), 1°(x)),

corresponding to the expected discounted rewards ( as in (5)) to player I and II,
respectively, when I plays meekly and II plays timidly. Notice that each player
receives u(1/2) on every day when the state x is not zero. If x = 0, then I bids
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m(0) = 0 and II bids 7(0) = #(M) = 1 so that I receives u(0) = 0 and II receives
u(1). So, to compare the functions v and w at adjacent states x and x — 1, we
introduce the random variable

N = number of visits Y,, makes to O prior to the random time &,
where
E=inf{n: X, =Y7,}.

It turns out that the expected value of N does not depend on the initial state X¢ = x.
For the rest of the proof of Theorem 5.1, we write Ey and Py for E 00y oo (x)
and Py 00 (y joo(x) Tespectively.

Lemma5.1. Forallx=1,2,... , M, E;N =2.

Proof. As a preliminary step, we consider the random variable N that equals the
number of visits paid to state 0 by the process {Y,,} before it is absorbed at M. Let
y be the expected value of N1 when Yy = 0. Then

y =143y +3ENY=1]
and
E[N1|Yo =11 = pE[N1]Yo = 0] = py,
where,
p = P[{Y,} reaches O before M|Yyp =1]=(M — 1)/M,
is a familiar gambler’s ruin probability. Thus

L imet
Y=Y T T r

14

andsoy = 2M.
Now let oy = ExN,x =1,2,..., M. Then

1 1
=FE[N(|Yo=M—-1]= —E[N|Yp=0]= —y =2.
oM [N11Yo ] i [N1]Yo = 0] i
Next consider p;y = E|N. Recall how the process behaves when Xy = 1 and

Yy = 0 and also that, starting from state 2, the process { X, } will reach 1 before M
with probability (M — 2)/(M — 1). Hence,

L4204 ™20, 4 M-z 2
= — . T .
P1 ) ) P1 2,0 M_lpl M_IPM

Substitute ppy = 2 and 72,1 = 1 — 27,0, and it easily follows that p; = 2.
Forx =2,3,..., M — 1, we also have

M —x n x—1 _5

M — 1/01 M— IPM = Z. O

Px =
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Define
to =inf{n > 0:Y, =0},
and, forn > 1,
t, =inf{n > 1,1 : Y, = 0}

so that ¢, is the time of the n-th visit (if there is one) by the process {¥,,} to 0. Then
the random variable N can be written as

o0
N = Z Iis, <&
n=0

where Ij;, <¢] equals 1 on the event [#, < &] and equals 0 on the complement.

Lemma 5.2. Given € > 0, there exists B1 = B1(€) € (0, 1) such that, for all
Belpr,D)andallx =1,2,... , M,

(i) 520 (%) — €] s v — v =1 = 3 (3)
(ii) } [2 (u(l) —u (%)) — e] <w) - wx—1) < 3 [u(l) —u (%)]

Proof. It follows from the discussion after the definition of v and w in (14) that

1 o0
v(x) —v(x — 1) =u <§> Ex |:Z ,BI”I[z,,<§]:| , (15)
n=0
1 o0
wkx) —wkx—-1) = |:u(1) —u <5>:| E, [’;5"‘1{["«5]} .

By the first equality, we have for all 8 € (0, 1),
1 [e¢)
v(x) —v(x —1) <u (E) E. Y;)I[,n@]

{een () <2 ()

which proves the second inequality of (7). To see that the first inequality of (i) holds
for B sufficiently close to 1, first apply the monotone convergence theorem to get

o0
lim E, Z,Btnl[tn<§] =EN =2,
11 =0
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and then observe that

o1 1 1
Iim—|2u|{=-)—€|=2ul=)—e¢.
B11 B 2 2

The proof of (ii) is similar. O

We will now argue that the meek strategy is optimal for player I when player
II uses the timid strategy and B is sufficiently close to 1. We assume that II plays
£ (x) at each state x so that I faces a discounted dynamic programming problem.
As in the proof of Theorem 4.1, it sufficies to show that player I's return function
v from the meek strategy satisfies the Bellman equation

v(x) = sup [r(x,a, f(x)) + BEv(X(x,a))l, (16)

acAy

for x € S, where

u(l) if a>b,

r(x,a,b) =qu(1/2) if a=»nb,

0 if a<b,

and
x—a+Y9D if a>i(x),

x—=14Y9 if a=7ix) =1,
if a=1(x)=0,
x+Y® it a=0<f(x).

X(x,a) =

Recall that Y@ has distribution 77, = (72,0, 2,1, T2,0) and, because YO is dis-
tributed as 1 — Y, ¥ equals 0 and 1 with probability 1/2 each.
Let

Y(x,a) =r(x,a,i(x)) + BEv(X(x,a))
so that (16) can be written as

¥ (x,m(x)) = sup ¥ (x,a) A7)

acAy

for x € §. To prove (17), we consider three cases.

Case I: x = 0.
This case is trivial because Ag = {0}.
Case2: x =M.

Since m(M) = 0, we have to show

v(M,0) =y (M, a),
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fora =1,2,..., M, where
V(M. 0) = u(1/2) + pv(M)
and
V(M,a) =u(l) + BEv(M —a + YD)

fora > 1. By Lemma 5.2, v is increasing for f sufficiently near 1; also —a + Y@
is distributed the same as —Y@ and Y@ is stochastically larger than ¥V for
a > 1. Hence, fora > 1, ¥(M,a) < ¥(M, 1) and we need only show that
w(M, 1) <y (M,0). That is, it suffices to show

u(1/2) + Bo(M) = u(1) + BEv(M — 1+ YD)
=u(l) + (B/2)[v(M — 1) + v(M)]

or, equivalently
v(M) —v(M — 1) = (2/P)[u(1) —u(1/2)].
By the strict concavity of u,
2u(l) — u(1/2)] < 2u(1/2) — e

for a sufficiently small € > 0. Now use Lemma 5.2 again.

Case3:1 <x<M-—1.
For these x, m(x) = f(x) = 1 and

u(l) 4+ BEv(x —a+Y@) if x>2anda > 2,
V(x,a) = u(1/2)+BEv(x —1+Y®) if x>1landa=1,
BEv(x + YD) if x>1landa=0.

Since v is increasing and —a + Y@ is stochastically smaller than —2 4 ¥® for
a > 2, we have ¥ (x,2) = SUPp <4<y Y (x, a) for x > 2. It remains to check that
Y(x,2) <¢¥(x,1)and ¥ (x,0) < ¥ (x, 1). Rewrite the first inequality as

u(1/2) + BEv(x — 1+ YP) > u(1) + BEv(x =2+ Y?)
or
Elvx —14+Y®) —v@x =24+ Y] > 1/8)u) — u(1/2)].
This holds for B near 1 since, by Lemma 5.2,

v(y) —v(y = 1) = 1/B[2u(1/2) — €] = 2/Blu(1) — u(1/2)]
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for e sufficiently small and y = 1, 2, ... , M. The remaining inequality is
u(1/2) + BEv(x — 14+ YP) > BEv(x + YD)

or

\Y

(1/Bu1/2) = Ev(x + YD) — Ev(x — 1+ Y®)
= 1) + v(x + D]=[m0v(x — 1) + m,10(x) + m200(x + 1]
=molv(x) +v(x + D]+ (m2,1/2)[v(x) + v(x + 1)]
—molvix = 1) +vx + 1)] — 72, 1v(x)
=molv(x) —v(x — D]+ (2,1/D[v(x + 1) —v(x)].

By Lemma 5.2, the increments v(x) — v(x — 1) and v(x 4 1) — v(x) are each less
than or equal to (2/8)u(1/2) and a0 + m2,1/2 = 1/2.

The proof that meek is optimal against timid is now complete. The proof that
timid is optimal against meek is quite similar and we omit it. O

Once again, as with the theorems of Sections 3 and 4, one may extend Theo-
rem 5.1 to a situation where players have different utilities and discount factors.

6 Long Run Average Reward

Consider one of our games beginning at state x € S. Suppose player I uses strategy
w and player II uses strategy v. Their respective long run average rewards are
defined to be

1 n
v(x, m,v) = Ey ;0 |:]im sup — Zrk:| ,

n—oo N =1
1 n

U(x, u,v) = Eyx ;10 limsup—Z} ,
n—oo N =1

where r,, and 7, are their rewards on day » for each n.
As is well-known, the long run average rewards from stationary strategies can
be calculated as the limit of their discounted rewards as 8 increases to 1.

Lemma 6.1. Let x € S and let 0°°(x) and T°°(x) be stationary strategies for
players I and II, respectively. Then

v(x, 0% (x), T () = }Sigll(l = Bup(x, 0% (x), T (x)),
U(x, 0% (x), T (x)) = }Sigll(l = B)ip(x, 0% (x), T (x)),

where the discounted rewards vg, Vg are defined in (5).
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Proof. The process of states {X,,} is a Markov chain under P = Py 5o0(x) 1% (x).
So, by the ergodic theorem for Markov chains, the sum

n—1

1 & 1
n k;’k = Y r(Xe, o (Xp), T(Xp)

k=0

converges almost surely to a limit variable, say L, for n going to infinity. By a
result of Hardy and Littlewood (cf. Appendix H in [2]), the sum

A=Y B 'm
n=1

converges almost surely to the same variable L. The first equality now follows
from the dominated convergence theorem; the second follows by symmetry from
the first. =

We can use the lemma together with our theorems for discounted games to find
equilibria for the corresponding average reward games.

Theorem 6.1. For each x € S, the timid strategies (t>°(x), °(x)) form a Nash
equilibrium in the proportional-rewards and winner-takes-all games with long run
average reward.

Proof. Let 8* be as in Theorem 4.1. Then, for x € S and 8 € [B*, 1), the timid
strategy is optimal against 7(x) in the B-discounted game. So, for any strategy
for player I,

vg(x, i, 1°(x)) < vg(x, 1% (x), 1°(x)).
If  is stationary, then, by Lemma 6.1,
v(x, i, 1°(x)) < v(x, 1%°(x), 17°(x)).

This sufficies to show #°°(x) is optimal against 7°°(x) in the average reward game,
because there exists an optimal stationary strategy for player I against £ (x) by a
result of Blackwell [1]. By symmetry °°(x) is optimal against °°(x). o

We suspect that the timid strategies are the unique stationary equilibria for the
games of Theorem 6.1.

Theorem 6.2. Assume that the utility function u is strictly concave. For the
winner-takes-all game and the proportional rewards game with the generous rule
for distribution and long run average rewards, both the meek-timid strategies
((m™®(x), £*°(x))) and the timid-meek strategies (> (x), m> (x)) form Nash equi-
libria.
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Proof. Use Theorem 5.1 and then the same proof as for Theorem 6.1. o

The meek-timid and timid—meek equilibria are not unique in Theorem 6.2.
Another stationary equilibrium is formed by the zero strategies (z*°(x), z°°(x)).
All three of these equilibria have the property that, with probability 1, a state is
eventually reached where both players bid zero. Indeed, this property is shared
by all stationary equilibria for the game of Theorem 6.2 when we rule out the
possibility for the law of motion to be concentrated at a point, except when both
players bid zero. In fact, we assume for the next theorem that, for 1 < k < M/2,
the random variable ¥ ?®)| which controls the distribution of money among the
players when they make the same bid k, is not concentrated at k.

Theorem 6.3. Assume that the utility function u is strictly concave. Let x € S
and (0> (x), T°(x)) form a stationary Nash equilibrium for a winner-takes-all
game or a proportional reward game with the generous rule for distribution, long
run average reward and initial state x. Then

Py 5(x), 100 [0 (X,) = T(X,) = 0 eventually] = 1.

Before proving the theorem, we show that both players receive along run average
reward of u(1/2) from any Nash equilibrium with stationary strategies. The proof
of this lemma is based on the argument that the zero strategy guarantees to a
player a long run average reward of u(1/2) regardless of the opponent’s strategy;
incidentally, this fact implies that the zero strategies (z°°(x), z°°(x)) form a Nash
equilibrium.

Lemma 6.2. Let (0°°(x), t°(x)) form a Nash equilibrium with stationary
strategies for the games of Theorem 6.3 with initial state x € S. Then

v(x,o0®x), X)) = 0(x, o0 (), 7)) = u(1/2).
Proof. By Lemma 6.1
v(x,0%(x), 7)) = }Sig}(l — Bug(x, a®(x), 7°(x)),

U(x, 0% (x), t°(x)) = gﬁ(l — B)g(x, 0 (x), T%(x)).

Since u is concave, for 8 < 1,

2u(1/2)
1-8

vp(x, 0% (x), T(x)) + Vg (x, 0™ (x), T (X)) <

and thus

v(x, 0P (x), t°(x)) + v(x, 0> (x), T(x)) < 2u(1/2).
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Suppose that v(x, 0> (x), t®(x)) > u(1/2). Then v(x, o> (x), T>*((x)) <
u(1/2). However, if player I uses the zero strategy z°°(x) against T%°(x), the
process of states {X,} becomes a sub-martingale under Py ;(y) () and thus
converges almost surely to arandom variable X with valuesin S. Since S is discrete,
this amounts to say that

Py ;0(x),r0x)[Xn = X eventually] = 1.

Therefore player II's bid is eventually equal to O with probability one; thus the
daily reward to player I is eventually equal to u(1/2) and

v(x, z2°x), X)) = u(1/2) > v(x, o= (x), T°(x)).

The last inequality shows that z°°(x) is a better reply for player I to T (x) than
0> (x) and contradicts the assumption that (o °°(x), °°(x)) form a Nash equilib-
rium; hence

0(x,0®(x), T (x)) < u(l/2).

However it cannot be that v(x, o (x), T%°(x)) < u(1/2) because the zero strategy
is available also to player II and, inverting the role of the players in the argument
above, it’s easy to see that z°°(x) would be a better reply against 0°°(x) than
7°°(x) by guaranteeing to player II a long run average reward of u(1/2). Hence
(x, 0% (x), 7%(x)) = u(1/2). Analogously, v(x, 0> (x), T°((x)) = u(1/2).

O

Proof. (of Theorem 6.3). The process {X,} is a Markov chain under
Py 5o0(x),720(x)- Since the state space of {X},} is finite, the chain will eventually be
absorbed in a class of positive recurrent states; without loss of generality we may
assume that the initial state x of the game belongs to a class C of positive recurrent
states. The theorem will then be proved if we show that o (x) = t(x) = 0.

Let A denote the stationary distribution of {X,} over C and let X be a random
variable with values in C and distribution 1. The ergodic theorem for Markov chains
implies that the long run average rewards of player I and player II, respectively,
can be represented as

v(x, 0%, 7)) = E[r(X, o (X), T(X)],
i(x, 0%, 1°(x)) = E[F(X, 0(X), T(X))]

where r is defined in (1) or (2), depending on whether the game is a winner-takes-
all or a proportional reward one, and 7 is defined by symmetry. Therefore, by
Lemma 6.2,

2u(1/2) = E[r(X, 0 (X), (X)) +7(X, 0 (X), T(X)]. (18)
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Whenever player I acquires the right for a fraction f of good, player II gets
1 — f; this fact depends on the generous rule to the effect that the entire good is
always divided among the players regardless of their bids. Hence, for all y € S,
r(y,o(y), T(y)) = u(f) if and only if 7(y, o (y), T(y)) = u(l — f); moreover,
strict concavity of the utility # implies that

r(y,o(y), 7(y) +7(y,0(y), t(y)) < 2u(l/2)

unless r(y,o(y),7(y)) = wu(1/2). Finally note that the random variables
r(X,o(X), t(X)) and 7 (X, 0 (X), (X)) are discrete. These facts and (18) imply
that

Plr(X,o(X),t(X)) =u(1/2)] = 1. (19)

‘We now show that the class C of recurrent states must be a singleton. Let x,. be
the smallest element of C. It follows from (19) that o (x,) = t(x,) = k(say), where
k < M/2.1f k > 0, then the chain moves from x, to a random state distributed like
the random variable x, — k + ¥ ®®) which is less than x,, with positive probability
because of the assumption that ¥ ?%) is not concentrated at k. But this contradicts
the minimality of x, in C. Hence, k = 0, and x, is an absorbing state for the
Markov chain. Therefore, C = {x.,}.

To finish the proof of the theorem, it is enough to observe that under the assump-
tion that Y @® is not concentrated at k, for 1 <k < M /2, the process {X,,} stays
at x forever, if and only if o (x) = 7(x) = 0. O
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1 Preliminaries

In repeated games where the payoff is accumulated along the play, the players face
a problem since they have to take into account the impact of their choices both on
the current payoff and on the future of the game.

When considering long games this leads to two alternative cases. Whenever
the previous problem can be solved in a “robust” way the game possesses a uni-
form value. In the other situation optimal strategies are very sensitive to the exact
specification of the duration of the process. The asymptotic approach consists in
studying the values of games with finite expected length along a sequence with
length going to infinity and the questions are then the existence of a limit and its
dependence w.r.t. the sequence.

A typical example is the famous Big Match (Blackwell and Ferguson, 1968)
described by the following matrix:

a B
a | 1* | OF
b| 0 1

This corresponds to a stochastic game where, as soon as Player 1 plays a, the game
reaches an absorbing state with a constant payoff corresponding to the entry played
at that stage. Both the n-stage value v,, and the A-discounted value v, are equal to
1/2 and are also independent of the additional information transmitted along the
play to the players. Moreover, under standard signaling (meaning that the past play
is public knowledge), or with only known past payoffs, the uniform value exists.

*Prepared for a plenary lecture at the International Symposium on Dynamic Games and
Applications, Adelaide, Australia, December 18-21, 2000.
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This is no longer the case with general signals: for example, when Player 1 has no
information on Player 2’s moves the max min is 0 (Kohlberg, 1974). It follows that
the existence of a uniform value for stochastic games depends on the signalling
structure on moves (Mertens and Neyman, 1981; Coulomb, 1992, 1999, 2001).
On the other hand, the asymptotic behavior does not (Shapley, 1953).

We now describe more precisely the model of two-person zero-sum repeated
game I that we consider. We are given a parameter space M and a function g from
I xJx M toR: for each me M this defines a two-person zero-sum game with action
spaces I and J for players 1 and 2 respectively and payoff function g. To simplify
the presentation we will first consider the case where all sets are finite, avoiding
measurability issues. The initial parameter m is chosen at random and the players
receive some initial information about it, say a; (resp. b1) for Player 1 (resp.
Player 2). This choice is performed according to some probability 7 on M x Ax B,
where A and B are the signal sets of each player. In addition, after each stage the
players obtain some further information about the previous choice of actions and
both the previous and the current values of the parameter. This is represented by a
map Q from M x 1 xJ to probabilities on M x A x B. At stage t given the state m,
and the moves (iy, j), a triple (ms41, ar+1, br+1) 1s chosen at random according
to the distribution Q(m;, i;, j;). The new parameter is m;1, and the signal a;1
(resp. by+1) is transmitted to Player 1 (resp. Player 2). A play of the game is thus a
sequence m1, ay, by, i1, j1, m2, az, ba, iz, j2, ... while the information of Player
1 before his play at stage ¢ is a private history of the form (ay, i1, az, i2, ..., a;) and
similarly for Player 2. The corresponding sequence of payoffs is g1, g2, ... with
g: = g(iz, jr, m;). (Note that it is not known to the players except if included in the
signals.)

A strategy o for Player 1 is a map from private histories to A(7), the space of
probabilities on the set I of actions and t is defined similarly for Player 2. Such
a couple (o, ) induces, together with the components of the game, 7 and Q, a
distribution on plays, hence on the sequence of payoffs.

There are basically two ways of handling the game repeated a large number of
times that are described as follows (see Aumann and Maschler, 1995, Mertens,
Sorin and Zamir, 1994):

1) The first one corresponds to the “compact case”. One considers a sequence
of evaluations of the stream of payoffs converging to the “uniform distribution on
the set of integers, N”. For each specific evaluation, under natural assumptions on
the action spaces and on the reward and transition mappings, the strategy spaces
will be compact for a topology for which the payoff function will be continuous,
hence the value will exist.

Two typical examples correspond to:

1.1) the finite n-stage game I',, with payoff given by the average of the first n
rewards:

1 n
Yn(o,7) = Ea,r (;Zt:18t> .



New Approaches and Recent Advances 69

In the finite case (all sets considered being finite), this reduces to a game with
finitely many pure strategies.

1.2) the A-discounted game I"; with payoff equal to the discounted sum of the
rewards:

70, 7) = Eoe (D0 20 = 2" "g1).

The values of these games are denoted by v,, and v;, respectively. The study of their
asymptotic behavior, as n goes to oo or A goes to 0 is the study of the asymptotic
game.

Extensions consider games with random duration or random duration process
(Neyman, 2003, Neyman and Sorin, 2001).

2) An alternative analysis considers the whole family of “long games”. It does
not specify payoffs in some infinite game like lim inf %Z;’: 18+ or a measurable
function defined on plays (see Maitra and Sudderth, 1998), but requires uniformity
properties of the strategies.

Explicitly, v is the maxmin if the two following conditions are satisfied:

- Player 1 can guarantee v: for any ¢ > 0, there exists a strategy o of Player
1 and an integer N such that for any n > N and any strategy t of Player 2:

Yn(o,T) > v —¢.

(It follows from the uniformity in t that if Player 1 can guarantee f both
lim inf,,_, » v, and lim inf ¢ v, will be greater than f.)

- Player 2 can defend v: for any ¢ > 0 and any strategy o of Player 1, there
exist an integer N and a strategy t of Player 2 such that for all n>N:

Yn(o,T) <v+e.

(Note that to satisfy this requirement is stronger than to contradict the previous
condition; hence the existence of v is an issue.)

A dual definition holds for the minmax v. Whenever v = v, the game has
a uniform value, denoted by v... Remark that the existence of v, implies:

Voo = lim v, = lim v;.
n—o00o A—0

We will be concerned here mainly with the asymptotic approach that relies more
on the recursive structure and the related value operator and less on the construction
of strategies. We will describe several recent ideas and results: the extension and
the study of the Shapley operator, the variational approach to the asymptotic game,
the use of the dual game, the limit game and the relation with differential games
of fixed duration.
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2 The Operator Approach
In this section the games are analyzed through the recursive relations that basically
extend the dynamic programming principle.
2.1 Operators and Games
2.1.1 Stochastic Games and Shapley Operator

Consider a stochastic game with parameter space €2, action spaces I and J and
real bounded payoff function g from Qx 17 xJ. This corresponds to the model of
Section 1 with M =  and where the initial probability m is the law of a parameter
w1 announced to both. In addition at each stage 7 + 1, the transition Q (-|wy, ir, ji)
determines the new parameter w;4 and the signal for each player a,41 or b1
contains at least the information w;4. It follows that € will be the natural state
space on which v, and v, are defined.

Explicitly, let X = A(/) and Y = A(J) and extend by bilinearity g and Q to
X x Y. The Shapley (1953) operator W acts on the set F of real bounded measurable
functions f on 2 as follows:

V(f) () =valxxy {g(w,x, ¥) +/ f(@) 0o |w, x, y)} (D)
Q
where valyy stands for the value operator:
valxxy = max min = min max .
X Y Y X
A basic property is that W is non-expansive on F endowed with the uniform norm:
V() =@l = IIf =gl =sup|f(w) —glw)]
we2
W determines the family of values through:
Uy Uy
v,  Z=w(a-n2t). 2
nuy, (0) : ( ) . 2)

The same relations hold for general state and action spaces when dealing with a
complete subspace of F on which W is well defined and which is stable under W.

2.1.2 Non-expansive Mappings

The asymptotic approach of the game is thus related to the following problems:
given T a non-expansive mapping on a linear normed space Z, study the iterates
T"(0)/n = v, as n goes to oo and the behavior of Az, = vy, where z;, is the fixed
point of the mapping z— T ((1 — A)z), as A goes to 0.
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Kohlberg and Neyman (1981) proved the existence of a linear functional, f, of
norm 1 on Z such that:

lim f(vy) = lim [Jv,|| = lim f(vy) = lim [Jv; || = inf [T (z) —z  (3)
n— 00 n— 00 r—0 r—0 z€Z

Then they deduce that if Z is reflexive and strictly convex, there is weak conver-
gence to one point, and if the dual space Z* has a Frechet differentiable norm, the
convergence is strong.

In our framework the norm is the uniform norm on a space of real bounded
functions and is not strictly convex, see however section 5.3.

Neyman (2003) proved that if vy, is of bounded variation in the sense that for
any sequence A; decreasing to 0,

D Hlva, — vl < 00, “
i

then lim,,_, 5o v, = lim)_, g vy.

2.1.3 ¢-Weighted and Projective Operators

Back to the framework of Section 2.1.1, itis also natural to introduce the e-weighted
operator:

D(e, f)(w) =valyxy {ag(a),x, y)+ (1 —e¢) /Q f(a)’)Q(da)/la), X, y)} ,

&)
related to the initial Shapley operator by:
e, f) = W (@) . ®)
Then one has:
vp = @ ((1/n), vo-1), v, =P, vp) (M

which are the basic recursive equations for the values. The asymptotic study relies
thus on the behavior of ®(e, -), as ¢ goes to 0. Obviously, if v, or v, converges
uniformly, the limit w will satisfy:

w= o0, w) (3)

hence ®(e, -) also appears as a perturbation of the “projective” operator P which
gives the evaluation today of the payoff f tomorrow:

P(H(w) =, f)(®) =valxxy /Q f@)Q(do|o, x, y). C))
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Explicitly, one has
CI)(g, f)(w) = ValXXY {/;2 f(a)/)Q(da)/|a), X, )’) + Sh(a): X, )’)} B (10)

with h(w, x,y) = g(w, x, y) — [o f(@) QW |, x, y).
One can also consider (0, f) as a function of W defined by:

d . £) f) (@) = lim oW <i> @ 1)

(0, f)(w) = lim e¥ (
e—0 &

thus @ (0, .) is the recession operator associated to W. Note that this operator is
independent of g and relates to the stochastic game only through the transition Q.

2.1.4 Games with Incomplete Information

A similar representation is available in the framework of repeated games with
incomplete information, Aumann and Maschler (1995).

We will describe here the simple case of independent information and standard
signaling. In the setup of Section 1, the parameter space M is a product K x L
endowed with a product probability 7 = p ® g € A(K)xA(L) and the initial
signals are a; = k1, b1 = £1. Hence the players have partial private information
on the parameter (k1, £1). This one is fixed for the duration of the play ((k;, £;) =
(k1, £1)) and the signals to the players reveal the previous moves a; | = b,y =
(ir, ji). A one-stage strategy of Player 1 is an element x in X = A(I)X (resp. y in
Y = A(J)L for Player 2).

We represent now this game as a stochastic game. The basic state space is
x = A(K)xA(L) and corresponds to the beliefs of the players on the param-
eter along the play. The transition is given by a map IT from y xXxY to prob-
abilities on x with IT((p(@), g(G)I(p,q), x,y) = x@)y(j), where p(i) is the
conditional probability on K given the move i and x(i) the probability of this
move (and similarly for the other variable). Explicitly: x(i) = ), pkxf and
pk (i) = ( pkx{‘ )/(x(i)). ¥ is now an operator on the set of real bounded saddle
(concave/convex) functions on x, Rosenberg and Sorin (2001):

U(f)(p,q) = valxxy {g(p, q.x,y)+ / fp' gHndp', gHl(p, 9), x, y)}
X
(12)

withg(p,q,x,y) = Zk’gpkqu(k, ¢, xk, y‘f). Then one establishes recursive for-
mula for v, and v, , Mertens, Sorin and Zamir (1994), similar to the ones described
in section 2.1.1.

Note that by the definition of I, the state variable is updated as a function of
the one-stage strategies of the players, which are not public information during
the play. The argument is thus first to prove the existence of a value (v, or vy) and
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then using the minmax theorem to construct an equivalent game, in the sense of
having the same sequence of values, in which one-stage strategies are announced.
This last game is now reducible to a stochastic game.

2.1.5 General Recursive Structure

More generally a recursive structure holds for games described in Section 1 and
we follow the construction in Mertens, Sorin and Zamir (1994), Sections III.1,
.2, IvV.3.

Consider for example a game with lack of information on one side (described
as in Section 2.1.4 with L of cardinal 1) and with signals so that the conditional
probabilities of Player 2 on the parameter space are unknown to Player 1, but
Player 1 has probabilities on them. In addition Player 2 has probabilities on those
beliefs of Player 1 and so on.

The recursive structure thus relies on the construction of the universal belief
space, Mertens and Zamir (1985), that represents this infinite hierarchy of beliefs:
E = Mx0!'x02?, where ®, homeomorphic to A(Mx©~), is the type set of
Player i, The signaling structure in the game, just before the moves at stage ¢,
describes an information scheme that induces a consistent distribution on E. This is
referred to as the entrance law P, € A(E). The entrance law P; and the (behavioral)
strategies at stage ¢ (say «; and B;) from type set to mixed move set determine
the current payoff and the new entrance law P,1 = H (Py, a4, B;). This updating
rule is the basis of the recursive structure. The stationary aspect of the repeated
game is expressed by the fact that H does not depend on ¢. The Shapley operator
is defined on the set of real bounded functions on A(E) by:

V(NP = Supi%f {g(P.a.B) + f(H(P,a. )},

(there is no indication at this level that sup inf commutes for all f) and the usual
relations hold, see Mertens, Sorin and Zamir (1994) Section I'V.3:

n+ Dy 1 (P) = valexp {g(P, a, B) +nv,(H(P, a, B)},
v (P) = valyxp {Ag(P,a, B) + (1 — Vv (H(P, a, B))},

where valyxg = sup, infg = infg sup,, is the value operator for the “one stage
game on P”.

We have here a “deterministic” stochastic game: in the framework of a regular
stochastic game, it would correspond to working at the level of distributions on
the state space, A(2).

2.2 Variational Inequalities

We use here the previous formulations to obtain properties on the asymptotic
behavior of the values, following Rosenberg and Sorin (2001).
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2.2.1 A Basic Inequality

We first introduce sets of functions that will correspond to upper and lower bounds
on the sequences of values. This allows us, for certain classes of games, to identify
the asymptotic value through variational inequalities. The starting point is the next
inequality.

Given § > 0, assume that the function f from Q2 to R satisfies, for all R large
enough

W(RF) < (R+ 1) f +38.
This gives W(R(f +8)) < (R + 1)(f + 8) and implies:

limsupv, < f + 34,

n—oo

as well as

limsupv, < f +36.
A—0

In particularif f belongs to the set C* of functions satisfying the stronger condition:
for all § > O there exists Rs such that R > Rs implies

V(Rf)<(R+Df+S (13)

and one obtains that both lim sup,,_, ., v, and lim sup, _, 5 v are less than f.

2.2.2 Finite State Space

We first apply the above results to absorbing games: these are stochastic games
where all states except one are absorbing, hence the state can change at most once.
It follows that the study on €2 can be reduced to that at one point. In this case, one
has easily:

) W) =lgllee + [
ii) W(Rf) — (R + 1) f is strictly decreasing in f:
In fact,let g — f =d > 0, then

V(Rg) —W(Rf) = W(R(f+d) —W(Rf) <Rd=(R+1D(g—f)—d,

so that
V(Rf)—(R+1Df —(¥(Rg) —(R+1)g) =d,
iti) W(Rf) — (R+ 1) f is decreasing in R, for f > 0:

V(R+RN)—(R+R +1)f <W(Rf)—(R+ 1.
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Define C™ in a way symmetric to (13). From i), ii) and iii), there exists an
element feC*tNC~ and it is thus equal to both lim,_, o, v, and limy_, ¢ vy. This
extends the initial proof of Kohlberg (1974).

In the framework of recursive games where the payoff in all non absorbing
states (say €2q) is 0, the Shapley operator is defined on real functions f on 2
(with an obvious extension f to €2) by:

W(f)(@) = valyxy /Q T@) 0o |o. x. y).

It follows that condition (13) reduces to
V(f) < f andmoreover f(w) <0 implies Y(f)(w) < f(w), (14)

which defines a set £*. Everett (1957) has shown that the closure of the set £+
and of its symmetric £~ have a non-empty intersection from which one deduces
that lim,,, oo v, = lim;_, o v, exists and is the only element of this intersection.

A recent result of Rosenberg and Vieille (2000) drastically extends this property
to recursive games with lack of information on both sides. The proof relies on an
explicit construction of strategies. Let w an accumulation point of the family v,
as A goes to 0. Player 1 will play optimally in the discounted game with a small
discount factor if w is larger than & > 0 at the current value of the parameter and
optimally in the projective game W (0, w) otherwise. The sub-martingale property
of the value function and a bound on the upcrossings of [0, €] are used to prove
that lim inf,,_, o, v, > w, hence the result.

2.2.3 Simple Convergence

More generally, when 2 is not finite, one can introduce the larger class of functions
ST where in condition (13) only simple convergence is required:
for all § > 0 and all w, there exists Rs ,, such that R > R; ,, implies

VR =R+ 1D f(w)+4 (15)
or
0" (f)(w) = 11;11 sup{W(Rf) (@) — (R + 1) f(w)} < 0. (16)

In the case of continuous functions on a compact set €2, an argument similar to
point ii) above implies that f* > f~ for any functions f+eS* and f~ S~
(defined similarly with 8~ (f ) < 0). Hence the intersection of the closures of ST
and S~ contains at most one point.

This argument suffices for the class of games with incomplete information on
both sides: any accumulation point w of the family v, as A—0 belongs to the
closure of S*, hence by symmetry the existence of a limit follows. A similar
argument holds for lim sup,,_, o, vy.
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In the framework of (finite) absorbing games with incomplete information on
one side, where the parameter is both changing and unknown, Rosenberg (2000)
used similar tools in a very sophisticated way to obtain the first general results of
existence of an asymptotic value concerning this class of games. First she shows
that any w as above belongs to the closure of ST. Then that at any point (p, q),
lim sup, _, o vy (p, q¢) < w(p, q) which again implies convergence. A similar anal-
ysis is done for lim,,— o ;.

Remarks

1) Many of the results above only used the following two properties of the

operator W, Sorin (2004):
W is monotonic
W reduces the constants: forall § > 0, W(f +8) < WV(f) + 4.

2) The initial and basic proof of convergence of lim,_, ¢ v, for stochastic games
relies on the finiteness of the sets involved (€2, I and J). Bewley and Kohlberg
(1976a) used an algebraic approach and proved that v, is an algebraic func-
tion of A, from which existence of lim)_,¢ v, and equality with lim,_, s v,
follows.

3) The results sketched above correspond to three levels of proofs:

a) The non emptiness of the intersection of the closure of C* and C~. This
set contains then one point, namely lim,,_, oo v, = lim)_¢ vy.

b) For continuous functions on a compact set 2: any accumulation point of
the family of values (as the length goes to co) belongs to the intersection
of the closures of ST and S—, which contains at most one element.

c) A property of some accumulation point (related to ST or S7) and a
contradiction if two accumulation points differ.

2.3 The Derived Game

We follow here Rosenberg and Sorin (2001). Still dealing with the Shapley opera-
tor, condition (15) can be written in a simpler form. This relies, using the expression
(10), on the existence of a limit:

(e, f(w) — 20O, /@)

&

9(f)(@) = lim

extending a result of Mills (1956), see also Mertens, Sorin and Zamir (1994),
Section 1.1, Ex. 6. More precisely ¢(f)(w) is the value of the “derived game”
with payoff h(w, x, y), see (10), played on the product of the subsets of optimal
strategies in ®(0, f). The relation with (16) is given by:

p(f) i@, f)=f

0t(f)=0"(f) =14+00 if®O, f)> f
—00  if®0, f) < f
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In the setup of games with incomplete information, the family v, (p, ¢) is uni-
formly Lipschitz and any accumulation point as A—0 is a saddle function w(p, q)
satisfying: ®(0, w) = w. Thus one wants to identify one point in the set of solu-
tions of equation (8) which contains in fact all saddle functions.

For this purpose, one considers the set A" of continuous saddle functions f on
A(K)xA(L) such that for any positive strictly concave perturbation n on A(K):
o(f 4+ n) < 0. The proof that w belongs to AT, which is included in the closure
of ST, shows then the convergence of the family v;. A similar argument holds for
vy, which in addition implies equality of the limits. Note that the proof relies on
the explicit description of ¢( f) as the value of the derived game.

In addition one obtains the following geometric property. Given f on A(K),
say that p is an extreme point of f, pe& f, if (p, f(p)) cannot be expressed as a
convex combination of a finite family {(p;, f(p;))}. Then one shows that for any
feA™, f(p.q) < u(p,q)holds at any extreme point p of (-, ¢), where u is the
value of the non-revealing game or equivalently:

w(p,q) =valamxam ), P a'gk ¢ x, y).

Hence v = lim,_ » v, = lim,_,¢ v, is a saddle continuous function satisfying
both inequalities:

pe€v(-, q)=v(p.q) < u(p.q)
ge&v(p, )=v(p.q) Z u(p.q) (17)
and it is easy to see that it is the only one, Laraki (2001a).
Given a function f on a compact convex set C, let us denote by Cavc f
the smallest function concave and greater than f on C. By noticing that, for
a function f continuous and concave on a compact convex set C, the property

pe€f = f(p) < g(p) is equivalent to f = Cavc min(g, f) one recovers the
famous characterization of v due to Mertens and Zamir (1971):

v = Cava(kx)min(u, v) = Vexa(z) max(u, v) (18)
where Cava k) f(p, q) stands for Cava k) f(., ¢)(p).

2.4 The Splitting Game

This section deals again with games with incomplete information on both sides
as defined in Section 2.1.4 and follows Laraki (2001a). The operator approach is
then extended to more general games. Recall that the recursive formula for the
discounted value is:

U}\.(p? Q) = (I)()\’ UA)(Pa q) = ValXxY{)‘g(pv q, X, y) + (1 - )‘-)E(U)L(p/’ q/))}
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where (p’, ¢’) is the new posterior distribution and E stands for the expectation
induced by p, g, x, y. Denoting by X (p, ¢g) the set of optimal strategies of Player
1 in ® (X, vy)(p, q) and using the concavity of v, one deduces:

max min{g(p,q,x,y) — E(ux(p’, ¢))} = 0.
Xo(p.q) Y

Let w be an accumulation point of the family {v; } as A goestoO and let pe€w(., q).
Then the set of optimal strategies for Player 1 in ®(0, w)(p, ¢q) is included in the
set NR!(p) of non-revealing strategies (namely with x(i)|| p(i) — p|| = 0, recall
(8)), hence by uppersemicontinuity one gets from above:

max min{g(p,q,x,y) — Ew(p’, q))}
NRY(p) Y

= max inn{g(p, q.x,y) —w(p,q)} >0

hence u(p, q) > w(p, q) which is condition (17).

We now generalize this approach.

Since the payoff g(p,q,x,y) = Zpkqex{‘yfg(k, £,i, j) is linear it can be
written as Zi’jx(i)y(j)g(p(i), q(j), 1, j) so that the Shapley operator is:

V(P a) = valxey {3, [8(P@).qG).is )+ F (D). gD}

and one can consider that Player 1’s strategy set is the family of random variables
from I to A(K) with expectation p. In short, rather than deducing the state variables
from the strategies, the state variables are now taken as strategies. The second
step is to change the payoffs (introducing a perturbation of the order of n~!/2 in
v,) and to replace g(p(i), g(j), i, j) by the value of the “local game” at this state
u(p(@), q(j)). There is no reason now to keep the range of the martingale finite so
that the operator becomes:

S(NHp,q) = ValA%(K)xAé(L)E{M(Z;v EAV R

where A% (K) is the set of random variables p with values in A(K) and expectation
p- The corresponding game is called the “splitting game”. The recursive formula
is now different:

but with the same proof as above, it leads to the existence of w = limy_.o w;
satisfying the same functional equations:

w = Cavak) min(u, w) = Vexa ) maxu, w).

These tools then allow us to extend the operator ur— M (u) = w (existence and
uniqueness of a solution) to more general products of compact convex sets P x Q
and functions u, see Laraki (2001b).
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3 Duality Properties
3.1 Incomplete Information, Convexity and Duality

Consider a two-person zero-sum game with incomplete information on one side
defined by sets of actions S and 7', a finite parameter space K, a probability p
on K and for each k a real payoff function G¥ on SxT. Assume S and T convex
and for each k, G bounded and bilinear on S x T'. The game is played as follows:
keK is selected according to p and told to Player 1 (the maximizer) while Player
2 only knows p.

In normal form, Player 1 chooses s = {sk} in SX, Player 2 chooses ¢ in T and
the payoff is

GP(s.t) =Y p*GH(s*.1).
k

Assume that this game has a value
v(p) = supinf G?(s, 1) = inf sup GP (s, 1),
SK T T SI(

then v is concave and continuous on the set A(K) of probabilities on K.

Following De Meyer (1996a) one introduces, given zeRK, the “dual game”
G*(z) where Player 1 chooses &, then Player 1 plays s in S (resp. Player 2 plays ¢
in T') and the payoff is

hlzl(k, s: 1) = G*(s, 1) — Z*.
Translating in normal form, Player 1 chooses (p, s) in A(K) x sk, Player 2 chooses
tin T and the payoffis ) ", pkh[z](k, sk, t) =GP (s, t) — (p, 2).
Then the game G*(z) has a value w(z), which is convex and continuous on RX

and the following duality relations holds:

w(z) = max {v(p) — (p,2)} = A;(V)(2), (19)
peA(K)

v(p) = infk{w(z) +{p,2)} = Ai(w)(p), (20)

z€e
Two consequences are:
Property 3.1. Given z, let p achieve the maximum in (19) and s be e-optimal in
G?: then (p, s) is e-optimal in G*(z).
Given p, let z achieve the infimum up to € in (20) and ¢ be g-optimal in G*(2):
then 7 is also 2¢-optimal in G?.

Property 3.2. Let G’ be another game on K x Sx T with corresponding primal
and dual values v" and w’. Since Fenchel’s transform is an isometry one has

!/ !/
lv—=vlam) = llw—wlgk.
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3.2 The Dual of a Repeated Game with Incomplete Information

We consider now repeated games with incomplete information on one side as
introduced in 2.1.4. (with L reduced to one point), and study their duals, following
De Meyer (1996b). Obviously the previous analysis applies when working with
mixed strategies in the normalized form.

3.2.1 Dual Recursive Formula

The use of the dual game will be of interest for two purposes: construction of
optimal strategies for the uninformed player and asymptotic analysis. In both cases
the starting point is the recursive formula in the original game.

F(p) = ®(, fH(p)
= valieX yey {eZp"x"G"y +(1—¢) Zx(i)f(p(i))} . @
k i

. k . . . .
where we write G[.j for g(k, i, j). Then one obtains:

F*(z) = pénAa(%{F(p) —{(p,2)}

p.x Yy

— max min {s Do GR y + =) Y x () f(p()) — (P z)} .
k i

We represent now the couple (p, x) in A(K) x A(D)X asanelement 7 in A(K x1):
p is the marginal on K and x* the conditional probability on I given k:

F*(z) = mr?xm};n {g ;n(i, KGEy + (1 —¢) Xi:n(i)f(n(.h')) —(p, z)} .

The concavity of f w.rt. p implies the concavity of Y . 7w (i) f (7 (.|i)) w.rt. 7.
This allows us to use the minmax theorem leading to:

F* = myinmjflx {8 ;n(i, k)Gf»‘y + 0 —¢) Xi:ﬂ(l')f(ﬂ(-ﬁ)) —(p, Z)} ;

hence, since p* = > (@) (kli):

F*(2) = min max {Zn(z‘)(l — &) max [f(n(.li))

. 1 e G,
—<n(-|l), 1% zy>]}
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where G;y is the vector {Gf.‘y}. This finally leads to the dual recursive formula:

1
F*(z) = minmax(1 — &) f* ( - LGiy) . (22)
y oo 1—¢ 1—¢
The main advantage of dealing with (22) rather than with (21) is that the state
variable is known by Player 2 (who controls y and observes i) and evolves smoothly

fromz to z + (¢/(1 — &))(z — G;y).

3.2.2 Properties of Optimal Strategies

Rosenberg (1998) extended the previous duality to games having at the same time
incomplete information and stochastic transition on the parameters. There are then
two duality operators (D! and D?) corresponding to the private information of
each player. D! associates to each function on 2xA(K)xA(L) a function on
QxA(K)xRE. The duality is taken with respect to the unknown parameter of
Player 1 replacing ¢ by a vector in R%. The extension of formula (22) to each dual
game allows us to deduce properties of optimal strategies in this dual game for
each player. In the discounted case, Player 1 has stationary optimal strategies on a
private state space of the form 2x A (K ) xR’ . The component on Q is the publicly
known stochastic parameter; the second component p is the posterior distribution
on A(K) that is induced by the use of x: it corresponds to the transmission of
information to Player 2; the last one is a vector payoff indexed by the unknown
parameter €L that summarizes the past sequence of payoffs. Similarly, in the
finitely repeated game, Player 1 has an optimal strategy which is Markovian on
Qx A(K)xRE. Obviously dual properties hold for Player 2.

Recall that as soon as lack of information on both sides is present the recursive
formula does not allow us to construct inductively optimal strategies (except in
specific classes, like games with almost perfect information where a construction
similar to the one above could be done, Ponssard and Sorin (1982)). It simply
expresses a property satisfied by an alternative game having the same sequence
of values, but not the same signals along the play, hence not the same strategy
sets. However the use of the dual game allows us, through Property 3.1 (Section
3.1), to deduce optimal strategies in the primal game from optimal strategies in the
dual game, and hence to recover an inductive procedure for constructing optimal
strategies.

Further properties of the duality operators have been obtained in Laraki (2000).
First one can apply the (partial 2) duality operator D? to the (partial 1) dual game
D!(I"), then the duality transformations commute and other representations of the
global dual game D! o D*(I') = D? o D!(I") are established.

3.2.3 Asymptotic Analysis and Approximate Fixed Points

This section follows De Meyer and Rosenberg (1999). Going back to the class of
games with incomplete information on one side, Aumann and Maschler’s theorem
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on the convergence of the families v, or vy to Cavak)u will appear as a conse-
quence of the convergence of the conjugate functions w, (value of the dual game
') or w; (z) (for F;‘) to the Fenchel conjugate of u.

Explicitly let

Asu)(2) = rAn(e%{u(p) —(p, )}

then the bi-conjugate

Aio Ag(u)(z) = min {Asu)(2) = (p, 2)}
zeR
equals Cavak)u. Using property 3.2 in Section 3.1 it is enough to prove the
convergence of w, or w) to Ag(u). Heuristically one deduces from (22) that the
limit w should satisfy:

w(z) = (1 —s)m)jnm)?x{w(z)+ (Vw(z),z—xGy)},

e
(I—¢)

which leads to the partial differential equation:
—w(z) +(Vw(z), z) + u(=Vw(z)} =0, (23)

where we recall that #(g) = miny maxy {qukaky}.
Fenchel duality gives:

Asu(z) —u(=q) = (q.2)

for —qe€d Asu(z), which shows that A u is a solution (in a weak sense) of (23).
The actual proof uses a general property of approximate operators and fixed points
that we described now. Consider a family of operators W, on a Banach space Z
with the following contracting property:

Wi 1 (f) — Wnp1 ()] < (n”?) If —ell,

for some positive constant a, and n large enough. For example, W is non-expansive

and ¥, 11() = @ (ﬁ, ) Define a sequence in Z by fo = 0 and f,41 =
W, +1(fn)- Then if a sequence g, satisfies an approximate induction in the sense

that, for some positive b and n large enough:

1
||‘Iln+1 (gn) — 8n+1 I < (n + 1)1+b’

and g, converges to g, then f, converges to g also.

The result on the convergence of w, follows by choosing g, as a smooth pertur-
bation of Agu, like g,(z) = E [Asu (z + (X//n))], X being a cantered reduced
normal random variable.

A similar property holds for the sequence wj,.
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3.2.4 Speed of Convergence

The recursive formula and its dual also play a crucial role in the recent deep and
astonishing result of Mertens (1998). Given a game with incomplete information
on one side with finite state and action spaces but allowing for measurable signal
spaces the speed of convergence of v, to its limit is bounded by C ((ln n)/ n) 13 and
this is the best bound. (Recall that the corresponding order of magnitude is n~!/2
for standard signaling and n~!/3 for state independent signals — even allowing for
lack of information on both sides.)

3.3 The Differential Dual Game

This section follows Laraki (2002) and starts again from equation (22). The recur-
sive formula for the value w,, of the dual of the n stage game can be written, since
wy, (2) is convex, as:

. 1 1 1
wy(z) = mymmflx <1 — ;) Wy—1 <m (z — ;xGy)) . (24)

This leads us to consider w, as the n'" discretization of the upper value of a
differential game.

Explicitly consider the differential game (of fixed duration) on [0, 1] with
dynamic ¢ (t)eRX given by:

d¢/dt = xGy;, §(0) = —z
x:€X, y;€Y and terminal payoff maxy Ck(l).
Given a partition [T = {tp =0, ..., t, ...} with 6, =t — t_1 and Z,filék =1
we consider the discretization of the game adapted to IT. Let WIZ[”' (t, ¢) denote the
upper value (correspondingly to the case where Player 2 plays first) of the game

starting at time #; from state ¢. It satisfies:

Wi (1, ) = min max Wy (ti+1, ¢ + 641 5G).
In particular if IT,, is the uniform discretization with mesh (1/7) one obtains:

+ . + 1 1
Wg (0,¢) =minmax W | =, ¢ + —xGy
" y x " \n n
and by time homogeneity, W l c)=1(1- l wi (O ;) so that:
y g Y, W, 0 = n M, " 1=(/n) ) )

. 1 ¢+ (1/n)xGy
Wi (0,0) = min max (1 — ;> Wi (o, W) . (25
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Hence (24) and (25) prove that w; (z) and Wﬁ"n (0, —z) satisfy the same recursive
equation. They have the same initial value for n = 1 hence they coincide.

Basic results of the theory of differential games (see e.g. Souganidis (1999))
show that the game starting at time ¢ from state ¢ has a value ¢(z, ¢), which is the
only viscosity solution, uniformly continuous in ¢ uniformly in ¢, of the following
partial differential equation with boundary condition:

ad
S +u(Ve) =0, (1.5 =maxct, (26)
One thus obtains (0, —z) = lim, 0o Wi (0, —2) = limy 00 wa(2) = w(2).
The time homogeneity property gives ¢(¢,¢) = (1 — ) (0, ¢/(1 — 1)), so that
w is a solution of

FO) = (0, V@) —u(=V[(x) =0, limof (x/a) =max{ - x"]

which is the previous equation (23) but with a limit (recession) condition.
One can identify the solution of (26), written with ¥ (¢,¢) = ¢(1 —¢,¢) as
satisfying:

oy

T L(Vy) =0 v(0,8) =0b(2)
with L continuous, b uniformly Lipschitz and convex. Hence, using Hopf’s rep-
resentation formula, one obtains:

Y@, &)= sup inf {b(g) +({p,& —q)—1L(p)}
peRF geR

which gives here:

.0 = sup inf {maxg* + (p.¢ —q)+u(p)
peRX geR k

and finally w(z) = ¥ (1, —2) = supeax){u(p) — (p, 2)} = Asu(z), as in section
3.2.3.

In addition the results in Souganidis (1985) concerning the approximation
schemes give a speed of convergence of (5(I1)) 172 of Wi to @ (where 8(IT) is the
mesh of the subdivision IT), hence by duality one obtains Aumann and Maschler’s
(1995) bound:

vy, — Cavayull < lvs — Cavayull < CV/A

C
\/}77

for some constant C.
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A last result is a direct identification of the limit. Since w is the conjugate of a
concave continuous function v on A(K) and ¢(¢,¢) = (1 —t)w (—¢/(1 —t)) the
conditions on ¢ can be translated as conditions on v. More precisely the first order
conditions in terms of local sub- and super-differentials imply that ¢ is a viscosity
subsolution (resp. supersolution) of (26) if and only if v satisfies the first (resp.
second) inequality in the variational system (17). In our framework this gives

pe€v =v(p) <u(p) and v(p) > u(p), Vp,

so that v = Cava)u.

4 The Game in Continuous Time
4.1 Repeated Games and Discretization

The main idea here is to consider a repeated game (in the compact case, i.e. with
finite expected length) as a game played between time 0 and 1, the length of stage
n being simply its relative weight in the evaluation. Non-negative numbers 6, with
Y 10y = 1 define a partition IT of [0, 1] with tp = O and 7, = )_,, _,0m. The
repeated game with payoff ) g,6, corresponds to the game in continuous time
where changes in the moves can occur only at times #,,. The finite n-stage game is
represented by the uniform partition IT, with mesh (1/n) while the A-discounted
game is associated to the partition IT, with#,, = 1 — (1 —A)". In the framework of
section 2.1.5. one obtains a recursive formula for the value Wty (¢, P) of the game
starting at time ¢ with state variable P:

Wn(t,, P) = Valaxf}(9n+1g(lpv a, B) + Wn(tuy1, H(P, a, B))).
The fact that the payoff is time-independent is expressed by the relation:
Wn(tn, ) = (1 — t2) Wrnps,1 0, )

where I1[¢,,] is the renormalization to the whole interval [0, 1] of IT restricted to
[, 1]. By enlarging the state space and incorporating the payoff as new parameter,
say ¢, we obtain new functions Ly (¢, ¢, P) with

Ln(tl’ls ;7 P) = valaXﬁLn(thrl’ ; + 9n+1g(Pv a1 13)7 H(Pv (X, IB))

and

Lu(t,, ¢, P)=010-— tn)Ll'I[t,l] <O, %, P) .
— Iy

This time normalization explains why the PDE obtained as a limit is homoge-
neous.



86 S. Sorin

A first heuristic approach in this spirit is in Mertens and Zamir (1976a) where
they study, for a specific example of repeated game with lack of information on one
side, the limit of the “normalized error term” 1, (p) = /1 (V,(p) — Vo (p)), ON
[0, 1]. From the recursive formula for v,,, they deduce another one for the sequence
nn and obtain the following equation for the limit: p¢” + 1 = 0. It follows then
that ¢ (p) is the normal density evaluated at its p-quantile.

Consider now a simple variation of the Big Match game where Player 1 knows
the true game while Player 2 does not and the payoffs are as follows:

a B a B

a| 1* | O* a | 0* | O*

b| 0] O bl 0 1
Game 1: Probability p Game 2: Probability 1 — p

Sorin (1984) derives from the recursive formula the following equation for the
limit of v,,: 2 — p)e(p) = (1 — p) — (1 — p)?¢’(p) which leads to ¢(p) = (1 —
p) {1 —exp (—p/(1 — p))}. Note that this function is not algebraic, which could
not be the case for stochastic games nor for games with incomplete information
on one side. (Moreover it is also equal to the max min v.)

4.2 The Limit Game

The recursive formula may also, by exhibiting properties of optimal strategies,
allow us to define an auxiliary game in continuous time, considered as a represen-
tation of the “limit game” on [0, 1]. Two examples are as follows.

A first class, Sorin (1984), corresponds to specific absorbing games with incom-
plete information on one side of the form:

a all‘* L alj*
k k
blpt | ..o b

Game k: Probability p*

From the recursive formula one deduces that both players can be restricted to
strategies independent of the past. One constructs then a game on [0, 1] where
Player 1’s strategies are stopping times p* corresponding to the first occurrence of
a in game k, while Player 2’s strategies are measurable functions f from [0, 1] to
A(J). The payoff is the integral from O to 1 of the instantaneous payoff at time 7,

Y pFef (0%, f) with

t
gk, ) = /0 ak(f(s)p(ds) + (1 — p([0, 1B (f (1)),
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where a*(f) = Y ja§ fj and similarly for b*. This game has a value v and it
is easy to show that v = lim,_, o v, = limy_, v,. In fact discretizations of &-
optimal strategies in the limit game define strategies in G, or G, and the payoff
is continuous.

A much more elaborate construction is in De Meyer (1999). The starting point
is again the asymptotic expansion of v, for games with incomplete information
on one side. More precisely the dual recursive formula for 1, = /1 (v, — Voo)
leads on one hand to an heuristic second-order PDE (E) and on the other to prop-
erties of optimal strategies for both players. One shows that any regular solution
of (E) would be the limit of n,. De Meyer constructs a family of games x(z, t)
on [0, 1], endowed with a Brownian filtration where strategies for each player are
adapted stochastic processes and the payoff is defined through a stochastic inte-
gral on [0, 1]. The existence of a value W(z, ) and optimal strategies in y (z, t)
are then established. One deduces that, under optimal strategies of the players,
the state variable Z;(z, t) in x(z,t),t < s < 1, follows a stochastic differential
equation. The value being constant on such trajectories one obtains that W (z, 0)
is a solution to (E) — where the regularity remains to be proved.

Note that this approach is somehow a dual of the one used in differential games
where the initial model is in continuous time and is analyzed through discretization.
Here the game on [0, 1] is an idealization of discrete time model with a large
number of stages.

4.3 Repeated Games and Differential Games

The first example of resolution of a repeated game trough a differential game is
due to Vieille (1992). Consider a repeated game with vector payoffs described by
a function g from I x J to RX. Given a compact set C in RX let f(2) = —d(z, C)
where d is the euclidean distance and defines the n stage repeated game with
standard information G,. The sequence of payoffs is g1 = g(i1j1), -+ , g» With
average g, and the reward is f(g,).

The game was introduced by Blackwell (1956) who proved the existence of a
uniform value (in the sense of Section 1) when C is convex or K = 1. He gave
also an example of a game in R? with no uniform value.

We consider here the asymptotic approach. The value of the G, is v, =
Vn, (0, 0) where Vp, satisfies Vp, (1, z) = f(2) and:

Vi, (ks 2) = valxxy Ex y{Vi, (fk+1, 2 + Ok+1Gij)}

with X = A(l), Y = A(J). The idea is to replace the above equation by the two
equations:

Wn, (e, 2) = max inn Wn, (k+1, 2 + Oe1Gij),

+ . +
Wn, (k. 2) = ml}n m)z(;\x Wn, (i1, 2 + 01 Gij),



88 S. Sorin

hence to approximate v, by the lower and upper values of the discretization of a
differential game I played on X xY between time O and 1, with terminal payoff

f( /01 gudu) and deterministic differential dynamic given by:

dz
— =x,Gy;.
dr Xt G Ye
The main results used are, see e.g. Souganidis (1999):
1) Wy and Wlf[’n converge to some functions W~ and W™ as n goes to oo,

2) W™ is a viscosity solution on [0, 1] of the equation:

U .
o + m)?xm)}n (VU, xGy) =0, U(l,z) =g
which is condition (26) with a new limit condition,

3) this solution is unique.

A similar result for W™ and the property: maxy miny xGy = miny maxy xGy
finally imply: W~ = W™ and we denote this value by W.

Hence if W (0, 0) = 0, for any ¢ > 0 there exists N such thatif n > N Player
1 can force an outcome within ¢ of C in the lower n'" discretization T . The fact
that Player 1 can do the same in the original game where the payoff is random relies
on a uniform law of large numbers. For L large enough, playing i.i.d. the mixed
move x in the m'" block between stages m L (included) and (m + 1)L (excluded)
will generate in G,,;, an average path near the one generated by x at stage m of I';;".

Otherwise, W (0, 0) < 2§ < 0, in this case Player 2 can avoid a §-neighborhood
of C and a symmetric argument applies.

Altogether the above construction shows that any set is either weakly approach-
able (g, will be near C with high probability) or weakly excludable (g, will be
near the complement of a neighborhood C with high probability)

A second example, Laraki (2002), was described in the earlier section 3.3.

Note that in both cases the random aspect due to the use of mixed moves was
eliminated, either by taking expectation or by working with the dual game.

5 Alternative Methods and Further Results
5.1 Dynamic Programming Setup

In the framework of dynamic programming (one person stochastic game), Lehrer
and Sorin (1992) gave an example where lim;,_, v, and lim,_.o v, both exist
and differ.

They also proved that uniform convergence (on €2) of v, is equivalent to uniform
convergence of v, and then the limits are the same.

However this condition alone does not imply existence of the uniform value,
Voo, See Lehrer and Monderer (1994), Monderer and Sorin (1993).
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5.2 A Limit Game with Double Scale

Another example of a game where the play in I'), between stages #1n and fn is
approximated by the play in the limit game between time #; and #, is in Sorin
(1989). The framework is simple since there are no signals. However one cannot
work directly in continuous time because of the presence of two properties: some
moves are exceptional in the sense that they induce some change in the state and
the number of times they occur has to be taken into account; as for the other moves
only the frequency matters. The analysis is done through a “semi normalization”
of I'; by a game G . Each stage £ in L corresponds to a large block of stages in
I', and the strategies used in G, at stage ¢ are the summary of the ones used on
the block ¢ in I';, according to the above classification. One then shows that both
liminf,_, o v, and liminf,_,¢ v, are greater than lim sup; _, ,, valG and the
result follows.

One should add that these sets of reduced strategies were introduced by Mertens
and Zamir (1976b) for the uniform approach: they proved the existence of the
min max v and of the max min v and showed that they may differ. See also Water-
naux (1983).

5.3 Non-expansive Mappings and Convexity

A proof of the convergence of v, in the framework of one-sided incomplete infor-
mation repeated games; using Kohlberg and Neyman’s Theorem (result 2.1.2), was
achieved by Mertens; see Mertens, Sorin and Zamir (1994), Chapter V, Exercise 5.
Convergence of the sequence of norms | v, || implies convergence of the dual val-
ues hence of the primal values via Fenchel ’s transform. Let v be the limit. Then
the linear functional f appearing in Kohlberg and Neyman’s result is identified at
each extreme point of v and leads to v = Cavu.

5.4 Asymptotic and Uniform Approaches

There are several deep connections between the two approaches (recall Section 1),
in addition to the fact that the existence of a uniform value implies convergence of
the limiting values under very general conditions (even with private information
upon the duration) (Neyman (2003), Neyman and Sorin (2001)).

a) Under standard signaling (a; = b; = (i;, j;)) a bounded variation condition
on the discounted values, see (4), is a sufficient condition for the existence of
auniform value in stochastic games, Mertens and Neyman (1981). In addition
an optimal strategy is constructed stage after stage by computing at stage ¢
a discounted factor A, as a function of the past history of payoffs and then
playing once optimally in I, .

b) A general conjecture states that in (finitely generated) games where Player
I’s information includes Player 2’s information the equality: max min =
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lim;, oo v, = limy_, o vy holds, Sorin (1984, 1985), Mertens (1987). Some-
how Player 1 could, using an optimal strategy of Player 2 in the limit game,
define a map from histories to [0, 1]. Given the behavior of Player 2 at stage
n, this map induces a time ¢ and Player 1 plays an optimal strategy in the limit
game at this time.

Finally recent results along the uniform approach include:

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

proof of existence and characterization of max min and min max in absorbing
games with signals, Coulomb (1999, 2001),
proof of existence of max min and equality with lim,,—, o, v, and lim o v, in

recursive games with lack of information on one side, Rosenberg and Vieille
(2000), see point b) above.
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Abstract
We discuss the risk-sensitive Nash equilibrium concept in static non-
cooperative games and two-stage stochastic games of resource extraction.
Two equilibrium theorems are established for the latter class of games. Pro-
vided examples explain the meaning of risk-sensitive equilibria in games with
random moves.

1 Introduction

Mixed strategies have been widely accepted since the beginning of game theory.
When at least one player chooses a mixed strategy to play a game, then a prob-
ability distribution of the random variables being the payoffs of the players is
determined. The classical approach resulting from the von Neumann and Mor-
genstern utility theory suggests using the mathematical expectation for evaluating
different strategy profiles of the players. The expected payoff, also called in the
sequel the mean or the statistical payoff of the player, has a natural interpretation
based on the law of large numbers. If the game is repeated infinitely many times
and the players always implement a fixed mixed strategy profile, then the aver-
age payoff really received by any player converges with probability one to his/her
mean payoff. Using the standard approach one can say that there is no difference
between getting nothing for sure and winning or losing 1000 with probability 0.5.
Many people would say that in the latter case a player faces a big risk which can
easily be reflected by the variance of the outcome in this very simple game. The
so-called risk-neutral players ignore the risk. They do not calculate it in any form,
but everybody agrees that there always is a risk when pure strategies are selected
at random. A modification of the expected utilities by introducing the variance as
it is done, for example, in portfolio theory [10] is not a good idea for studying
games. An equilibrium may not exist (see Example 3.5). It seems that the most
fruitful approach is based on a more delicate criterion involving all the moments
of the random payoffs. We first describe the idea in the one-person game context
[5,16]. Let A £ 0, hereafter referred to as the risk-sensitivity factor of the decision
maker, be fixed. Define the utility function

U, (x) := sgn(A)e™. 1)
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Assume that the decision maker grades a bounded random reward X via the
expectation of U, (X). A certain equivalent of X is a number E (X, X) such that
U, (E(X, X)) = E(Uy(X)). Therefore, for a person with risk-sensitive factor A
getting the random reward X is equivalent to obtain E (A, X) for sure. From (1), it
follows that

E(\, X) = (1/2)log(E (*)). )

If A < 0, then by Jensen’s inequality E(A, X) < E(X) and a decision maker
having negative risk factor A and grading a random reward X according to the
certain equivalent E (A, X) is risk-averse. If A is close enough to zero, then from
the Taylor series expansion for log(1 + ) and e* and (2), we obtain

E, X))~ E(X)+ (A/2)V(X), 3)

where V (X) is the variance of X. The right-side of (3) is the standard utility used in
portfolio management [10], but is not good for studying games, see Example 3.5.
Clearly, E (A, X) depends on all moments of X. The utility functions of the form
(2) were first applied to control theory in [7,8]. Nowadays they have a lot of fur-
ther applications to various dynamic optimization models, portfolio management,
economic theory and stochastic control, see for example [2—4,17] and their refer-
ences. There are few publications dealing with risk-sensitive criteria in dynamic
games, see [2,9,11]. Our aim in this note is two-fold. We give a detailed descrip-
tion of a static game with risk-sensitive players and observe that the existence
of a Nash equilibrium follows easily from Glicksberg’s extension [6] of Nash’s
theorem [12]. To get some insight into the nature of the concept, we solve some
examples. In this way we can observe some interesting relations between the sta-
tistical payoffs and the variances in both the risk-sensitive and risk-neutral cases.
The players accepting von Neumann’s approach do not care about the variances,
but we wish to know the quantities which they ignore. To avoid any misunderstand-
ing, we emphasize that we do not compare the incomparable utility functions. In
both cases one can talk about the mean payoffs and the variances and may wish
to see some changes in the situation of, for example, risk-neutral players when
they become risk-averse. It seems that some results on the dependence of equilib-
ria (even in matrix games) on the risk-sensitivity factors of the players would be
desirable. Our second and more important aim is to study risk-sensitive equilibria
in a class of two-stage stochastic games of resource extraction where the players
restrict themselves to pure strategies, which is desirable in such games. However,
choosing pure strategies they determine a probability distribution of a random state
for the second stage of the game. Risk-sensitivity is a natural problem in such
games. We also solve some examples to show the meaning of the risk-sensitive
Nash equilibrium in such models.
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2 Risk-Sensitive Mixed Nash Equilibria in Static Games

Let G denote an n-person game in strategic form where the strategy space X; of
every player i is compact metric and his/her payoff function p; is continuous on
the product space ¥ := X x X3 x --- x X,. By M;, we denote the set of all
mixed strategies of player i. Put M := My x My x --- x M,.Let u € M and
v; € M;. Then (u_;, v;) denotes the strategy profile u with w; replaced by v;.
For any strategy profile © = (1, 42, ..., 4n) € M and any bounded continuous
function u : Y + R, which can be considered as a random variable, we let E* (u)
denote the expected value of u, namely:

Eu) :=/ / / WL 320 ) (X)) - - - (o).
x, Jx, X,

Clearly, the risk-neutral von Neumann—Morgenstern utility (or payoff) of player i
is pi(n) := E*(p;). Assuming that all the players are maximizers we recall that
a strategy profile u* = (uy, u3, ..., uy) is a Nash equilibrium for the game G if
and only if

pi(*) = pi(u*y, vi)

for every player i and v; € M;. If A; is the risk sensitivity factor of i, then his/her
utility is of the form

ui(p) := (1/;) log(E* [exp(%i pi)]) “

where © = (i1, 12, ... , by) € M. As already mentioned, the factors A; < O for
risk-sensitive maximizing players. The Nash equilibrium concept can be applied
to this new game, denoted in the sequel by G*. Since every A; is negative, it is
easy to see that a strategy profile u* = (uj, 13, ... , i) is a risk-sensitive Nash
equilibrium (RSNE) if and only if

P := E* [expQupi] < pi(u*;, vi) = E®="lexpipi )] (5)
for every player i and v; € M;.

Remark 2.1. At this point we wish to emphasize that any game G in strategic
form can be transformed into the form G* with the risk-sensitive utilities (4) and
from (5), we infer that an RSNE is simply a Nash equilibrium in the game with
payoff functions

pi (1) = E"[exp(hi pi))]
where u = (1, U2, ... , uy) € M andallthe players try to minimize their payoffs.

From Glicksberg’s theorem [6], we conclude the following result.
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Theorem 2.1. [fthe strategy spaces X; are compact metric, the payoff functions
pi © Y — R are continuous, and all the players are risk-sensitive, i.e., every
Xi < 0, then there exists a risk-sensitive Nash equilibrium.

We close this section by fixing the following notation. The variance of player
i’s payoff with respect to u € M is denoted by V;(u). Clearly,

Vi(w) = E*[p?l — (E*[p:])*.

3 Risk-Sensitive Nash Equilibria in Matrix Games: Examples

We consider two-person games labeled G1, ..., G4. The corresponding games
where the players are the minimizers (recall Remark 2.1) are denoted by
GT, e, GI. In all examples below, the risk-neutral Nash equilibria (or saddle
points) are denoted by (7, v/”.) i=1,...,k, j=1,...,mp) and the risk-
sensitive Nash equilibria are denoted by (u, v;‘) i=1,... ko, j=1,...,mp).
We restrict attention to extreme equilibrium points.

Remark 3.1. In the following examples some interpretations of RSNE are given
in terms of mean (statistical) payoffs and variances. The RSNE are not NE in the
games G;. (Also, it should be noted that G* may not be a zero-sum game when G
is.) The strategic stability is given in terms of the risk-sensitive utility functions.
However, looking at the means and variances we get some insight into the nature
of the RSNE concept.

Example 3.1. In G the payoff matrices for players 1 and 2 are:

-1 1 -1 3
A:10g2|:3 _3], B:log2|:1 _3i|.

We have the only risk neutral Nash equilibrium (NE for short) (u{, v{) with u{ =
vy = (0.5, 0.5). The mean (or statistical) payoffs p;(uf,v{) = 0 fori = 1,2.
The variance is the same for both players. Namely V; (u{, v7) =5 log? 2. Assume
that the risk factor A; = —1 for each player. Then the payoff matrices in the game

G are:
. [ 2 o5 . _[2 0125
4 —[0.125 8]’ 5 _[0.5 8 }

In the only RSNE (i}, v{), we have uf = vi = (0.8,0.2). The mean payoffs
pi(ny,v}) = —0.121log2 < p;(u{,v{) = Ofori = 1, 2, but the variance is lower
than before. Namely, V; (1}, v) = 2.5856 log? 2. Using (u7, vY), the players have
little lower statistical payoffs but the risk significantly goes down for both players.
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Example 3.2. The situation is somewhat different in the following game G».
The payoff matrices are:

-1 1 3 -1
A_log2|:3 _3:|, B_log2|:_3 1:|.
The only NE (uf, v{)is u{ = v{ = (0.5, 0.5), the mean payoffs are p; (u{, v{) =
0, and V;(u{,vy) = 510g2 2,fori = 1,2. Let A; = —1 for each player. The

payoff matrices in the game G7 are:

, [ 2 05 . _[o125 2
A_[O.1258’ B=1"35 os]

The RSNE (i}, v}) is as in Example 3.1. For the mean payoffs, we have

pi(ut,v) = —0.121og2 < p1(uf,vy) =0,
p2(ui, vi) = 1.321og2 > pa(uf, v{) = 0.

Next, we have Vi(u], vj) = 2.585610g2 2 as before, but Vo(uj, vj) = 5.6576 >
V2(ug, v{). This inequality is consistent with risk-sensitivity of player 2. He/she
accepts higher risk (variance) for higher mean payoff. The situation of player 1 is
as before.

Example 3.3. Consider a zero-sum game G3 where the payoff matrix for player
lis:

16 -8 9 =3
-20 4 9 3

A=loe2l s | 18 6
—11 13 —18 6
The payoff matrix of player 2 is —A. The extreme NE are: (!, v{),i =1,...,5,

where:
v? = (0,0, 0.25,0.75) M0=L(028 51, 65) u":i(7104)
! T ! 144777777 ’ 2T
o 1 o 1 o
us = %(17, 7,0,12), uy = E(ZS’ 0,3,17), un5=1(0,0,0.5,0.5).

The value of this game is zero. Hence, pi(u?, v{) = p2(u?,vy) = 0 fori =
I,...,5. AssumethatA; = —0.1fori = 1, 2. (Note that in the game G3 with pay-
off matrices A and — A both players are maximizers.) The corresponding nonzero-
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sum game G has the payoff matrices:

[0.3299 1.7411 0.5359 1.2311]
4 0.7579 0.5359 1.2311

* __

AT = 0.1768 0.933 0.2872 1.5157 |’
| 2.1435 0.4061 3.4822 0.6598
[3.0314 0.5743 1.8661 0.8123]

B — 0.25 1.3195 1.8661 0.8123

5.6569 1.0718 3.4822 0.6598
| 0.4665 2.4623 0.2872 1.5157 |

There are 2 extreme RSNE (u7, v{) and (u3, vi) with

ui = (0.5383,0,0,0.4617), p; = (0.283,0.2553,0,0.4617),
v] = (0,0, 0.1624, 0.8376).

The mean payoffs are the same, that is, p(u], v}) = 0.4048log2 fori =1, 2.
(Such a situation happens in many examples.) Also Vi (i}, vi) = 49.1905 log?2
for i = 1,2. This common variance is smaller than the variance of any risk-
neutral equilibrium (uf,v7), i = 1,...,5. Namely, we have: Vi(uf,v)) =
92.2510g?2, Vi(u3,v9) = Vi(u3, v{) = 54log?2, Vi(ug, v9) = 60.751og> 2,
and Vi (ug, v{) = 108 log2 2. The variances for player 2 are same. The mean pay-
off of player 1 corresponding to RSNE is very close to zero but negative. It seems
that player 1 statistically loses compared with his risk-neutral counterpart but the
variance is much lower than in the situation where any of the risk-neutral equilib-
rium is played.

The situation when G is zero-sum may be more complex than above.
Example 3.4. Let the payoff matrix for player 1 in the game G4 be:

1 2 3 —2 -1
~1-1-3 0 1
A=log2| 3 0 1 -2 -3
3 -1-10 3
~1 -2 -3 2 1

Clearly, —A is the payoff matrix for player 2. The value of this game is zero and
there are four extreme NE: (ug, v;’), j=1,...,4, where u; = (0.5,0,0,0,0.5)
and v; = (0.5,0,0,0,0.5), v, = (0,0.5,0,0.5,0), v3 = (0,0,0.4,0.6,0), vg =
(2/7,2/7,0,3/7,0). The variances are: Vi(u{,v{) = log2 2, Vi(ui,vy) =
410g2 2, Vi(ui,vg) = 610g2 2, Vi(ug,v)) = (22/7) log2 2. Now assume that
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A1 = A2 = —1. The corresponding nonzero-sum game G7 is:

0.5 025 0.125 4 2 7
2 2 8 1 0.5

A*=10.125 1 05 4 8 ,
8 2 2 1 0.125
2 4 8 025 05 |

- 2 4 & 025 05 7]
05 05 0125 1 2
B* = 8 1 2 0.25 0.125
0.125 0.5 05 1 8
| 0.5 025 0.125 4 2

This game has 2 extreme equilibria: (u}, vi) = (u{, v{), (u3, v3) with vy = vy
and /1,3 = (1/24)(12,7, 0, 0, 5), which make the mean payoffs zero and have the
variance log® 2. Therefore they are indifferent. Moreover, there are 2 additional
RSNE (u},v),i = 3,4, where:

1 1
£ (14,111,4,0,0), v*=—(24.12,0.19,0).
H3 = 129" ). vz = 55( )
1
£ (4278, 6363, 1092, 0, 3648),
M= 15381 )
1
v = — (6596, 1530, 0, 4080, 221).

12427
We have

pr(pk, v = —0.5243l0g2,  Vi(uk, v}) = 0.74510g>2,
pr(uivl) = —0.196310g2, Vi (i, v}) = 1.8963log> 2.

The variances for player 2 are same. It is difficult to define a relation between these
equilibria. In some sense (i3, v3) may be regarded as the best. If we define the
variability coefficient ¢; as:

VY, vi)
Ci = T
[pi (e}, vl

then c3 = 1.646259, while ¢4 = 7.01509.

We close this section with a remark concerning utilities of the form w; (i, v) =
E®Y) (p;) — Vi(u, v) for player i where 1 € My and v € M>. Such utilities also
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represent the risk-aversion of the players and are inspired by optimization tech-
niques in, for example, portfolio analysis or minimum variance control problems.
The next example shows that an equilibrium need not exist even in a simple matrix
game case.

Example 3.5. Consider the matrix:

1 -1
-
This matrix represents the values of the function p;. Assume that py = —py. Let
uw=(@a,1—a),v=(b,1—0>b),wherea € [0, 1], b € [0, 1]. Then

wi(, v) = (4a —3)(2b — 1) + 8a — 9 + (4a — 3)>(2b — 1)?
and
wap, v) = —(4a — 3)(2b — 1) 4+ 8a — 9 + (4a — 3)>(2b — 1)°.

It is easy to see that this game has no Nash equilibrium point.

4 Risk-Sensitive Nash Equilibria in Games of Resource Extraction

In this section we restrict attention to pure strategies for the players in a simple two-
stage stochastic game where randomness is connected with a transition probability
function.

An n-person nonzero-sum game of resource extraction is defined by the objects:

(i) S = [0, 1] is the state space or the set of all levels of some resource.
(ii) A;(s) = [0, a;(s)] is the set of actions available to player i in state s.
We assume that @; : S + § is an increasing continuous function such that
a; (0) = 0. The quantity q; (s) is the consumption capacity of player i in state
s € S.Foreachs € §, let

A(s) = A1(s) X Ap(s) X --- x A, (s).
Define
D:={(s,x):s€S8,x € A(s)}.
Let F; denote the set of all Borel measurable functions f; : S — § such that
fi(s) € Aj(s) forall s € S.

(iii) u; : S — [0, 00) is a bounded continuous utility or payoff function for player
i such that u; (0) = 0.
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(iv) g is a transition probability from D to S, called the law of motion among
states. If s is a state at the first stage of the game and the players select an

x = (x1,x2,...,X) € A(s), then g (-|s, x) is the probability distribution of
the second state and player i’s utility is u; (x;) (depends on his consumption
only).

Our further assumptions are:

Cl:Foreverys € S, Y '_, ai(s) <s.

C2: u; is a concave twice differentiable and increasing function.

C3: The transition probability is such that ¢ ({0}|0, 0, ... , 0) = 1, and fors > 0
is of the form

qgCls,x) = (1 — g(s(x))do(-) + gls(x)Nn(-),
where:

(a) nis aprobability measure on (0, 1] and g is the Dirac delta at the state s = 0,
(b) g(0) =0and g : S +— [0, 1]is atwice differentiable and increasing function,
(c) Foreachx = (x1,x2,...,x,) € X(s),

s(x) =5 — ix,-
i=1

and is called the joint investment of the players for the second period when
the game starts in state s.

Clearly, condition C3 says that if the game starts in s € S and the players select
an x € X(s), then the distribution ¢(-|s, x) over the next stock depends only on
s(x). Cl is a feasibility assumption.

Remark 4.1. (a) Under C3, we have
1 —g(s(x)) = q({O}]s, x),

that is, 1 — g(s(x)) is the probability that under the joint investment s (x) the next
state will be zero.
(b) A typical example of the functions g is:

gls(x)) = c(1 — ™M),

where « > 0 and ¢ > 0. One can also consider g of the form g(s(x)) =
s(x)/(a 4+ s(x)) or g(s(x)) = B(s(x)) witha > 0,8 > 0and ¢ > 0.

Fix an initial state s > 0. Let 7; = (x;, fi), xi € Ai(s), fi € F;. Putm =
(w1, m2, ... , Ty,). In the risk-neutral case the expected utility of player i is:

pi(T) = ui(xi) + /S wi (f:())a(dyls, x).
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where x = (x1, x2, ..., x,). Since u; (0) = 0, from C3, it follows that

1
pi(m) =ui(xi)+g(S(X))/Mi(ﬁ(y))77(dy)-
0

Since u; is increasing for every i, it is easily seen that in every Nash equilibrium
7 = @y, 7y, ... w)) = (], 1), &3, f5), .., (x7, f7)), we must have
fP(y) = a;(y) forevery i and y € S, that is, at the second stage every player
consumes as much as possible. Therefore, to find a Nash equilibrium in the risk-
neutral case, we put f°(y) = a;(y) for each i and y and consider the game on
A(s) with the utility w; for player i defined as:

1
w; (x) = ui(x;) +g(s(x))/ui(ai(y))7’l(dy),
0

where x = (x1,x2,...,Xx,) € A(s). We denote this game by G. When all the
players are risk-averse then we fix some negative risk factors A; and consider the
utility functions of the form:

1
pi(m) = rlog/SeXp[ki(ui(xi) +u; (fi()]gdyls, x)

where x = (x1,x2,...,%,) € A(s) and m = ((x1, 1), (52, o), - .. » (Xu, fo))-
Since u;(0) = 0, under our assumptions on g, we get

1
pi(m) = = log [GXP[kiui(xi)]/SGXP[Aiui(ﬁ(y))]]q(dyls,x)

i
= Aiilog [explaiu; (x)] (1 — g(s()) /i (fi))] -
where
Jil(fiy=1- /Sexp[kiui(ﬁ' (yDIn(dy).
It can also be easily seen that in any Nash equilibrium (if it exists)

T[* = ((-xikv f]*)v (x;7 f2*)7 sy (-x:1 fn*))v
we have f*(y) = a;(y) forevery i and y € S. Define J;* := J;(f7) = Ji(a;) and

w; (x) = explAiu; (x;)1(1 — g(s(x))J;") (6)
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where x = (x1,x2,...,x;) € A(s). Since all factors A; are negative a risk-
sensitive Nash equilibrium (RSNE) exists if and only if the noncooperative game
with payoff functions (6) has a Nash equilibrium x* assuming that all players in
this auxiliary game are minimizers.

Observe that 0 < J* < 1 for every i. Assume that g is exponential, that is,
g(s(x)) =1 —exp[—as(x)], ¢ > 0. From (6), it follows that

w; (x) == exp[Aiu; (xp)1(1 — J7) + J* explrju; (x;) — as(x)].

Then w} is convex with respect to x; and continuous on A(s), s > 0. Since
the players are minimizers in the game G* with the payoff functions w, we
conclude from Nash’s theorem [12] that G* has an equilibrium point, say x* =
(xf‘, xi", ..., X)) € A(s). From the above discussion, we infer now that 7* =
(OcFs 1) 35 150 (g, £) with f*(y) = a;(y) foreveryiand y € S, is
a RSNE. We have proved the following result:

Theorem 4.1.  Every two-stage stochastic game of resource extraction satisfying
conditions C1-C3 with the exponential function g has a RSNE point.

In general the functions w} do not satisfy the assumptions of Nash’s theorem
(w;k need not be convex in x; ), but since u; and g are functions of one variable using
(6), one can give some necessary and sufficient conditions for the existence of a
RSNE in terms of the derivatives of u; and g. Actually, we use such an approach
to solve two examples illustrating the theorem given below.

We now formulate two conditions concerning the functions u; and g:

A (O = JFg(s(x™ N+ g/ (s(x™) I =0 (N
and
22 78 (s (g (xF) — I8 (s(x™))
+ AL = TR g (s N1 () + Ailuj (x)17) > 0, ®
where s(x*) =s —x{ —...—x;,i=1,2,... ,n.

Theorem 4.2. Consider a two-stage stochastic game of resource extraction sat-
isfying conditions C1-C3. Let s > 0 be fixed initial state and

jT* = (X*ﬂ f*) = ((-xikv fl*)v (x;’ fz*)’ et (X;:, fn*))

If m* = (x*, f*) is a RSNE with x* € IntA(s), then x* is a solution to the
system of equations (7). If x* € IntA(s) satisfies both (7) and (8), then 7* is a
RSNE.

The proof of this theorem follows from the above transformation of the problem
to solving for Nash equilibria in the game G* and the form (6) of the payoff
functions in this auxiliary game. First two examples in the next section are solved
using the necessary condition (7).
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5 Games of Resource Extraction: Examples

We shall solve some two-person symmetric games in which A;(s) = [0, s/2],
ui(a) = 4a — 4a* =: u(a) fors € S,a € A;(s). We assume that the transition
probability g is of the form

q(ls,x1,x2) = (s —x1 —x2)n() + (x1 +x2 + 1 —5)80(-),

where x = (x1,x2) € A1(s) x Az(s). To find an equilibrium in both the risk-
neutral and risk-sensitive cases we can assume that on the second stage the players
implement a symmetric strategy ¢*(y) = f*(y) = y/2, y € S,i =1,2. Then

u*(y) == u(y/2) =2y —y*, yeS,

is the random payoff for each player at the second stage. This payoff and the
probability measure n will determine the utility in both the risk-neutral and risk-
sensitive cases. Assuming that at the second stage the players have to use ¢*
at any equilibrium, we conclude that in the risk-neutral case it is sufficient to
solve for pure Nash equilibria in the game G with the utility of player i of the
form:

1
w;i (x1, x2) 1= 4x; — 4x? + (s — x1 — x2) /(2y — yHn@y), 9
0

where x1, x € [0, s/2],s > 0. The value w;(x1, x2) will be called the mean or
statistical payoff of player i with the interpretation in mind based on the law of
large numbers. We also need the variance of a strategy pair (x1, x2). Note that

‘/i(xls x2) L= ‘/i[(-xlv QD*), (x27 V’*)]

1 1 2
=G-x—x? | [@y =@ - | [y
0 0
Assume now that the players are risk-sensitive and A; = —1 fori = 1, 2. To find

an equilibrium in the risk-sensitive case we can solve for Nash equilibria in the
game G* on [0, 5/2] x [0, s/2] with the payoff function for player i as follows:

1
wi(x1, x2) 1= exp[h; (4x; — 4x7)] / exp[A; 2y — yH)1q(dyls, x1, x2) (10)
0

1

= exp[dx? —4x; 1|1 — (s —x1 —x2) |1 — /eXP[y2 = 2yln(dy)
0
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and under the assumption that the players are minimizers. Denote by (x{, x7)
[(x], x3)] a Nash equilibrium in the game G [G™]. Since both games G and G*
are symmetric we shall obtain equilibria in the form (x°, x?) and (x*, x*) respec-
tively. For such equilibrium points the mean payoffs and variances are the same
for both players. Therefore, we accept the following notation:

p° = pi(x°,x%, p*i=p; " x*) and V:=V;(x° x°),
V* = Vi(x*, x®).

Now we are ready to present some results of our calculations. We assume below
that the initial state s = 1.

Example 5.1. AssumethatA; = —1, fori = 1, 2, and » has the density function
p(y) =2y, y €(0,1]. Then
1 1
/ w*(M)n(dy) = / 2y — y*)2ydy =5/6 (11)
0 0

1 1

/exp[kiu*(y)]n(dy) = /2y exp(y? — 2y)dy ~ 0.444038454. (12)
0 0

Using (9), (10), (11) and (12), we obtain the risk-neutral symmetric Nash equi-
librium (NE in short) (x?, x°) where x° = 19/48 ~ 0.3958333 and the risk-
sensitive symmetric Nash equilibrium (RSNE) (x*, x*) with x* &~ 0.424099072.
The corresponding mean payoffs and variances are p° ~ 1.130208333, V° =
1.687885802 - 1073 and p* ~ 1.103457741, V* ~ 0.896147685 - 1073. We
see that in the risk-sensitive case the variance is smaller and the mean pay-
offs are a little lower. This situation is consistent with common sense of risk-
sensitivity.

Example 5.2. We now change the measure 7 by assuming that this is the uniform
distribution on (0, 1]. Then
1 1
/ w*(Mn(dy) = / @y —yHdy = 2/3,
0 0

1 1

/eXP[/\iu*(y)]n(dy) = /eXp[y2 — 2yldy ~ 0.538079507.
0 0

By the same method as above, we obtain the symmetric NE point with x? = 5/12,
p° ~ 1.08333, and V° = 1/405 ~ 2.4691358 - 1073, Next we get the symmetric
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RSNE with x* ~~ 0.438799714, p* ~ 1.06661848, and V* ~ 1.3317244 - 1073,
The uniform distribution on (0, 1] has bigger variance than n with the density
o(y) =2y, y € §. This explains why the players using symmetric risk-sensitive
equilibrium point consume more in the first stage of the game in this example
compared with the previous one. In both examples the players consume more in the
first stage in the risk-sensitive cases compared with their risk-neutral counterparts.
Such behavior is not surprising because of the chance move before the second
consumption.

It is interesting to note that in Examples 5.1 and 5.2 there is also a RSNE with
no risk. The players consume everything in the first stage (x* = 1/2). However,
the mean payoffs associated with this equilibrium are low, i.e., p* = 1.

Example 5.3. We now assume that player 1 is risk-averse (A; = —1) while
player 2 is risk-neutral. Then (x, x3) is an equilibrium in the reduced one-stage
game (we assume that on the second stage both players apply ¢*), if and only if

wi(x],x3) < wixr,x3) and  wa(xf,x3) > wa(x], x2),

for every x1, xp € [0, 1/2]. Assume as in Example 5.1 that 1 has the density
p(y) =2y,y € (0, 1]. Then we obtain xJ = 19/48 and x} = 0.422707156 (x; =
x9, x{ > x° = 19/48 from Example 5.1). Next p;(x], x7) ~ 1.127319524 <
pl(xf, xg ) = p? (see Example 5.1) but the variance also decreases, that is,
Vi(x], x3) ~ 1.28051598 - 1073 < V°. For player 2 we have Va(xf, x3) =
Vi(x], x3) and pa(x}, x3) ~ 1.107813491 < pa(x{, x3) = p°.

Remark 5.1. The result on risk-sensitive Nash equilibria in stochastic games
of resource extraction can be extended to n-stage games by the backward induc-
tion method (as in the risk-neutral case [15]) when the function g is exponential.
Research on an infinite horizon discounted risk-sensitive games of this type is in
progress [14]. A broad discussion (with some additional references) of risk-neutral
equilibria in discounted stochastic games of capital accumulation/resource extrac-
tion can be found in [1,13,15].
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Abstract
We present a generalization of Amir’s continuous model of nonsymmetric
infinite-horizon discounted stochastic game of capital accumulation. We show
that the game has a pure-strategy equilibrium in strategies that are nondecreas-
ing and have Lipschitz property. To prove that, we use a technique based on
an approximation of continuous model by the analogous discrete one.

1 Introduction

We present a fully continuous model of stochastic game of capital accumulation.
This kind of economic game, also known as resource extraction game, introduced
by Levhari and Mirman [5] was extensively studied in literature in recent years.
The outline of results includes stationary-equilibrium-existence theorems for a
deterministic version of this game in Sundaram [10] and two variants of stochastic
game with symmetric players proposed by Majumdar and Sundaram [6] and Dutta
and Sundaram [4].

The actual progenitor of this paper is however the one by Amir [1]. He extended
the works of Dutta, Majumdar and Sundaram to the nonsymmetric case. This gen-
eralization was achieved at the expense of some additional structural assumptions
(continuity and convexity of law of motion between states, bounded spaces of play-
ers’ actions). However, this enabled the author to show some important features of
stationary equilibrium strategies, such as continuity, monotonicity and Lipschitz
property.

Recently some extensions of Amir’s model were presented in papers of Nowak
[7] and Nowak and Szajowski [9]. In their models, some of the assumptions of
Amir such as bounds on players’ action spaces were relaxed. Instead of them,
some special structure of law of motion was assumed (transition probability func-
tion being a combination of finitely many stochastic kernels depending on the
state variable only). All of these papers treated the games with continuum of
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states. (A review of other results for games with continuum of states can be found
in [8].)

In our previous paper [11], we presented a model of a stochastic game of capital
accumulation similar to that of Amir’s, but with countable state space. Under
assumptions similar to his, we have shown that optimal strategies for a discrete
model are nondecreasing and have Lipschitz property with respect to their expected
value. Moreover, in every state they are concentrated in at most two neighboring
points of the players’ action spaces. As will be shortly seen, the result obtained
there will be essential for our further considerations.

In this paper we slightly generalize Amir’s result on the continuous model,
removing “strict” from the assumptions on the model required in his paper. In the
proof we use a non-standard method of approximation of the continuous model
by the discrete one, together with adapting the result found in our previous paper
[11]. This way of solving the continuous model is certainly not easier than the
standard approach, which did not need an intermediate step in form of the dis-
crete game-model. In exchange, it does not require from a reader the knowledge
of such an advanced solution technique. Finally, the method used here gives a link
between real-life discrete economies and continuous models widely used in eco-
nomic literature, showing that at least in this model of capital-accumulation-game,
the existence of equilibrium and general features of optimal strategies for the two
models coincide.

The organization of this paper is as follows. In section 2 we present the assump-
tions of the model along with the main theorem, in section 3 we recall the result
from [11] in a version, which will be used in the proof of the main theorem, while
section 4 contains some lemmata used there. Finally, in section 5 we present the
proof itself.

2 The Model and the Main Result

The model presented in this section is a continuous counterpart of the discrete one
discussed in our previous paper [11]. It is also a slight generalization of the model
of Amir [1]. We shall show, that our earlier results obtained for the discrete model
can be directly used to prove the existence of a pure stationary Nash equilibrium
in its continuous version.

The situation we consider is the following: Two players jointly own a produc-
tive asset characterized by some stochastic input—output technology. At each of
infinitely many periods of the game, they decide independently and simultane-
ously, what part of the available stock should be utilized for consumption and
what part for investment. The objective of each player is to maximize discounted
sum of utilities from his own consumption over an infinite horizon. The play-
ers have different utility functions, discount factors and one-period consumption
capacities. The model, given in the form of a nonzero-sum two-person stochastic
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game (in the sequel denoted by G), is described with the help of four items as
follows:

1. The state space for the game is the interval [0, c0).

2. The sets of actions available to players 1 and 2 in state x € [0, co) are intervals
[0, K1(x)] and [0, K2 (x)] respectively, where K;(x) is player i’s one-period
consumption capacity, as a function of available stock x.

3. Player i’s payoff is given by

o
EY " Blui(e)),
=0

where cf is his action in period ¢, u; his utility function and 8; € [0, 1) his
discount factor. The expectation here is taken over the induced probability
measure on all histories.

4. The transition law is described by

1 2
Xi+1 ™~ ¢ (-IXz —¢ —cl>.

A general strategy for player 1 in game G is a sequence w = (7q, 72, ... ), where
7, is a conditional probability 7, (-|4,) on the set Al = Uxe[o’oo) [0, Ki(x)] of
his possible actions, depending on all the histories of the game up to its n-th stage
hy = (x1, el el o xnmte) e, xp), such that 7, ([0, Ky (x,)1lh,) = 1.
The class of all strategies for player 1 is denoted by IT'.

Let F! be the set of all transition probabilities f : [0, c0) — P(AY) such
that f(x)(-) € P([0, K1(x)]) for each x € [0, o0). (Here and in the sequel P(S)
denotes the set of all probability measures on S.) Then a strategy of the form = =
(f, f....), where f € F! will be called stationary and identified with f. We will
interpret f as a strategy for player 1 that prescribes him to take, at any moment ¢,
action ct1 being arealization of f(x), provided x is a state at that moment. Similarly,
we define the set I1? (F?) of all strategies (stationary strategies) for player 2. A
strategy w = (my, 7o, ... ) is called pure if each conditional probability 7, (-|h;)
is concentrated at exactly one point. So, in any pure strategy = = (7q, 72, ...)
for player i, each m, is in fact a function that transforms any history of form
hp = (x1, ¢}, c2, ..., xp) to the set [0, K; (x,)].

Let H = [0, 00) X Al x A% x [0, o0) x - - - be the space of all infinite histories
of the game. For every initial state xo = x € [0, o0) and all strategies = € IT'
and y € TT? we define (with the help of Ionescu-Tulcea’s theorem) the unique
probability measure Py ” defined on subsets of H consisting of histories starting at
x. Then, for each initial state x € [0, 00), any strategies m € 1! and y € I12 and
the discount factor B; € (0, 1) the expected discounted reward for the player i is

Ji(x, T, Y) = E;Ty |:Z ﬂ’u,-(cf):| .
=0
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A pair of (stationary) strategies (£, f2)is called the (stationary) Nash equilibrium
for the discounted stochastic game, iff for every w € 1!, € [1? and x € [0, c0)
we have:

T, LA = 0o m, A and P L D = PP L ).

The functions V!, and V2, are called the players’ value functions for optimally
responding to f, and f] respectively (sometimes we will call them simply “value
functions corresponding to (f1, f2)”.)

The assumptions we require about the model are slightly weaker in comparison
with the ones given in Amir’s paper [1]. Namely, we assume that utility functions
u;, transition probability g and consumption-capacity functions K; satisfy the
following:

(B1) u; : [0, 00) — [0, 00) is a nondecreasing concave function.

(B2) ¢ is a transition probability from [0, co) to itself. Let F'(-|y) denote the
cumulative distribution function associated with ¢(-|y) (i.e. for x > 0
F(xly) = q([0, x]]y)). We assume that:

(a) For each x > 0, F(x|-) is a nonincreasing function (F is first-order
stochastically increasing in y.)

(b) For each x > 0, F(x|-) is a continuous convex function on [0, 00).

(c) F(0]0) = 1.

(B3) Fori = 1, 2, the function K (-) is nondecreasing, uniformly bounded above
by some constant C; € [0, 00), and satisfies K;(0) = 0,

Ki(x1) — K;i(x2) <1
X] — X2 o

and K1(x) + Ka(x) < x forall x > 0.

. Vxi,x2 €[0,00), x1 # x2

Before the formulation of the main result, we need to define the effective pure
strategy and value-function spaces.

LCM; = |f [0, 00) = [0, G;]: f(x) < Ki(x) forall x > 0 and

0< M < 1 for all distinct x1, x2 € [0, OO)} .
X1 — X2

ui (Ci)

-8’

CM; = {v : [0, 00) — [0, 00) such that v <

v is continuous on (0, co) and nondecreasing on [0, oo)} .

Theorem 2.1. The game G has a pure stationary Nash equilibrium which is an
element of LC M1 x LC M,. Moreover, corresponding value functions (Vi, V,) €
CM; x CM,.
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Remark 2.1. Theorem 2.1 expresses the result obtained by Amir [1], but under
weaker assumptions. He needed to assume additionally strict concavity of the
functions u; in (B1) and strict monotonicity of the functions u;, F'(-|y) and K; in
(B1)—(B3). It has not been necessary as our result shows.

3 Discrete Counterparts of Game G

Our considerations of the game G are fundamentally related to a sequence {Gg , =
1,2, ...} of discrete counterparts of G defined in the following way:

e The state space for the game Gg is the set

1 2
Snz 0,2—n,2—n,... .

e The action space for player i, i = 1,2 in state x € S, is the set
1
Aip(x) =10, 2_"’ s King

where one-period consumption capacities K;, are defined by the formula:

[2"Ki(x)]

Kin(x) = o

e The utility function for player i, u?”
ui([2"x]/2") forall x € §,,.

e The law of motion between states is the same as in G, but with differ-
ent cumulative distribution function, described by the formula: F,? xly) =
F([2"x]/2™|2"y]/2") for all x € [0, 00),y € S,.

is defined as follows: u?n(x) =

The result about games Gg that we shall apply in our proof of theorem 2.1, will
make use of the following definitions. The effective strategy space for player i is
the space of strategies whose support in every state is concentrated in two adjoining
points of his action space, satisfying Lipschitz property and nondecreasing in their
expected value:

1

LTM;, = {f:S,,—) P<{O,2—n,... ,Cin}>: forallx € S,

1
f(x) = aydlax] + (1 —ay)d |:ax + 2_ni| for some 0 < o, <1
anda, € S;, 0 <ay, < Kin(x),

0 < E(f(x1) — E(f(x2))

X1 — X2

and

< 1 for all distinct x, x2 € Sn} ,
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where C;, = [2"C;|/2?, 8[a] denotes the probability measure with total mass
concentrated in point a, while for x € N and for all f, f(x) means a random
variable with distribution described by f(x).

The corresponding space of value functions in the game Gg for player i using
strategies in LT M;, will be:

u; (Cin)

Min={v:Sn—>[O,oo)suchthatOgvf1 5
- Bi

and v is nondecreasing}.

One can easily see that the model of each game G?l coincides with the game G
studied in [11] and that they satisfy the same assumptions, regarding the inessential
difference that the state space in Gg is S, instead of {0, 1,2, ...} considered
for G in [11] (and consequently players’ action spaces are rescaled in the same
way). Therefore, we may rewrite Theorem 2.1 from that paper in the following
form.

Theorem 3.1. For every n the game Gg has a stationary equilibrium which is
an element of LT M1,, X LT Mo,,. Furthermore, the corresponding value functions
(V2 VD) € My, x Moy,

4 Helpful Lemmata

The proof of Theorem 2.1 will be based on approximation of the game G by games
G, that can be solved with the help of the equilibrium—existence theorem for the
discrete model presented in the previous section. It will be convenient to proceed
to it through four lemmata. We start, however with the following definition of the
auxiliary games G,,n = 1,2, ...:

e The state and action spaces in the game G, are the same as in G.

e The utility function u} for player i is defined by the formula: uf(x) =
u; (|2"x|/2") for all x € [0, 00).

e The law of motion between states is the same as in G, but with different
cumulative distribution function: F,(x|y) = F(|[2"x]/2"||2"y]/2") for all
x,y € [0, 00).

Lemma 4.1. Foreachn € Nthe game G, has a stationary equilibrium (f1,,, fon)
such that fori = 1,2 and x > 0, fi, is totally concentrated in at most two
adjoining points of the set [0, K;(x)] N S, and satisfies the inequality

0<Ef (x+2in>_E};,<x>§zin ()

for x > 0. The corresponding value functions (Vi,, Va,) for (fin, fan) are con-
tinuous from the right, uniformly bounded (with respect to n) by u1(C1)/(1 — B1)
and u(C2) /(1 — Ba) respectively, and nondecreasing.
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Proof. Fix n € N. Theorem 3.1 guarantees the existence of a stationary equilib-
rium, say ( flon, fzon) in LTMy, x LT M>, in game G?l with corresponding value
functions Vlon € My, Vzon € M,,. It follows from definition of LT M;, that for

k> 0:
0 0 .
OSEfm( on )_Efin<2n>52n’ l=1’2'

On the other hand the definition of M;, implies that functions Vl%, i = 1,2 are
nondecreasing and bounded by u; (C;)/(1 — B;) (notice that C;,, < C;).
Hence, a simple analysis of the definition of game G, shows that the pair

(fin, f2n) defined on [0, co) by

ﬁn(x)=.i2<m—xJ>, i=1,2

27!

is a stationary equilibrium in G,, satisfying the hypothesis of the lemma. One can
easily see that the corresponding value functions (Vy,, Va,,) for (f1,, fon) are of

the form
12"x] :
m(x)=vi91< ) =12

and they are uniformly bounded by u;(C;)/(1 — B;) with respect to n, nonde-
creasing and obviously continuous from the right. a

For the rest of the paper let f1,, fon, Vin and Vo, denote any strategies and
value functions satisfying Lemma 4.1. In Lemma 4.3, we give another important
property of value functions Vy,, Va,.

Lemma 4.2. [fu; is discontinuous in 0, then for every x > 0, j’i (x) # 0 with
probability 1 for sufficiently large n.

Proof. Suppose by contradiction, that for some x > 0 and every n fi,(x) =
o, (x)8[0] + (1 — ap(x))8 [1/2”] with «; > 0. Then the payoff in game G,, for
player 1 using strategy o = (8[0], fin, fin, -..) in state x cannot be smaller than
his payoff, when he uses strategy 71, = (8 [1/2"] s fins fins - - ) In the latter
part of the proof we will show that this is not the case for large enough .

The payoff for player 1 using strategy m( against f>, of player 2 is given by the
formula

E [uln(o) + 1 / Vin(x') d Fy(x]x — E(X))} ,

while the payoff for player 1 using strategy w1, is given by

1 1 ~
E |:u1n (27) + B / Vln(x/)an (xllx - E - on(x))] .
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Using integration by parts we can deduce as follows:

1 ~ —_~
ﬂlE[ / Vin(x) dF, (x’|x - fzn(x)) - / Vin (&) d Fy (' x — fzn<x>>]'

~ 1 —~
BLE |:Vln(0) (Fn(olx — fan(x)) = Fy (O|x - 2_n - f2n(x)>>

1 ~ —~
_ / (Fn (x’|x - f2n<x)) — F(x — f2n(x))> dvm}

F, <y|x —~ zi —~ fi(x))

52,31E[ sup  Viu(y) sup
y€[0,00) y€[0,00)
2B1u1(Cr)

- sup

sup Fu(ylt)
L= B1 ye[0,00) 1€]0,00)

— Fy(lx — fan(x)) H <
1 2B1u1(C

— F, <y|t+—n>’§M sup  sup 'F(W)
2 L= 81 ye[0,00) 1€[0,00)
2

— F y|l+2—n .

This is, by convexity of F, no greater than

3) _ 2B (Ch) (1 _F (0
2’1

2
1—p o))
which converges to zero as n goes to infinity.
On the other hand, by the discontinuity assumption, there exists an ¢ > 0 such
that u1,(1/2") — u1,(0) > ¢ for all n and thereby for n large enough

1 1 _~
E |:<u]n (2_n> + B1 / Vln(x/)an (x’|x - 2_n - f2n(x)))

- (uln(o) + B / Vln(x/)an(qu - El(x))>:| >

2 C
P ‘F(y|0)F (y
1- ,31 y€e[0,00)

€
2 b
which yields a contradiction. O

Lemmad4.3. Fori=1,2,

1
sup |:Vm <)C + 2_n> - Vin(x):| — oo 0.
x€(0,00)
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Proof. Fix x > 0 and leti = 1. Vy, satisfies the equation:
Vin(x) = E [um(f;(x» + B / Vin(x) d Fy (x'|x = fia(x) — fz?(x))}

and therefore

1 ~ 1 —
Vin ( 2n> Vin(x) = |:’/lln (fln (X + 2_n>> - uln(fln(x))i|
) ) 1~ 1 1
+/31E[/V1n(x)an (x X+ 5 = fin (x ) f2n< 2n>)
- / Vin(x) d Fy (X [x — fin(x) — J%(x))] :

By Lemma 4.1, for j = 1,2, fj, (x + %) and f},(x) are probability measures
totally concentrated in at most two points of the set S,,. Hence, because of (1), the
inequality

1 .
f/n (x+ > f/n(x) = o Jj=12, 2
holds with probability 1.

Now, by Lemma 4.2 whenever u is discontinuous in 0, fln(x) > 1/2" with
probability 1 for large enough n. Thereby in this case, we can conclude that for

such an n
2
sup y+ = o
ye[z%soo)

1
‘ |:bt1n (fln ( 2n>> - uln(fln(x)):|
3
_uln()’):| < sup [ (y+ n) —ul(y)]
ve(0,00) 2

by the construction of game G,,. On the other hand, if #; is continuous in 0, then
similarly

1
‘ [uln (fln ( 2")) - uln(fln(x)):H
2 3
= sup [” ()’+2n)_uln(y):| < sup |: (y'i‘z")—ul(y)]-
y€(0,00) y€(0,00)

But, the concavity of u implies that

i () )= () )
ye(ogo) YT ou 1= 5, 1 )

which converges to zero as n increases to infinity.
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On the other hand, using integration by parts, we can deduce

,31E|:/ Vln(x/)an <x/|x+2in_f\lln<x ! ) on( Zln)>

:81E|:V1n(0)

- [ Vin () dFy (x'|x — fin(x) — E(x))]‘ =
~ ~ 1 ~ 1

(Fn<0|x — fin(®) = fon (X)) — Fy <0|x + 5 = fin <x + 2—)
~ 1 F, 1

B f%(”z—n)))‘/( (x g f”( z—n>
~ 1 ~ ~

_f2n (x + 2_n>> — Fn(x/|x - f]n(x) - f2n(x))) dVln:|

F, | !
< X + fln( 2_n)

~ 1 ~ ~
—Jfon (x + 2_n>> — Fu(ylx — fin(x) — fan(x)) H

52,3115[ sup Vix(y) sup
v€([0,00) v€l[0,00)

Using (2) we easily get that

1~ 1 ~ 1 g
(x + o - fin (x + 27) — fon <x + §>> —(x = fin(x) — fn )| <

with probability 1. Hence, with the help of Lemma 4.1,

(e k(o)A 2)

— Fy(ylx = fin(x) — E(x))H

5
2n

E[ sup Viu(y) sup
y€([0,00) v€([0,00)

u1(Cy)
<——> sup sup
1 = B1 ye0,00) 1€[0,00)

5
Fy (ylt + 2—,,) — F,(ylt)

C 6
<3 €D p sup ‘F(y|r+—)—F(y|r> :
= Bl ye[0,00) 1€[0,00) 2"

which, by convexity of F, is no greater than

T () roo] G (- (o)
1—/31}6[000) F(y10) 5 5 ) )

But this converges to zero as n increases to infinity, ending the proof. O
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Lemma4.4. Let x € R. Let {d,} and {e,} be two sequences of real numbers
satisfying for all n, 0 < d, + e, < x, such that d,, — do and e, — eo. Then the
sequence of distributions F,(x") = F,(x'|x — d, — e,) is weakly convergent to
F(x') = F(x'|x — dy — ep).

Proof. First, notice that the functions F,, are defined in such a way, that

1 1
F(x’—z—n|x—dn—en> 5F,,(x/|x—dn—e,,)§F<x/|x—dn—en—2—n)

for all nonnegative x and x’ and natural n (here we put x — d,, — e, — (1/2") =0,
if this value is negative). Therefore, to show that Fn = F it suffices to prove the
statement: for any yp € R, if F(x|yg) is continuous in x = xq then F(x|y) is
continuous in (x, y) = (X, Y0)-

We will consider two cases.
Case 1. yp > 0: Suppose by contradiction that F'(x|y) is discontinuous in (xg, yo)
although F (x|yo) is continuous in x¢. In other words, there exist sequences {x, }°° |
and {y,}>2; such that (x,, y») — (x0,yo) and |F (x,|y,) — F(xolyo)| > & for
n=1,2,...,and some ¢ > 0.

Since F'(x|yp) is continuous in xg, there exists an N € N such that

|F(xnly0) — F(x0lyo)| < &/2, forall n>N.
However, we assume that
& < |F(xnlyn) — F(xolyo)| = [F(xn|yo) — F(xolyo)| + [F(xplyn) — F(xalyo)l,
whence | F (x,|yn) — F(xn|yo)| > % forn > N.

On the other hand, for every § > 0 there exists an Ms > N such that max{|y, —
yol, |xn — x0|} < & for all n > Mj. Hence,

F — F
[FGnlyn) = Falyoll & i 0> uy
|yn - y0| 28

However, by (a) and (b) of assumption (B2), F(x|y) is convex nonincreasing in y
and thereby for any fixed n > M

|FCanly) = FCalyol &
ly = yol 25

for any y < min{yp, y,}. This means that for small enough §

|F(xply) — F(xnlyo)|l > (¢/28)|y — yol > 1,

which is a contradiction.
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Case 2. yo = 0: As in Case 1, suppose by contradiction that there exist sequences
{xn };.,021 and {)’n}zo | such that (x,, y») — (xo0, yo) and

|F (xXnlyn) — F(xolyo)| > &, 3)
forn=1,2,...,and some ¢ > 0.
Since
F(xolyo) = F(x9l0) =1 forall x>0, 4
(3) can be rewritten as
F(xnlyn) =1 —e. )

Obviously (4) implies also that (5) can be satisfied only if y,, > 0,forn = 1,2, ....
Now, note that, since F'(x|y) is nondecreasing in x, whenever there exist some
xn > xo satisfying (5) for some y,, then also every x, < x satisfies (5) for y,.
Therefore, we may assume without loss of generality that x; < x» < x3 < ... <
X0.
Fix ng € N. Since y, - yo =0and y, > Oforn = 1,2, ..., the continuity of
F(xp,|-) implies that there exists an ny > ng such that

F(xnglyn,) > 1 —(g/2).
On the other hand (5) implies that
F(xplyn) =1 —e <1—1(e/2) < F(Xpylyn,)

which is a contradiction, because F(:|y,,) is nondecreasing. O

5 Proof of Theorem 2.1

Standard dynamic programming arguments imply that for all » € N and all x €
[0, 0o) the following equation holds:

Vin(x) = E [uln(m)c)) + B f Vin(x) d Fy(x'|x — fin(x) — f;(x))}

(6)
=  max E[u1n<c)+ﬂ1 / vln(x’)an<x’|x—c—E(x))].
ce[0,K(x)]
The functions Vi, (n = 1,2,...) are uniformly bounded so we can use the

diagonal method to show that there exist a function Vi on Sy, = U;’le S, and a
subsequence Vj,, convergent to V| on Ss. By Lemma 4.1, V; is nondecreasing
and bounded by u1(C1)/(1 — B1). Additionally by Lemma 4.3, V| is continuous
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on Ss. Therefore, since Sy is dense in [0, co) and all of the functions Vi,
are nondecreasing, we can obtain convergence in all of the points of [0, co0) by
putting Vi (x) = limy_, .+ yes.. Vi(x'). Of course, Vi of this form is continuous
on [0, 00), and thereby V| € CM;. Without loss of generality we may assume
that Vi, — Vi. In an analogous way, V, € CM> is defined, and pointwise
convergence Vo, — V> on [0, co) may be assumed.

Now, recall from Lemma 4.1 that for all x > 0 and for i = 1, 2, the stra-
tegy fin(x) is concentrated in at most two adjoining points of the bounded set
[0, K; (x)]N E’L . Hence;gne may use similiar arguments to show that there exist sub-
sequences fip, and f2,, convergent pointwise to f1 € LCM; and f> € LCM>
with probability 1. In this case we can also assume that fi, — f1 and f2, — f>.

The theorem will be proved if we show that for x € [0, co)

Vi(x) = u1(f1(x)) + B / Vi) dF(x'|x — fi(x) = fo(x)) )

= max [u1(6)+ﬁ1/Vl(x/)dF(x/lx—C—fz(x))],

ce[0,K(x)]

and the analogous optimality equation for player 2:

Va(x) = ua(f2(x)) + B1 / Va(x)dF (x'|x — fi(x) = f2(x))

=  max ]|:M2(C)+,51/VZ(X/)dF(x/PC_fl(x)_c):|-

c€[0,K>(x)

In the following, we shall restrict our attention to the first of these equations. (The
other one is proved in the same way.)

We alread}Lknow that the LHS of (6) converges to the LHS of (7). Ogviously
also Efu1,(f1n(x))] = u1(f1(x)) for x > 0 as n goes to infinity, since f1, — fi
with probability 1 and (by construction) u1, — uj on [0, 00).

As we have already noticed, V] is continuous on (0, c0). Hence, since all the
functions Vp, are nondecreasing, by Polya’s theorem (see e.g. [2], p. 173) the
convergence of V, is uniform on every closed interval of (0, oo). Therefore, for
every ¢ > 0 there exist My, M> € (0, 00), such that

BIE [ / Vin(x) dFy(x'|x — fin(x) — E(x))}

- B / Vi) dF (x'[x — fi(x) = f2(x))

=<

M - —
BLE [/M Vin(x') d Fy (x'1x — fin(x) — f2n(x)):|

4eu1(Cr)

M,
~ B / Vi) dF(x'x = filx) - fz(x))‘ e

M,
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+B1[E[VIOFOlx — f1(x) = f2(x)) = Via(0)F (Olx — fin(x)

—fanx)]| < B sup ]|v1n(x)—vl(x>|

xe[My, M,

M - —
+ ﬂ1E|:f Vi(x) dFy(x'|x = fia(x) = fan(x))

M,

- / Vi) dF (x| = fi(x) = fz(X))]‘ " iul—(l)
" — B
ui(0) N _
+ B - A |[FOlx — fi(x) — f2(x)) — FOlx — fia(x) — fan(x))].
(In the last inequality we use the fact that for n > 1, V1,(0) = V1(0) = u(0) +
Brui(0) + BFui(0) + ... =u1(0)/(1 — B1), as a consequence of assumption (c)

of (B2).) But using Lemma 4.4 one may easily see that the RHS of the above
inequality converges to zero as n — o0.

We are left with showing that the maximand in (6) converges to the one in (7).
Suppose the contrary, i.e., that for some x € [0, co) there exists a ¢ € [0, K1(x)]
such that

Vi) < @) + B / Vi) dF( = ¢ — fx).

However, since the convergence of V1, is uniform on every closed subset of (0, 00),

and thereby Vi, (x,) — Vi(x) for every sequence {x,,}g": | of points from (0, 0o)

convergent to some x € (0, 0o) (note that the weak convergence assumption is
satisfied due to Lemma 4.4), we may use Theorem 5.5 in [3] to get

() + B / Vi) dF (= ¢ — f(x))
= lim E [uw) + B / Vin () dFy (x| — ¢ — fz?(x))}

< nli)HéOE I:Mln(ﬁ/n(x)) + By f Vin(x) an(x/|x — ﬁz(x) - ];;n(x))il
= nli)n’olo Vin(x) = Vi (x),

which is a contradiction.
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Abstract

We use in this paper the viability/capturability approach for studying the
problem of characterizing the dynamic core of a dynamic cooperative game
defined in a characteristic function form. In order to allow coalitions to evolve,
we embed them in the set of fuzzy coalitions. Hence, we define the dynamic
core as a set-valued map associating with each fuzzy coalition and each time
the set of allotments is such that their payoffs at that time to the fuzzy coalition
are larger than or equal to the one assigned by the characteristic function of
the game. We shall characterize this core through the (generalized) derivatives
of a valuation function associated with the game. We shall provide its explicit
formula, characterize its epigraph as a viable-capture basin of the epigraph of
the characteristic function of the fuzzy dynamical cooperative game, use the
tangential properties of such basins for proving that the valuation function is a
solution to a Hamilton—Jacobi-Isaacs partial differential equation and use this
function and its derivatives for characterizing the dynamic core.

1 Introduction

This paper takes up on a recent line of research, dynamic cooperative game
theory, opened by Leon Petrosjan (see for instance [57, Petrosjan] and [58, Pet-
rosjan & Zenkevitch]), Alain Haurie ([50, Haurie]), Jerzy Filar and others. We
quote the first lines of [42, Filar & Petrosjan]: “Bulk of the literature dealing
with cooperative games (in characteristic function form) do not address issues
related to the evolution of a solution concept over time. However, most conflict
situations are not “one shot” games but continue over some time horizon which
may be limited a priori by the game rules, or terminate when some specified
conditions are attained.” This paper, however, deals also with the evolution of
coalitions.

1.1 Fuzzy Coalitions and their Evolution

For that purpose, since cooperative games deal with the behavior of coalitions
of players, the first definition of a coalition which comes to mind being that of
a subset of players A C N is not adequate for tackling dynamical models of
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evolution of coalitions since the 2" coalitions range over a finite set, preventing us
from using analytical techniques. One way to overcome this difficulty is to embed
the family of subsets of a (discrete) set N of n players to the space R" through
the map x associating with any coalition A € P(N) its characteristic function'
xa €{0,1}" C R"™.

By definition, the family of fuzzy sets” is the convex hull [0, 1]* of the power
set {0, 1}" in R". Therefore, we can write any fuzzy set in the form

x = Z maxa Where my > 0& Z my = 1.
AeP(N) A€eP(N)

The memberships are then equal to

YieN,x; = ZmA.
A>i

Consequently, if m 4 is regarded as the probability for the set A to be formed, the
membership of the player i to the fuzzy set x is the sum of the probabilities of the
coalitions to which player i belongs. Player i participates fully in x if x; = 1, does
not participate at all if x; = 0 and participates in a fuzzy way if x; €]0, 1[.

Actually, this idea of using fuzzy coalitions has already been used in the frame-
work of cooperative games with and without side-payments described by a
characteristic function® u assigning to each fuzzy coalition x € [0, 1]* a lower
bound u(x) to gains or payoffs y := (p, x) associated with an allotment p € R
(see [3,4, Aubin], [2, Aubin, Chapter 12], [7, Aubin, Chapter 13], the books [54,
Mares] and [55, Mishizaki & Sokawa], and [27-29, Basile], [26, Basile, De Simone
& Graziano], [1, Allouch & Florenzano], [43, Florenzano]). Fuzzy coalitions have
been used in dynamical models of cooperative games in [16, Aubin & Cellina,
Chapter 4], economic theory in [11, Aubin, Chapter 5] and in [14, Aubin].

For instance, it has been shown that in the framework of static cooperative
games with side payments involving fuzzy coalitions, the concepts of Shapley

'This canonical embedding is more adapted to the nature of the power set P(N) than
the universal embedding of a discrete set M of m elements to R” by the Dirac measure
associating with any j € M the jth element of the canonical basis of R”. The convex hull
of the image of M by this embedding is the probability simplex of R™. Hence fuzzy sets
offer a “dedicated convexification” procedure of the discrete power set M := P(N) instead
of the universal convexification procedure of frequencies, probabilities, mixed strategies
derived from its embedding in R” = R?".

2This concept of fuzzy set was introduced in 1965 by L. A. Zadeh. Since then, it has
been wildly successful, even in many areas outside mathematics!. Lately, we found in “La
lutte finale”, Michel Lafon (1994), p. 69 by A. Bercoff the following quotation of the late
Frangois Mitterand, president of the French Republic (1981-1995): “Aujourd’hui, nous
nageons dans la poésie pure des sous ensembles flous” ... (Today, we swim in the pure
poetry of fuzzy subsets)!

3Not to be confused with characteristic functions of sets!
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value and core coincide with the (generalized) gradient4 ou(xy) of the “charac-
teristic function” u : [0, 11" — Ry at the “grand coalition” xy = (1,...,1),
the characteristic function of N :={1,2, ... ,n}.

For instance, when the characteristic function of the static cooperative game
u is concave, positively homogeneous and continuous on the interior of R’ , one
checks? that the generalized gradient du(xy) is not empty and coincides with the
subset of allotments p := (py, ..., ps) € R’ accepted by all fuzzy coalitions in
the sense that

Vx € [0, 11", (p.x) = ) pixi = u(), (1)

i=1

and that, for the grand coalition xy := (1, ..., 1),

(p,xn) = Zpi =u(xy).

i=1
1.2 Fuzzy Dynamic Cooperative Games

In a dynamical context, (fuzzy) coalitions evolve, so that static conditions (1)
should be replaced by conditions® stating that for any evolution ¢ > x(z) of fuzzy
coalitions, the payoff y(t) := (p(t), x(¢)) should be larger than or equal to u(x(z))
according (at least) to one of the three following rules:

(a) ataprescribed final time T of the end of the game:

Y(T) =) pi(M)xi(T) = u(x(T)):;

i=1

(b) during the whole time span of the game:

Vi €10, T1, y(1) :=) pi(Dxi () = u(x(0));

i=1

(c) at the first winning time t* € [0, T] when

Ya*) =) pi)xi () = ux(*));

i=1
at which time the game stops.

“The differences between these concepts for usual games is explained by the different ways
one “fuzzyfies” a characteristic function defined on the set of usual coalitions. See [3,4,
Aubin], [2, Aubin, Chapter 12] and [7, Aubin, Chapter 13].

3See [3,4, Aubin], [2, Aubin, Chapter 12] and [7, Aubin, Chapter 13].

®Naturally, the privileged role played by the grand coalition in the static case must be
abandoned, since the coalitions evolve, so that the grand coalition eventually loses its status.
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Summarizing, the above conditions require to find — for each of the above three
rules of the game — an evolution of an allotment p(¢) € R" such that, for all
evolutions of fuzzy coalitions x(¢) € [0, 1]" starting at x, the corresponding
rule of the game:

iy Y pi(T)xi(T) > u(x(T)),
ii) Viel[0,T1, Y pi)xi(t) = u(x()), )
iii) 3t* € [0, T]such that Y7 p; (t%)x; (%) > u(x(t*)),

must be satisfied.

Therefore, for each one of the above three rules of the game (2), a concept of
dynamical core should provide a set-valued map I : Ry x [0, 1]* ~ R" associ-
ating with each time 7 and any fuzzy coalition x aset I'(¢, x) of allotments p € R’}
such that, taking p(¢) € I'(T — ¢, x(t)), and in particular, p(0) € I'(T, x(0)), the
condition chosen above is satisfied. This is the purpose of this paper.

Naturally, this makes sense only once the dynamics of the coalitions and of the
allotments are given. We shall assume that

(a) the evolution of coalitions x(¢) € R" is governed by differential inclusions,

x'(t) = fx(t),v(t)), wherev(r) € Q(x(t)),

where v(¢) are perturbations,
(b) static constraints

Vx €[0, 11", p € P(x) C R,

and dynamic constraints on the velocities of the allotments p(f) € R’; of
the form,

(P, x(1)) = —m(x(®), pt), v {p®), x(1)),

stating that the cost ( ., x) of the instantaneous change of allotment of a
coalition is proportional to it by a discount factor m(x, p),

(c) from which we deduce the velocity y'(¢) = (p(t), f(x(£), v())) — m(x(¢),
p(2))y(t) of the payoff y(¢) := (p(t), x(¢)) of the fuzzy coalition x (¢).

The evolution of the fuzzy coalitions is thus parameterized by allotments and
perturbations, i.e., is governed by a dynamic game:

D X)) = fx@),v@),
i) y'(t) = (p@), f(x(),v()) —mx (), p(t)y(), 3
iii) where p(t) € P(x(¢)) & v(t) € Q(x(1)).
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A feedback p is a selection of the set-valued map P in the sense that for any
x € [0, 11", p(x) € P(x). We thus associate with any feedback p the set C5(x) of
triples (x(-), y(-), v(-)) solutions to

0 x'(t)= fx(@),v@),
i) Yt = (px@), f(x(®),v(®)) — y@O)mx(@), px(®),v(®), @)
where v(t) € Q(x(1)),

1.3 Characterization of the Dynamical Core

We shall characterize the dynamical core of the fuzzy dynamical cooperative game
in terms of the derivatives of a valuation function that we now define.

For each rule of the game (2), the set V* of initial conditions (7, x, y) such
that there exists a feedback x — p(x) € P(x) such that, for all perturbations
t € [0,T] — v() € Q(x(t)), for all solutions to system (4) of differential
equations satisfying x(0) = x, y(0) = y, the corresponding condition (2) is
satisfied, is called the guaranteed valuation set’.

Knowing it, we deduce the valuation function

VAT, x) = inf{y|(T, x,y) € V}

providing the cheapest initial payoff allowing to satisfy the viability/capturability
conditions (2). It satisfies the initial condition:

VEO, x) := u(x).

In each of the three cases, we shall compute explicitly the valuation functions as
infsup of underlying criteria we shall uncover. For that purpose, we associate with
the characteristic function u : [0, 1]” + R U {+o00} of the dynamical cooperative
game the functional

Tu(t: (x(), v()): P () 1= el ME@- P06 sy (x (4

oo -
_/(; ol M. FEE) Vs (5 (1)) F(x(r), v(T)))d.

We shall associate with it and with each of the three rules of the game the three
corresponding valuation functions®:

7One can also define the conditional valuation set V* of initial conditions (7, x, y) such
that for all perturbations v, there exists an evolution of the allotment p(-) such that viabi-
lity/capturability conditions (2) are satisfied. We omit this study for the sake of brevity,
since it is parallel to the one of guaranteed valuation sets.

8The notations (0, u), (u, Uy,), (0, u) will be explained later.



134 J.-P. Aubin

(a) Prescribed end rule: We obtain

Vi) (T %) := _ inf sup  Ja(T; (x(), () P (5)
’ POIEPE) (x(),0()eCh(x)

(b) Time span rule: We obtain

i .
|% (T,x):= _ inf sup sup Ju(t; (x(-), v(-)); P)(x);
(1) PP (x(),0()eChx) 1€l0.T]
(6)
(c) First winning time rule: We obtain
V(%’u)(T, x):= _inf sup inf  Ju(t; (x(), v(M)); p)(x). ()

px)eP(x) (x(),0()eC5(x) t€[0,T]

Although these functions are only lower semicontinuous, one can define epi-
derivatives of lower semicontinuous functions (or generalized gradients) in ade-
quate ways and compute the core I': for instance, when the valuation function is
differentiable, we shall prove that I associates with any (¢, x) € Ry x R” the
subset I' (¢, x) of allotments p € P(x) satisfying

" AVEE, x) AV, x)
o (BT ) s s mes ) 252

The valuation function V' is actually a solution to the nonlinear Hamilton—Jacobi—
Isaacs partial differential equation

+ inf  sup ™ —Pi>fi(x,v)
1

Jt peP(x) veQ(x)

av(z, x) ( " <8V(t,x)
i=1

+m(x, p, v)v(t, x)) =0

satisfying the initial condition
v(0, x) = u(x),
on each of the subsets.
(a) Prescribed end rule:
Q0,u) (V) =1{, x)|t > 0&v(t, x) > 0};
(b) Time span rule:

Qeuue) (V) = {, D)t > 0 & v(t, x) = u(x)};
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(c) First winning time rule:

Qo (V) = {(t, x)|t > 0 & u(x) > v(t, x) > 0}.

Remark: The Static Case as a Limiting Case — Let us consider the case when
m(x, p,v) = 0 (self-financing of fuzzy coalitions) and when the evolution of
coalitions is governed by f(x, v) = v and Q(x) = r B. Then the dynamical core
is the subset I'(¢, x) of allotments p € P(x) satisfying on Q (V) the equation9

AV, x) AV, x)
rf———-—p|l=——F5—.
0x ot

Now, assuming that the data and the solution are smooth we deduce formally that
letting the radius » — oo, we obtain as a limiting case that p = (dV*(¢, x))/dx
and that (3V¥(r, x))/dt = 0. Since V*(0, x) = u(x), we infer that in this case
['(t, x) = (du(x))/0dx, i.e., the Shapley value of the fuzzy static cooperative game
when the characteristic function u is differentiable and positively homogenous,
and the core of the fuzzy static cooperative game when the characteristic function
u is concave, continuous and positively homogenous. O

Actually, the solution of the above partial differential equation is taken in the
“contingent sense”, where the directional derivatives are the contingent epi-
derivatives D;v(t, x) of v at (¢, x). They are defined by

v(t + hA, x + hu)

Dyv(t, x)(A,v) :== liminf ,
h—04,u—v h

(see for instance [21, Aubin & Frankowska] and [64, Rockafellar & Wets]). In this
case, for each rule of the game, the dynamical core I" of the corresponding fuzzy
dynamical cooperative game is equal to

I'(t,x):={p € P(x), such that
SUPye () (D1 VA, x)(—1, f(x,v)) — (p. f(x,v)) + m(x, p, v)
Vi, x)) < 0},
where V* is the corresponding value function. We shall prove that for each feedback

p(t, x) € T'(z, x), selection of the dynamical core T, all evolutions (x(-), v(-)) of
the system

i X0 =fx®),v®),
ity YO =(p(T —t,x1),x®) —m@& (@), p(T —t, x®)y(®),  (8)
iii) () € Q(x(1)),

satisfy the corresponding condition (2).

when p = 0, we find the eikonal equation.
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1.4 Outline

The paper is organized as follows:

(a) We shall present fuzzy dynamical cooperative games (allotments and pay-
off, dynamics, dynamical constraints on allotments, dynamics of the pay-
off, characteristic functions), raise the questions and provide some answers:
underlying criteria, Hamilton—Jacobi-Isaacs variational inequalities and the
derivation of the dynamical core,

(b) outline the viability/capturability strategy,

(c) study and characterize guaranteed viable-capture basins of targets under
dynamical games and use these results for studying intertemporal dynamical
games problems,

(d) characterize guaranteed viable-capture basins in terms of tangential
conditions, deduce that the valuation function is the solution to Hamilton—
Jacobi—Isaacs variational inequalities and derive the regulation map and the
adjustment law.

2 Fuzzy Dynamical Cooperative Game

Let us consider the set N of n players i = 1, ..., n and the set [0, 1]* of fuzzy
coalitions'?. The components of the state variable x := (xg, ..., x,) € [0, 1]" are
the rates of participation in the fuzzy coalition x of playeri =1, ... , n.

19The choice of “cooperative” fuzzy coalitions x € [0, 1]" is arbitrary.
We could, for instance, introduce negative memberships when players enter a coalition with
aggressive intents. This is mandatory if one wants to be realistic! A positive membership is
interpreted as a cooperative participation of the player i in the coalition, while a negative
membership is interpreted as a non-cooperative participation of the ith player in the gene-
n

ralized coalition. In what follows, one can replace the cube [0, 1]" by any product l_[[)“i , il
i=1

for describing the cooperative or noncooperative behavior of the consumers. l

We can still enrich the description of the players by representing each player i by what
psychologists call her ‘behavior profile’ as in [23, Aubin, Louis-Guerin & Zavalloni]. We
consider ¢ ‘behavioral qualities” k = 1, ... , g, each with a unit of measurement. We also
suppose that a behavioral quantity can be measured (evaluated) in terms of a real number
(positive or negative) of units. A behavior profile is a vectora = (ay, ... , a,) € R? which
specifies the quantities a; of the g qualities k attributed to the player. Thus, instead of
representing each player by a letter of the alphabet, she is described as an element of the
vector space R?. We then suppose that each player may implement all, none, or only some
of her behavioral qualities when she participates in a social coalition. Consider n players
represented by their behavior profiles in R?. Any matrix x = (x¥) describing the levels
of participation x* € [—1, +1] of the behavioral qualities k for the n players i is called a
social coalition. Extension of the following results to social coalitions is straightforward.

Technically, the choice of the scaling [0, 1] inherited from the tradition built on integration
and measure theory is not adequate for describing convex sets. When dealing with convex
sets, we have to replace the characteristic functions by indicators taking their values in
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An allotment is an element,

p:=(p1,...,pn) €RY,

describing the payoff of player i = 1, ..., n in the game. The associated payoff
of the coalition (or the coalition-payoff) y is defined by,

n
yi={p,x) =Y pixi.

i=1

We now introduce constraints on the allotments gathered by a fuzzy coalition
x. They range over a subset P(x) = P(x1,...,x,) C R’} that can be a constant
set P C R” or can depend on the fuzzy coalitions.

We assume that the velocity of the fuzzy coalitions of players are uncertain,
in a contingent (i.e., nonstochastic) or “tychastic” way: they depend upon a
parameter—usually known under the name or a perturbation, or disturbance,
or tyche—v(t) € Q(x(t)) C V and evolve according to the perturbed—or
tychastic—system of differential equations,

Vi=1,... ,n,x{(t) = fi(x(®), v(1)),
or, in a more compact form,

x'(1) = fx(0), v(®)), v(t) € Q(x(1)).

In agreement with the tradition, the standard example of dynamics should be
defined by,

f(x,v) ;== v&Q(x) := rB, the ball of radius r,

allowing the coalitions to evolve in all directions without any constraint. It seems
to us more reasonable to take into account dedicated dynamics governing the
evolution of coalitions.

[0, +00] and take their convex combinations to provide an alternative allowing us to speak
of “fuzzy” convex sets. Therefore, “toll-sets” are nonnegative cost functions assigning to
each element its cost of belonging, 400, if it does not belong to the toll set. The set of
elements with finite positive cost do form the “fuzzy boundary” of the toll set, the set of
elements with zero cost its “core”. This has been done to adapt viability theory to “fuzzy
viability theory”. See Chapter 10 of [10, Aubin] and [20, Aubin & Dordan] for more details.
Actually, the Cramer transform,

Cu(p) == sup ((pw —log (/ e“‘”chi(y))),
xeR” R

maps probability measures to toll sets. In particular, it transforms convolution products of
density functions to inf-convolutions of extended functions, Gaussian functions to squares
of norms etc. See [20, Aubin & Dordan] for more information on this topic.
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Remark: Tychastic Differential Equations and Control — The set-valued map
Q : X ~ V translates mathematically the concept of uncertainty in a contingent
(i.e., nonstochastic) or tychastic way to adopt Charles Peirce’s terminology'!:
Contingent uncertainty depends upon a parameter — usually known under the name
or a perturbation, or disturbance, that could also be called a tyche, ranging over
a given subset (that could be a fuzzy subset, as it is advocated in [20, Aubin &
Dordan]). The size of this subset captures mathematically the concept of “contin-
gency” — instead of “volatility”, that by now has a specific meaning in mathemat-
ical finance. The larger the subsets Q(x), the more contingent or “tychastic” the
system.

Indeed, we are investigating properties (such as the viability/capturability prop-
erties) that hold true for every tyche — instead of “random”, terminology already
confiscated by probability theory — or every perturbation or disturbance, and,
“robust”, in the sense of robust control in control theory.

Controlling a system for solving a problem (such as viability, capturability,
intertemporal optimality) whatever the perturbation is the branch of dynamical
games known among control specialists as “robust control”, that we propose to
call “tychastic control” in contrast to “stochastic control”.

In tychastic control problems, we have two kinds of uncertainties, one described
by the set-valued map Q, describing the unknown contingent uncertainty, and
the one described by the set-valued map P, providing a set of available regula-
tion parameters (regulons), here, the allotments, describing what biologists call
“pleiotropism”. The larger the set-valued map P, the more able is the system to
find a regulation parameter or a control to satisfy a given property whatever the
perturbation in Q. In some sense, the set-valued map P is an antidote to cure the
negative effects of unknown perturbations.

“Tychastic equations” seem to us reasonable candidates for encapsulating the
idea underlying robust control and “games against Nature”, on which there is an
abundant literature. They provide an alternative way of representing uncertainty
to usual “stochastic differential equations”:

Vi=1,...,n,dxi(t) = fi(x;(@®))dt + o; (x; (t))dW (¢),

in a stochastic environment.

However, these two choices can be reconciled in the framework of stochastic
differential inclusions (see [17,18, Aubin & Da Prato], [19, Aubin, Da Prato &
Frankowska], [40, Da Prato & Frankowska], [33, Buckdahn, Cardaliaguet & Quin-
campoix], [30,31, Buckdahn, Quincampoix & Rascanu], [32, Buckdahn, Peng,
Quincampoix & Rainer], [49, Gautier & Thibault] etc.).

1See [56, Peirce] among other references of this prolific and profound philosopher. He
associates with the Greek concept of necessity, ananke, the concept of anancastic evolution,
anticipating the “chance and necessity” framework that has motivated viability theory in
the first place.
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Invariance of a set under a tychastic differential equation requires that for all
tyche v(-), the associated solution is viable in the set whereas under a stochastic
differential equation, it requires that the stochastic process is viable for almost all
o. Thanks to the equivalence formulas between It6 and Stratonovitch stochastic
integrals and to the Strook & Varadhan “Support Theorem”(see for instance [41,
Doss], [67,68, Zabczyk]), and under convenient assumptions, stochastic viability
problems are equivalent to invariance problems for tychastic systems and thus,
viability problems for stochastic control systems are equivalent to guaranteed via-
bility problems for dynamical games. O

In the context of dynamical cooperative games, a fuzzy coalition x (¢) at time ¢
is allowed to change the allotment p(¢) at time ¢ in such a way that

> piOxi(t) = —m(x (@), p(t), v (p(1), x (1)),

i=1

imposing instantaneous exchange of allotments of payments among players is
allowed only in the extent that the variation {p’(¢), x(¢)) of the payoff of the fuzzy
coalition is equal to the payoff discounted by a given factor depending upon the
fuzzy coalition, the allotment and, possibly, the perturbation.

Therefore, under this behavioral rule of the decision maker, the velocity of the
evolution of the payoffis equal to y'(r) = (p(¢), f(x(¢), v(®)))—y@)m(x(¢), p(t),
v(t)).

An important instance is the case whenm(x, p, v) = 0, i.e., when allotments are
self-financed by the fuzzy coalition x: This means that along the evolutions of the
coalitions and the allotments, the velocity of the payoff satisfies (p’(¢), x(¢)) = 0.

Hence, the evolution of the coalitions x (¢) of the shares, of the allotment and of
the payoff y(r) is governed by the two-person dynamical game (3), with which
we associate with any feedback p the set C(x) of triple (x(-), y(-), v(-)) solutions
to the tychastic equations (4):

D x'(t)= fx@),v(),
i) y'(t) = (px@), f(x(®),v()) — y@O)m(x(t), p(x(1)), v(1)),
where v(t) € Q(x(1)).

By construction, since y' = (p’, x) + (p, x’) whenever y = (p, x) in all cases,
the constraints,

y(@) = (p(®), x(@)),
are automatically satisfied whenever the initial conditions satisfy y = (p, x).

Remark: Path-Dependent Problems — Actually, our study (up to Hamilton—
Jacobi—Isaacs partial differential equations) does not depend upon the fact that the
evolution of the coalitions is governed by differential equations. It holds true for



140 J.-P. Aubin

discretized systems, for path-dependent dynamics, as well as for other kinds of
dynamics. We shall use only the properties of the set-valued map (x, p) ~+
Cy(x), that are shared by solution maps of other dynamical systems. O

2.1 Characteristic Functions of the Cooperative Game

Let us recall that a functionu : X — RU{+4o00} is called an extended (real-valued)
function. Its domain is the set of points at which u is finite:

Dom (u) := {x € X|u(x) < +o00},

that embodies underlying state constraints: in particular, we shall assume that
u(x) := 4oowheneverx ¢ [0, 1]” to take into account that x is a fuzzy coalition!2.

Actually, in order to treat the three rules of the game (2) as particular cases of a
more general framework, we introduce two nonnegative extended functions b and

¢ (characteristic functions of the cooperative games) satisfying
V(t,x) € Ry x R} x R",0 <b(t,x) <ec(t, x) < 4o0.

By associating with the initial characteristic function u of the game adequate
pairs (b, ¢) of extended functions, we shall replace the requirements (2) by the
requirement:

{i) vt € [0, t*], y(¢t) = b(T —t, x(¢)) (dynamical constraints), ©)

ii) y@*) > c(T — t*, x(t*)) (Objective).

We extend the functions b and ¢ as functions from R x R” x R” to R U {400}
by setting,

VvVt < 0,b(t,x) =c(t, x) = +o00,

so that nonnegativity constraints on time are automatically taken into account.
For instance, problems with prescribed final time are obtained with objective
functions satisfying the condition

vVt > 0, c(t, x) := 4o0.

In this case, t* = T and condition (9) boils down to

i) Vtel0,TLy@) =b(T —t,x()),
ii)  y(T) = c(0, x(T)).

Indeed, since y(¢t*) is finite and since ¢(T — t*, x(¢t*)) is infinite whenever
T — t* > 0, we infer from inequality (9)ii) that T — t* must be equal to 0. O

12If we assume that u is positively homogenous, it is enough to assume that u(x) := +00
whenever x ¢ R}.
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Allowing the characteristic functions to take infinite values (i.e., to be extended),
allows us to acclimate many examples.

For example, the three rules (2) associated with a same characteristic function
u: [0,1]" = R U {400} can be written in the form (9) by adequate choices of
pairs (b, ¢) of functions associated with u. Indeed, denoting by u, the function
defined by

NP u(x) if t=0,
T b0 if £ >0,

and by 0 the function defined by

0 if t >0,
0(t, x) = { ) =
+00 if not,

we can recover the three rules of the game

1. We take b(z, x) := 0(¢, x) and ¢(¢, x) = us(Z, x), we obtain the prescribed
final time rule (2)i).

2. We take b(z, x) := u(x) and ¢(¢, x) := ux(f, x), we obtain the span time
rule (2)ii).

3. We take b(z, x) := 0(z, x) and ¢(¢, x) = u(x), we obtain the first winning
time rule (2)iii).

Using a pair (b, ¢) of time-dependent extended characteristic functions for
describing rules allows to consider more general fuzzy dynamical cooperative
games than the ones using time-independent characteristic functions. The problem
of cooperative dynamical games is now that at each instant ¢ € [0, ¢*], the pay-
off y(t) := (p(t), x(¢)) of the fuzzy coalition at time ¢ is larger than or equal to
the characteristic function of the dynamical game associating with any time ¢
and any coalition x(¢) a lower bound b(7" — ¢, x(¢)) on the payoff that the fuzzy
coalition x (#) may accept. Furthermore, one can impose a final constraint at the
end of the game another lower bound ¢(7" — t*, x(t*)) on the payoff that the fuzzy
coalition x (*) when the game can stop.

2.2 The Valuation Function

By now, we have all the elements for setting the problem we shall study.

Definition 2.1. Let us consider the dynamical game (3) governing the evolution
of the coalitions, the allotment and the payoff.

1. the first problem is to find the guaranteed valuation subset Vti o C Ry x
R” xR of triples (T, x, y) made of the final time 7', the initial fuzzy coalition
x and the initial payoff y such that there exists a feedback x — p(x) € P(x)
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such that, for all perturbations t € [0, T] — v(t) € Q(x(t)), for all solutions
to system (4) of differential equations satisfying x(0) = x, y(0) = y, there
exists a time t* € [0, T'] such that conditions (9):

i) Vtel0,t*],y@) =b(T —1t,x(1)),
i) y(*) =e(T —t*,x(1")),

are satisfied.
2. Associate with any final time 7 and initial coalition x the smallest payoff
VT, x):

VioT.x) = inf y. (10)
(T.x,Y)EV(

The function (T, x) +—> V(]i) o (T, x) is called the guaranteed valuation
function of the allotment, i.e., the minimal initial payoff y satisfying the two
constraints (9).

Formulas (5), (6) and (7) for the valuation functions for each of the three rules
of the game (2) that we mentioned in the preceding section are particular cases of
the valuation function V(p ¢y that we instanced above.

2.3 Formula for the Valuation Function
We shall associate with the objective function ¢ the functional

Je(t: (x(), v()): PY(T, x) 1= Jo MEG P VOMse(T ¢ x(p))
ro -
- / o M- PEED VN (F(x (1)), f(x(7), v(T))dT,
0

(where t ranges over [0, T]),

Io(t; (x (), v(); PU(T, x) := SE)p] Io(s; (x(4), v(-)); pPUT, x),
s€l0,t

and
L, (t; (x(), v(-)); pUT, x)
{:= max (Je(t; (x(-), v(-)); XTI, x), Ip(t; (x(), v(-)); P)(T, X))
We shall prove the

Theorem 2.1. The guaranteed valuation function (T, x, p) +—> V(ti) c)(T, x) is
equal to

# . . ~
Vb, (T>x) = _ inf sup inf Lp,e) (5 (x(-), v()); p)(T, x),
®0 FWIEPE) (x()0peCyte) (€071
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satisfies the initial condition,
V.o (0. %) = (0, x),
and inequalities,

V(T.x) € Ry x R" x R",0 < (T, x) < Vi (T.x) < (T, x).

2.4 Examples of Valuation Functions

Let us consider a given time-independent function u : R” > R U {400}, with
which we associate the functional

Tt (x(), 0(); PIx) 1= elo MEO PO 0Ny (1))
o ~
- / elo MEGPEO VO (G (1)), f(x (1), v(T))dr.
0

We shall associate with it three pairs of time-dependent functions (b, ¢) and
obtain the valuation functions for the three rules of the game:

1. We assume that f(x,v) < 0 and we take b(¢,x) := 0 and c(z,x) :=
U (7, x). In this case, we obtain

1 . ~
Vv (T,x) = _ inf sup Ju(T; (x(-), v(); p)(x).
(0. ue0) FEPM) (x().0()eChx)

2. We take b(¢, x) := u(x) and ¢(¢, x) = ux(z, x). In this case, we obtain
V&,um)(T, x) = _ inf sup sup  Ju(r; (x(-), v()); P)(x).

PSP (x(),0()€Ch(x) €10, T]

3. We assume that f(x, v) < 0 and we take b(z, x) := 0 and ¢c(¢, x) = u(x) In
this case, we obtain

# . . ~
Vi (T, x) = _ inf su inf Ju@; (x(-), v(-); p)x).
o PEEP() (x(»»v(-)icﬁ(x)fe[oﬂ ’ !

Indeed, when b = 0 and f(x, v) < 0, we observe that
Jo(t; (x(1), v("); P)(T, x)

to. -
=- /0 eo MO, PED. V6N (5 (1)), £(x(T), v(T)))dT
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so that,

Io(t: (x(-), v()): p)(T. x)
= —sup, (g, fi €0 MEOFEODVONDS (G (1)), f(x(D), v(T)))dT.
If f(x,v) < 0, we infer that
Io(t: (x(), v(-)); PY(T. x) f

r -
=- /0 eho mUOLPODVOE (e (1), (x(0), v()))d

Therefore, for any nonnegative cost function ¢, we have L9 ) = Jc and thus,

ft . . ~
Vi (T,x) = _ inf su inf Je(t; (x(), v(-); p)(T,x). (11)
o0 PF)EP() <x<~),v<~)ica<x)’€[°ﬂ ’ P

When c(z, x) := u(x), we find the example of the first winning time problem.
When b(z, x) := 0(¢, x) and c(z, x) := ux (%, x), the two above remarks imply
that

Vipuoy (T.x) = _ inf Sup  Ju (T (), v()): D) ().
e UXEPX) (x(-),v(-))€Cr(x)

When we take c(#, x) := u(#, x) that takes infinite values for ¢t > 0, we have
seen that

Jug, (85 (x(), v()); pPUT, x) :=

Ju(T; (x(),v(): p)(T,x) if t=T,
400 if re]0, T,

so that

Ei[%f” Jue 5 (x (), () PUT, %) := Ju(T3 (x(), v(-)); P)(x).

t
When b(z, x) := u(x) and c(¢, x) := uy(t, x), we infer that
L(T; (x(),v(); p)(x) if t=T,
400 if t<T,

L) (5 (x(), v(); pUT, x) = {

so that

inf L) (t; (x(), v(); )T, x) = La(T; (x(), v(-)); P)(x).
te[0,T]

Consequently, we deduce that

Vipu)(T- %) := _ inf sup Lu(T; (x (), v()): P)(x).
PEPM) (x(),0(-)eCx(x)
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2.5 Hamilton—Jacobi-Isaacs Variational Inequalities
Let us associate with a nonnegative extended function v the subset
Q) (V) :={(t, x) e Ry x R" x R”", such that
b(t, x) <v(t,x) < c(t, x)},

which depends of the function v.
Example. When for all ¢ > 0, ¢(z, x) := +00, and when b(0, x) := ¢(0, x), we
observe that

Qp,e)(v) :={(t,x) e Ry x R" x R"such thatr > 0 & b(r, x) < v(r,x)}. O

Then the guaranteed value-function Vi’ o 1s a “generalized” solution v to the
Hamilton—-Jacobi—-Isaacs variational inequality: for every (¢, x) € Qp,¢)(V),

av(t, x) ( 1 <8V(t,x)
i=1

+ inf su
ot peP(x) veQF()x) ax;

—Pi>fi(x,v)

+ m(x, p, v)v(t, x)) =0,

satisfying the initial condition,
v(0, x) = ¢(0, x).

This is a free boundary problem, well studied in mechanics and physics: the
domain 2, ¢)(v) on which we look for a solution v to the Hamilton—Jacobi partial
differential equation depends upon the unknown solution v.

Observe that the Hamilton—Jacobi partial differential equation itself depends
only upon the dynamic of the system ( f, P, Q) and the map m, whereas the domain
(b,¢) (v) depends only upon the pair (b, ¢) describing the characteristic functions
of the fuzzy dynamical cooperative game. Changing them, the valuation function
is a solution of the same Hamilton—Jacobi partial differential equation, but defined
on a different “free set” L2y, ¢)(v) depending on v.

The usefulness and relevance of the Hamilton—Jacobi—Isaacs variational
inequality is that it provides the dynamical core of the game — through dynam-
ical feedbacks — that we are looking for. Indeed, we introduce the dynamical
core map I' associating with any (¢, x) € R4 x R” the subset I'(¢, x) of allot-
ments p € P(x) satisfying

f f

AV ot %) AV (1, %)
sup <<$—p, f@v) ) +mx, poo)V (0 x) 5%.
veQ(x)
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Namely, knowing the guaranteed valuation function and its derivatives, a gua-
ranteed evolution is obtained in the following way: Starting from an initial fuzzy
coalition xg such that b(T, xg) < V(ti) C)T, x0) < c¢(T, x0, po), solutions to the new
system:

i) Vi=0,...,n,x/(t) = fi(x(1),v()),
i) Y1) = —yOmx@), p(t), v(®) + (p(), f(x@), v(1))),
iii) p@) e (T —t,x(1)),

regulate the guaranteed solutions of the cooperative dynamical game until the first
time * € [0, T] when

V(i,o(T — 1%, x(t") = (T — 1%, x(t7)).

Actually, the guaranteed valuation function is seldom differentiable, but, gen-
erally only lower semicontinuous: This happens whenever state constraints are
involved, i.e., whenever the cost function takes infinite values. However, one
can define generalized directional derivatives — contingent epiderivatives — of
any lower semicontinuous function. Replacing the classical derivatives by contin-
gent epiderivatives in the Hamilton—Jacobi-Isaacs variational inequalities above
and in the definition of the regulation map, the same conclusions hold true for
Frankowska’s episolutions'>. In particular, we can still build the dynamical core
of the fuzzy dynamic cooperative game. By duality, one can formulate and prove
equivalent statements involving subdifferentials and superdifferentials in the “vis-
cosity solution format”.

We shall derive from Theorem 5.2 below the following

Theorem 2.2. Let us assume that the maps f, & m are Lipschitz, that the set-
valued maps P and Q are Lipschitz and bounded and that the functions b and ¢
are lower semicontinuous.

Then

1. the dynamic core T ¢) of the fuzzy dynamical cooperative with rules defined
by (b, ¢) is equal to

Lo, x) = {p € P(x), such that
SUP,e 0y (D1 Vi o (0 X) (=1, f(x,0) = (p. f(x. V)

+m(x, p, V)V o (2.x)) <0},
defined on Q) (Vib,c))s

13Hélene Frankowska proved that the epigraph of the value function of an optimal control

problem — assumed to be only lower semicontinuous — is invariant and backward viable
under a (natural) auxiliary system. Furthermore, when it is continuous, she proved that its
epigraph is viable and its hypograph invariant ([46-48, Frankowska]). By duality, she proved
that the latter property is equivalent to the fact that the value function is a viscosity solution
of the associated Hamilton—Jacobi equation in the sense of M. Crandall and P.-L. Lions.
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2. the guaranteed valuation function V(i) o is the smallest of the lower semicon-
tinuous “episolutions” v to the Hamilton—Jacobi-Isaacs contingent inequal-
ities

i) b, x)=v(t,x) <c(,x),
ii) ifv(t, x) <c(t,x),
inprP(x) supveQ(x)(DTV(ta -x)(_ 1 ) f(-xv U)) - <p’ f(xv U)>
+m(x, p,v)v(t, x)) <0,

12)

satisfying the initial condition v(0, x) = ¢(0, x) and such that there exists a
Lipschitz selection p of the set-valued map T defined by

'@, x):={p e P(x), such that

SUP,eox) (D1 V(E, X) (=1, f(x,v)) — (p, f(x,v))
+m(x, p, v)v(t, x)) < 0}.

Remark. We describe only the equivalent dual version of episolutions to the above
Hamilton—Jacobi—Isaacs partial differential equation. We introduce the Hamilto-
nian H defined by

H(t’xv Pty Px» y) =D + lnf Sup ((Px —u, f(-x9 U)> +m(x1 u, U)y) .
ueP(x) veQ(x)

We recall that the subdifferential 0_v(¢, x) of the extended function v at (¢, x) is
the set of pairs (p;, px), such that
VA, v) € Rx X, prd + (px, v) < Dyv(t, x) (A, v).
Hence, the function v is an episolution of (12) if and only if v satisfies
V(t,x) € Q,e)(V), Y(pr, px) € 0-V(t,x), H(t, x, pr, px, ¥(1,x)) <0. O

The proofs of the above results require a more abstract geometric approach that
we shall now describe.

3 The Viability/Capturability Strategy
3.1 Epigraphs of Extended Functions
The epigraph of an extended function v : X — R U {400 is defined by

Ep(v) :={(x, 1) € X x Rlv(x) < A}.
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We recall that an extended function v is convex (resp. positively homogeneous) if
and only if its epigraph is convex (resp. a cone) and that the epigraph of v is closed
if and only if v is lower semicontinuous:

Vx € X, v(x) = liminf v(y).
y—x

The definition of the guaranteed valuation function V(Ii) 0 from the guaranteed

valuation subset V(tt o fits the following definition:

Definition 3.1. We associate with a subset V C X x Ry the function vy : X
R U {400} defined by

vp(x) := inf w eR,

(x,w)ey
that we shall call its southern border.
We shall say that [V]T := € p(vy) is the southern closure!* of V.

We recall the convention inf (¢) := +o0.
We observe that
V+1{0} xRy CcEp(vy) CV+ {0} x R4,

and that if V C X x Ry is a closed subset, then its southern closure vy, is lower
semicontinuous and the three above sets are closed and equal.
We shall need the following.

Lemma 3.1. Let Vic; be a family of subsets V; C X x R. Then the southern
border of the union of the V; is the infimum of the southern borders of the set V;:

VUi Vi = }Ig Vi

or, equivalently,

A
Ep(intvy,) = {U v,} :

iel
In particular, the epigraph of the pointwise infimuminf; ¢ v; of a family of functions
v; is the southern closure of the union of their epigraphs:

A
Epinfvi) = [U 5P(Vi):| :

iel
Proof. Indeed,

vy (x) = inf =inf inf = inf vy (x).
Ul€1 Vz (x,y)eUIe, V,‘ y iel (x,y)eV,' y iel Vz
O
“When V = V + {0} x Ry, this is the vertical closure introduced in [64, Rockafellar &
Wets].



Dynamic Core of Fuzzy Dynamical Cooperative Games 149

3.2 The Epigraphical Approach

With these definitions, we can translate the viability/capturability conditions (9)
in the following geometric form:

i) Vtel0,t*],(T —t,x(@), y) € Ep(b)
(viability constraint),

i) (T —1%x@%), y@*) € Ep(c)
(capturability of a target).

13)

This “epigraphical approach” proposed by J.-J. Moreau and R.T. Rockafel-
lar in convex analysis in the early 60’s'>, has been used in optimal control by
H. Frankowska in a series of papers [46—48, Frankowska] and [22, Aubin &
Frankowska] for studying the value function of optimal control problems and
characterizing it as a generalized solution (episolutions and/or viscosity solu-
tions) of (first-order) Hamilton—Jacobi—Bellman equations, in [6,16,8,10, Aubin]
for characterizing and constructing Lyapunov functions, in [35-38, Cardaliaguet]
for characterizing the minimal time function, in [59, Pujal] and [24, Aubin, Pujal
& Saint-Pierre] in finance and other authors since. This is this approach that we
adopt and adapt here, since the concepts of “capturability of a target” and of “via-
bility” of a constrained set allows us to study this problem in a new light (see
for instance [10, Aubin] and [11, Aubin] for economic applications) for study-
ing the evolution of the state of a tychastic control system subjected to viabil-
ity constraints in control theory and in dynamical games against nature or robust
control (see [60, Quincampoix], [35-38, Cardaliaguet], [39, Cardaliaguet, Quin-
campoix & Saint-Pierre]. Numerical algorithms for finding viability kernels have
been designed in [66, Saint-Pierre] and adapted to our type of problems in [59,
Pujal].

The properties and characterizations of the valuation function are thus derived
from the ones of guaranteed viable-capture basins, that are easier to study — and
that have been studied — in the framework of plain constrained sets K and targets
C C K (see [12,13, Aubin] and [15, Aubin & Catté] for recent results on that
topic).

3.3 Introducing Auxiliary Dynamical Games

We observe that the evolution of (7" — ¢, x(¢), y(¢)) made up of the backward time
t(t) := T —t, of fuzzy coalitions x(¢) of the players, of allotments and of the
payoff y(¢) is governed by the dynamical game

Ssee for instance [21, Aubin & Frankowska] and [64, Rockafellar & Wets] among many
other references.



150 J.-P. Aubin

i) () = —1,

i)y Vi=0,...,n,x/(t) = fi(x(t),v()),

iii) ¥ (t) = —y(Omx(1), p(1), v(0)) + (p(0), f(x(0), v(1))),
where p(t) € P(x(1)) & v(t) € Q(x(1)),

(14)

starting at (7', x, y). We summarize it in the form of the dynamical game

i) Z(t) e gz®),ut), v()),
ii) u(t) € P(z(t)) & v(t) € 0(z(1)),

where z := (7, x, y) € R x R” x R, where the controls u := p are the allotments,
where the map g : R X R” x R~ R x R” x R" x R is defined by g(z, v)

= (_1? f(x’ U)’ u, _m(xr u, U)y + (M, f(x’ U))) )

where u ranges over P(z) := P(x) and v over Q(2) := Q(x).

We say that a selection z — p(z) € P(z) is a feedback, regarded as a strategy.
One associates with such a feedback chosen by the decision maker or the player
the evolutions governed by the tychastic differential equation,

2 (1) = g(z(®), pz(1)), v()),

starting at time O at z.
3.4 Introducing Guaranteed Capture Basins

We now define the guaranteed viable-capture basin that are involved in the defini-
tion of guaranteed valuation subsets.

Definition 3.2. Let K and C C K be two subsets of Z.

The guaranteed viable-capture basin of the target C viable in K is the set
of elements z € K such that there exists a continuous feedback p(z) € P(z) such
that for every v(-) € Q(z(-)), for every solutions z(-) to 7’ = g(z, p(z), v), there
exists t* € Ry such that the viability/capturability conditions,

i) Vtel0,r], z(1) € K,
ii) z(t*) e C,
are satisfied.
We thus observe that

Proposition 3.1. The guaranteed valuation subset Vﬁ 0 defined in Definition 2.1
is the southern border of the guaranteed viable-capture basin under the dynamical
game (14) of the epigraph of the function ¢ viable in the epigraph of the function b.

The characterization of this subset and the study of its properties is one of
the major topics of the viability approach to dynamical games theory that we
summarize in the two next sections.
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3.5 The Strategy

Since we have related the guaranteed valuation problem to the much simpler —
although more abstract — study of guaranteed viable-capture basin of a target and
other guaranteed viability/capturability issues for dynamical games,

1. we first “solve” these “viability/capturability problems” for dynamical games
at this general level, and in particular, study the tangential conditions enjoyed
by the guaranteed viable-capture basins (see Theorem 5.1 below),

2. and use set-valued analysis and nonsmooth analysis for translating the general
results of viability theory to the corresponding results of the auxiliary dynam-
ical game, in particular translating tangential conditions to give a meaning
to the concept of a generalized solution (Frankowska’s episolutions or, by
duality, viscosity solutions) to Hamilton—Jacobi—Isaacs variational inequali-
ties (see theorems 4.1 and 5.2 below).

4 Guaranteed Viability/Capturability under Dynamical Games
4.1 Guaranteed Viable-Capture Basins

We summarize the main results on guaranteed viability/capturability of a target
under dynamical games that we need to prove the results stated in the preceding
section.

We denote by X, U/ and V three finite dimensional vector spaces, and we intro-
duce a set-valued map F : X x U x V ~» X, aset-valued map P : X ~ U and a
set-valued map Q : X ~ V.

We consider a dynamical game described by

i) x'(t) € F(x(1),u(r), v()),
i)  u@) e P(x@)), (15)
i) v(t) € O(x(1)),

which is, so to speak, a control system regulated by two parameters, #(¢) and v(?),
the first one regarded as a regulating parameter, controlled by a player, the second
one regarded as a perturbation, or a disturbance, or a tyche, chosen in a unknown
way by “Nature”. _

We introduce a class P of continuous selections x +— #(x) € P(x), that are
used as feedbacks or strategies by the player controlling the parameters u.

We associate with such a feedback #(x) € P(x) the set C;(x) of solutions
x(), v(-) € C(0, 0o; X) x L1(0, 0o; U) to the parameterized system,

(16)

i) x'(t) € F(x(t),u(x(1)), v(t)),
ii) wv() e 0(x(1)),

starting at x.
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We may identify the above dynamical game with the set-valued map (x, &) ~»
Ci(x), that we regard as an evolutionary game.

Definition 4.1. Let C C K C X be two subsets, C being regarded as a target,
K as a constrained set.

The subset Abs;;(K, C) of initial states xg € K such that C is reached in finite
time before possibly leaving K by all solutions to (16) starting at xg is called the
invariance-absorption basin of C in K.

The subset,

[Captp Abspl(K, C) := U Absz(K, C),
ieP
ofelementsx € K, such that there exists a feedback # ﬁ, such that for every solu-

tion (x(-), v(-)) € Cy(x), there exists t* € R satisfying the viability/capturability
conditions,

i) Vtel0,t*], x()eK,
ii) x(t*) eC,

is called the guaranteed viable-capture basin of a target under the evolu-
tionary game (x, &) ~ Cu(x) defined on X x P (that, naturally, depends upon
the choice of the family P of feedbacks).

4.2 Intertemporal Games

We introduce the following four features:

1. a discount factor,

m: (x,u,v) e X xU XV m(x,u,v) €eR;
2. a “Lagrangian”,

1: (x,u,v) e X xU XV 1(x,u,v) € Ry;

3. two nonnegative extended cost functions b and ¢ from R x X to R U{+o0}
satisfying,

V(t,x) e Ry x X,0 <b(t,x) <c(,x) <400,

that we shall extend to cost functions (denoted by) b (constrained function)
and ¢ (objective function) from R x X to Ry U {+o0} by setting,

b(t, x) = c(¢, x) := 400, whenevert < 0.
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We next fix a horizon or an final time T and associate with it the cost func-
tionals,

Je(t: (2(), () BT, x) = o MEO T Vs e — 1 (1))
13
+ / el mEO TN DB e (1), T(x (0)), v(T))dT,
0

(where t ranges over [0, T']),

In(t; (x(4), v(-)); WN(T, x) := sE)p] Jo(s; (x (), v(-)); u)(T, x),
sel0,t

and
Loy (t; (x(-), v(-)); u)(T, x) := max(Je(t; (x(-), v(-)); u)(T, x),
In(t; (x (), v(-)); W)(T, x))
We associate with it the guaranteed valuation function

V(t{,c)(T,x) = inf, sup inf  Lpe)(t; (x(-), v(-));u)(T,x). (17)
’ HeP (x(),v())eCz(x) 1€10.T]

The function V(i o 1s called the guaranteed valuation function associated with
1, m and the cost functions b and c.
Let us consider the extended dynamical game of the form:

i T() = —1,
ii)  x'(t) € F(x(t), u(t), v(r)),

iii) Y1) = —y(@mx (), u(t), v(r)) = 1x (@), u(t), v(?)),
where v(t) € Q(x(1)).

(18)

We associate with such a feedback u#(x) € P(x) the set By (T, x, y) of solutions
(T — -, x(), v(-), y(-)) to the auxiliary system

i) /(1) = —1,
i) xX'(t) € F(x(t), u(x(1)), v(t)),
iii) Y1) = —y(@Om(x(@), #(x(1)), v(t)) = 1x (@), @(x(1)), v(1)),
where v(t) € Q(x(1)).
Theorem 4.1. Let us assume that the extended functions b and ¢ are nontrivial
and non-negative.
The guaranteed valuation function V(i)’ 0 defined by (17) is the southern border of

the guaranteed viable-capture basin [Captp Absg] (€ p(b), € p(c) of the epigraph
E p(c) of ¢ under the dynamical game (18) viable in the epigraph & p(b) of b:

]j .

VE (T, x) = inf y
b,e)L>
b0 (x.T.y)elCapt , Abs )€ p(b).E p(c)
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In other words, Theorem 4.1 states that
Ep(Vy ) = l[Captp Absl(Ep(b), Ep(©)]'.
Since the guaranteed viable-capture basin,
[Captp Abspl(Ep(b), Ep(0)) = U Absz(Ep(b), Ep(c)).
iieP

Lemma 3.1 implies that the southern border,

i .

Vi (T, x) := inf y
b, ) 5
*-© (x.T,y)elCapt, Absgl(€p(b).Ep(c))

of [Captp Absg](Ep(b), £ p(c) is the pointwise infimum,

VAT, x) = inf Ugp,ey.in (T, x),
ueP

of the southern borders,

U(b,c;ﬁ)(Ta X) = inf y
(x.T,y)eAbsz(Ep®).Ep(c))

It remains to prove that

Uwp,c;iy (T, x) = sup inf L) (xC),v(-); u)(T,x),  (19)
(), v(-)eCq(x) EL0.T]

to derive the Theorem 4.1.
This is purpose of

Theorem 4.2. Let us assume that the extended functions b and ¢ are nontrivial
and non-negative.

The valuation function Uy, c.3) is equal to the southern border of the invariant-
absorption basin Abs (€ p(b), Ep(c)) of Ep(c):

Up,e;i) (T, x) = inf y
(x,T.y)e AbS(E p(b).E p(e))

We refer to [24, Aubin, Pujal & Saint-Pierre] for the proof of this theorem.

5 Hamilton-Jacobi-Isaacs Equations
5.1 Lipschitz Dynamical Games

We shall assume that the dynamical game (15) is Lipschitz in the sense that the set-
valued maps P and Q are Lipschitz with compact values and that the set-valued
map F is Lipschitz with closed values.
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Let 73,\ be the set of Lipschitz selections with constant A of the set-valued map
P: for every x, u(x) € P(x).
The subset,

[Captp, Absgl(K.C) := | ] Absz(K.C),
ieP,
is called the A-guaranteed viable-capture basin of a target under the evolu-
tionary game (x, u) ~ Cy(x).

One can prove that when the game is Lipschitz, the set-valued map (x, #) €
X x Py, ~ Cy(x) C C(0, oo; X) is lower semicontinuous and consequently, that
the A-guaranteed viable-capture basin is closed.

We recall that the contingent cone to a subset K at a point x € K, introduced
in the early thirties independently by Bouligand and Severi, adapts to any subset
the concept of tangent space to manifolds: A direction v € X belongs to Tk (x) if
there exist sequences i, > 0 and v, € X converging to 0 and v respectively such
that

Vn>0,x+h,v, € K.

Using the Viability and the Invariance Theorems, one can prove the following
tangential properties of guaranteed viability kernels with targets:

Theorem 5.1. Let us assume that the dynamical game (P, Q, F) is Lipschitz,
that C C K and K are closed subsets of X and that K\C is a repeller under all
the maps (x, ) ~ Cy(x).

Then the \-guaranteed viable-capture basin [Captp, Absgl(K, C) of target C
viable in K is the largest of the closed subsets D satisfying C C D C K and

1. the tangential property'®

Vx € D\C, Ju € P(x) such thatVv € Q(x), F(x,u,v) C Tp(x); (20)

2. there exists a A-Lipschitz selection of the guaranteed regulation map T'p
defined by

Vx €e D\C,Tp(x):={ue€ PX)|F(x,u, Q(x)) C Tp(x)}.

15or, the equivalent dual formulation,

Vx € D\C,Vp € Np(x), inf sup o(F(x,u,v), p) <0,
ueP(x) veQ(x)
where the (regular) normal cone, Np(x) := Tp(x)~, is the polar cone to the contingent
cone Tp(x) and where,
Vp € X*,0(F, p) := sup(p, x),
xeF

is the support function of F.
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This theorem is a restatement of Theorems 9.2.14 and 9.2.18 of [11, Aubin,
Chapter 9].

5.2 Hamilton—Jacobi-Isaacs Variational Inequalities

Let us recall that the contingent epiderivative D4v(¢, x) of v at (¢, x) satisfies
the property:

Ep(Dyv(t, x)) = Tepw(t, x, v(t, x)).

Since the A-guaranteed viable-capture basin is closed under Lipschitz equations,
then its southern border, which is the A-guaranteed valuation function,

i . . ~
Vo, (T, x) == inf sup inf  Lge(t; (x(-), v(-); u)(T, x), (21)
.0 HePs, (x(),v()eCz(x) L€10.T] ¢

is lower semicontinuous and thus, its epigraph coincides with the A-guaranteed
viable-capture basin.

Theorem 5.2. Let us assume that the dynamical game (18) is Lipschitz and that
the cost functions b and ¢ from R x X to Ry U {4-00} are nontrivial, nonnegative
and lower semicontinuous. Then the A-guaranteed valuation function V(i’ o under
the dynamical game (15) is the smallest of the nonnegative lower semicontinuous
solutions v to the Hamilton—Jacobi-Isaacs contingent inequalities

i) b@,x)<v({, x) <c(,x),

ii) ifv(t, x) < c(t,x),
infyep(x) SUPyeF(x,u, 0y (PrV(E X) (=1, w) +1(x, u, v)
+m(x, u, v)v(t, x)) <0,

such that there exists a A-Lipschitz selection il of the guaranteed regulation map
I defined by
', x)
= {u € P(X)|SUpyer(eu 06y (D1rv(E, x)(=1, w) +1(x, u, v)
+m(x, u, v)v(t, x)) < 0}.
Proof. It is a consequence of Theorem 5.1 when K := Ep(b), C := Ep(c) and

when the dynamical game is the extended dynamical game (18).
Theorem 5.1 states that the A-guaranteed viable-capture basin

[Captp, Absgl(Ep(b), Ep(0))
under (18) of the epigraph & p(c) of ¢ viable in the epigraph £ p (b) of b is the largest
of the closed subsets U satisfying £p(b) C U C £ p(c), the tangential conditions

Y(t,x,y) e U\Ep(c),Ju € P(x), such thatVw € F(x, u, Q(x)),

(22)
(-1, w, —m(x, u, v)y — l(x, u, v)) € Ty(t, x, y),
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and such that there exists a A-Lipschitz selection of the guaranteed regulation map
[y defined by
Tyt x) == {u € PO){—1} x F(x,u,v) x {—m(x, u, v)y —1(x, u, v)}
NTy(t, x,y) # 0}

Let (¢, x) — v(t, x) be the southern border of I/, that satisfies i/ = £ p(v) since
U is closed. When y := v(t, x), the above condition (22) reads:

Dyv(t, x)(—=1, w) < —m(x, u, v)v(t, x) — 1(x, u, v),
because
Ty(t, x,v(t, x)) = Ep(Dyv(t, x)).

Conversely, this condition implies the tangential condition (22) for y := v(¢, x)
whenever (¢, x, v(¢, x)) belongs tol. Otherwise, let (¢, x, y) € U withy > v(z, x)
and set A := Dyv(t, x)(—1, w).

By definition of A := Dyv(t, x)(—1, w), there exist sequences #, > 0 con-
verging to 0, w, converging to w and A, converging to A such that (¢ — h,, x +
hywy, v(t, x) + hyA,) belongs to €p(v). Therefore, for ©# € R and A, small
enough,

(t —hpy,x +hpwy,y +hpp) = — hy, x + hpwy, v, X) + hyhy)
+ 0,0,y = v, x) + hpy(u — Ay)),
belongs to Ep(v) because y — v(t, x) is strictly positive. This implies that

(—1, w, ) belongs to the contingent cone to the epigraph f of v at (¢, x, y), so that
tangential condition (22) is satisfied with p := —m(x, u, v)y — l(x, u, v). a
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